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Interpolating G3 Curve whose Curvature is Piecewise Quadratic

of Arclength

MITSURU KURODA,t TSUYOSHI SAITOH,tt YUMIKO WATANABE!tt
and MASATAKE HIGASHIt

This paper presents a method for obtaining an interpolating G® curve useful for computer
aided design, whose curvature is piecewise quadratic of arclength and so does not have any
inflection point in each span. The curve is derived from a system of nonlinear equations based
on interpolation conditions and boundary conditions by general purpose computer algebra
system. The method describes an algorithm concisely and tries various boundary conditions
because it can manipulate symbolic expressions as well as numerical data. A method is also
presented for approximating each span of the derived curve as a G2 bi-clothoid for consistency
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with the conventional curve.
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Fig.1 Notation: graph of tangential angle ¥(s).
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Fig.2 (a) Cubic C? interpolating curve, (b) interpolating clothoidal spline curve

and (c)~(f) new curves.
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Fig.3 The other curve example: (a) cubic c?
interpolating curve, (b) new curve.
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Fig.4 The other curve example: (a) interpolating
clothoidal spline curve, (b) new curve.
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(1) ZBHXvE—T0H.

(2) TWARTZ 74V I]ib.m DFRA.
(3) #EABLF {p;,i=0,1,...,n} DAS.
(4) {Ap;,i=0,1,...,n—1} DFH.
(5) {#:(t), i=0,1,...,n—1} DEH.
(6) Kutko oz, WHME© DAN

(7) BERFHOEFAAS. 0 THmEBELD,

(8) —a—hYEFAMEYELT (@00,

v} FET.
(9) REBIZHE4ELEEZRA.
(10) ANy TR 7aY £ FELT 5.
(11) {b;,i=0,1,...,3n} %E4E.
(12) YaE¥7 > J OFtHE.
(13) f DA,
(14) 1 A3y 2R ray 4 FaEd$ 583

0ff[Needs::nocont] ;0ff [General::spellll; (* 1
0ff [NIntegrate::ploss];0ff [NIntegrate: :precw];
Off[Power::infy] ;0ff [Infinity::indet];

Needs["1ib‘"]; (x 2

Clear([p,dp,n,psi,dSn,v,v0,bc,in,v04];
p=Input{"p? "1; n=Length[p]-1; (x 3
dp=Drop[RotateLeft [p]-p,-1]; (x 4

psi=g3[t].#&/QPartition[

getb3[dSn=Array[dS,n,0]],4,3]; (x5
v=Join[Array[dD, n+3,-1], dSn]; (x 6
vO=Input["Initial v? "]; (x 6

bc=Switch[in=Input["Boudary conds.? "],0,
{-dD[-1]1+dD{0], ~-dD[n]l+dD(n+11},_,inl; (* 7

v04=NestList [newton[v,psi,bc,dp],v0,4]; (* 8

Thread[v -> v04[[-11]1]/.Rule->Set; (*x 9

Clear[psiOn2,kappa,kOn2,bcloths,bpsi,bdss] ;
psiOn2=Partition [Append[
psi/.t->0,psil[-111/.t->1],2,1];
kappa=MapThread [#1/#2&,
{D[psi,t],dsn=dSn}];Clear[ds];
kOn2=Partition{Append[
kappa/.t->0,kappa[[-1]]/.t->11,2,1];
bcloths=MapThread[bcloth[#1,#2,#3,{#4}]1&,
{psiOn2,k0n2,dsn,dp}]; (%10
{bpsi,bdss}=Flatten[#]&/@Transpose[bcloths];
GRaksdorkkkokokk 1ib.m kskkksormkkkkokkok )
Clear[g3,getb3,newton,bcloth] ;

g3t ]:={(1-t)"3,3(1-t)"2t,3(1-t)t"2,t"3};

