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Sk - factorization algorithm of
4C—3 symmetric complete multipartite digraphs

Kazuhiko Ushio

Let K7, ... denote the symmetric complete multipartite digraph with partite sets Vi, Vo, ..., Vi
of ni,ng, ... nm vertices each, and let S; denote the evenly partite directed star from a center-vertex
to k — 1 end-vertices such that the center-vertex is in V; and every (k —1)/(m — 1) end-vertices are
inV; (j=1,2,...,i—1i+1,..,m). A spanning subgraph F of K. K3 na.on,. is called an Sk - factor
if each component of F is Sj. lf K3 ng,..n,, is expressed as an arc-djs_)omt sum of Sy - factors, then
this sum is called an Sk - factorization of Kina mm:

Notation. Given an Sy - factormatlon of Ky noos et

7 be the number of factors

t be the number of components of each factor

b be the total number of components.

Among r components having vertex z in V;, let r,; be the number of components whose center-vertex
isin V.

Among t components of each factor, let ¢; be the number of components whose center-vertex is in
Vi.

Theorem 1. M K . .  has an Sk - factorization, then (i) ¥ — 1 = 0 {(mod m — 1) and (ii)
n =Ny = ... o= Ny, for k =mandn) =ny = ... = ny = 0 (mod k(k ~ 1)/(m — 1)) for
k—1>2(m-1).

Proof. Suppose that K; . ,n has an Sy - factorization. Then b = 2(ning + ning + ... +
Nm—1m)/(k — 1)t = (n1 + ng + ... + np)/k,r = b/t = 2(ning + ninz + ... + Nm—1ntm)k/(ny +
ng + ... + i )(k — 1). By the deﬁnition of Sg, k—1=0(mod m—1). Put k= (m—1)a+1.

For a vertex z in Vj, we have rjja = nj, ry; =nj; (j #1), and riy+ra+..+rim =1 (i=1,2,..,m).
Therefore, we have n; =ng = ... = ny,. Put ny =ng = ... = n,, = n. Thenry; = n/a, ri; = n(j # 1),
b=mn?/a,t =mn/((m~ 1)a + 1), andr = n((m — 1)a + 1)/a.

Moreover, in a factor, we have at; + ate+ ... +at;_y +t; +atiz1 + ...+ aty, =n (i=1,2,...,m) and
ty + 12 + ... + tm =t. Therefore, we have t; = (at — n)/(a— 1) =n/((m - 1)a+1) fora > 2.
Sowehaven; =ny=..=npfora=1landn; =n2 = ... = Ny, = 0 (mod {(m— a+1)a)) fora > 2.
Theorem 2. If K7 |, . has an Sk - factorization, then K, .. . has an S - factorization.
Proof. Let Kj,, 928303® .®qm denote the multipartite dlgraph with partite sets Uy,Us,Us,...,.Upm of
491,42, g3, ---, gm vertices such that ¢; start-vertices in U; are adjacent to all go end-vertices in U; and
g3 end-vertices in Us,...,and g, end-vertices in U,,. Then S; can be denoted by K1 egas..ea for
k=(m-1)a+ 1. When K* has an S; - factorization, Kon sn,.. sn 13s 2 Ky s00300...@sa - fac-

nn,...n 8
torization. K su@sa®...@se has an Sk - factorization. Therefore, K;,, ,, s has an Sy - factorization.

Theorem 3. When k =m, K}, ., hasan Si - factorization.

Proof. Let V; = {vi1,vi2, ...,v.-,n} (i =1,2,...,m). Construct mn S - factors Fi; (: = 1,2,...,m;j =
1,2,...,n) as following:

Fyg = {®i3501,5, 02,5, -y Vic 1,5, Vin 1,7 o0 Um 3)s (04,25 V1,501, V2,54 1y oooy Vim 1G4 1y Vid 1,54 15 oy Uit 1)y ooy
(Vin} V1, 54n—1, U2, 54m—1s ooy Vie1,j4n—1, Vit 1401, v Umjin-1)}; -

where the additions are taken modulo n with residues 1,2, ...,n. Then they comprise an Sy - factor-
. . Ty

ization of K, ..
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Theorem 4. When k is odd, k£ > 5, and n =0 (mod k(k — 1)/2), K}, ., has an Sk - factorization.
Proof. Put k =2e+ 1, n = s(2a+1)a, and N = (2a + 1)a. When s = 1, let V; = {1,2,..., N},
Vo={112,..,N'}, and V3 = {1",2", .., N"}. Construct (2a + 1)® S - factors Fi; (i = 1,2, ...,2a +
1;7=1,2,..,2a+1) as following;

Fy= {((A+1%(B+1,..., B+a),(C+1,..,C+a)")
(A+2);(B+a+1,..,B+2a),(C+a+1,..C+2a)")

(A+a);(B+(a-1a+1,..,B+a?),(C+(a-1a+1,..,C+a?)")
(B+a?+1);(A+a+1,..,A+2a),(C+a%+1,..,C+a?+a))
(B4+a?+2);(A+2a+1,..,A+3a),(C+a’+a+1,..,C+a?+2a)
(B4+a?+a)Y;(A+a?+1,..,A+0a%+4a),(C+a’+(a—-1a+1,..,C+2%"
(C+2a*+1);(A+a’+a+1,..,A+a%+2a),(B+a’+a+1,.. B+a?+2a))
(C+2a2+2)(A+a’+2a+1,.,A+a*+3a),(B+a’+2a+1,.., B+a%+3a))
(C+2a2+a)"(A+2a%+1,...,A+2a%* +a),(B+2a?+1,...B+2a%+a)) },

where A = (i — 1)a, B = (j — 1)a, C = (i + j — 2)a, and the additions are taken modulo N with
residues 1,2, ..., N. Then they comprise an Sy, - factorization of Ky nn- Applying Theorem 2, Ky ,
has an Sy - factorization.

Theorem 5. When k — 1 =0 (mod 3), kis odd, k > 7, and n = 0 (mod k(k — 1)/3), K,
an Sy - factorization.

Proof. Put k =3a+ 1, n =s(3a+1)a, and N = (3a+ 1)a. When s =1, let V} = {1,2,...,N},
Vo ={112,..,N'},Va={1",2",..,N"},and V; = {1",2", ..., N'"}. Construct (3a+1)? Sj - factors
Fj (i=12,..,3a+1;5=1,2,..,3a + 1). Then they comprise an Sy - factorization of Ky y n n-
Applying Theorem 2, K3, ,, , ,, has an Sk - factorization.

snnn Bas

Theorem 6. When k — 1 =0 (mod 4), ¥ = 1,2 (mod 3), kK > 13, and n = 0 (mod k(k — 1)/4),
K nnnn has an Sy - factorization.

Proof. Put k =4a+ 1, n = s(4a + 1)a, and N = (4a+ 1)a. When s =1, let V; = {1,2,...,N},
Vo={1,2, .. N}, Vva={1",2",..,N"}