getb3[dss_List] :=Module [{n=Length[dss], (*11

ds3=Partition[Flatten[{0,0,dss,0,0}],3,1],

i,a,b,c,b3,b0,b1,d40,d1,d2},

i=-1;({ali],b[++i]1}={#[{1]],#[[31]1}/PluseQ#;
c[i]1=#[[2]]1/P1lus@@Rest [#])&/@ds3;

b3=Take[Flatten[Table[
{b0=b[ildD[i~11+(1-b[i])dD[i],
bil=(1-a[i])dD[i]+a[i]dD[i+1],
(1-c[i1)b0+c[ilb1}[[{1,3,2311,{i,0,n}11,
{2,-2}11;

newton{v_,psi_,bc_,dp_,monobi_:"mono"] [vk_]:=

Module [{imp=Thread [v->vk],psk, cpsk, spsk,
dfdv,n,i,k},

psk=Chop [Expand [psi/.imp]];
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cpsk=NIntegrate[Cos[#],{t,0,1}]&/@psk;
spsk=NIntegrate[Sin[#],{t,0,1}]&/@psk; )
dfdv=Flatten[Table[Transpose [Plus@@Table [(*12 *)
(D[as[i-1],#]{cpsk[[k]],spsk[[k]]1}+
NIntegrate[Evaluate[{-Sin[psk[[k]]],
Cos[psk[[k]]]}Expand [dS[i~1]%
Dlpsil[[k]],#]/.impl],{t,0,1}]
)&/Qv,Evaluate[If [monobi=="bi",{k,2i-1,2i},
{k,i,i}1331,{i,n=Length[dpl}],1];
If[bc!={},dfdv=Join[dfdv,Outer{D,bc,v]/.impl];
F=Flatten[Table[(dS[i-1]/.imp)Plus@@Table[
{cpsk[[k]],spsk[[k]]},Evaluate [If [monobi=="bi",
{k,2i-1,2i},{k,i,i}J3]1 -dp[[il],{i,n}]];
If[bec!={},F=Join[F,bc/.imp]l]; (%13 *)
vk-PseudoInverse[dfdv] .F];

bcloth[{b0O_,b4_},{k0_,k1_},dss_,dxy_l:= (*14 %)
Module [{g2,b1,b3,b2,psi,v,v0,imp},

g2{t_1:={(1-t)"2,2(1-t)t,t"2};

b1=b0+k0 dS[0]/2;

b3=b4-k1 dS[1]/2;

b2=(dS{0] b3+dS[i] b1)/(dS[0]+dS[1]);

psi=g2[t].#&/@{{b0,b1,b2},{b2,b3,b4}};

v0=0.5{dss,dss};

v={ds[0],ds[1]1};

imp=Thread[v->Nest [newton[v,psi,{},dxy,"bi"],
v0,2]1;

{psi,v}/.imp];
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e M1, E2:{(0.6, 10.5), (4., 11.2), (7.2, 7.9),
(10.6, 5.7), (13.9, 8.9), (16.3, 14.), (19.8, 17.4),
(23.3, 16.6)},

o [3:{(11.5, 6.4), (5.2, 2.6), (2, 1.6), (1.2, 5),
(5.3, 4.7), (9.1, 1.3), (9.5, 2.9), (7, 5.7), (12.5,
5.7), (12.5, 3.7), (10.5, 3.2)},

o [X4:{(5.44,14.16), (7.59, 15.88), (10.12, 16.9),
(12.87, 16.86), (15.16, 15.34), (15.92, 12.69),
(14.305, 10.465), (11.55, 10.35), (9.35, 11.99),
(7.86, 14.3), (5.615, 15.9), (3., 15.075), (1.55,
12.75), (1.61, 10.), (2.79, 7.5), (4.8, 5.61),
(7.395, 4.66), (10.12, 5.035), (12.045, 7.03)
(12.5, 9.75), (12.3, 12.48)},

o [M5:{(6.,2), (35, 7.5), (8, 11.), (11.5, 8.5),
(9.5, 4.5), (6., 9.), (6., 15.), (13., 17.5), (20.5,
13.), (17.5, 7.), (14.5, 2.), (20., 1.)}.
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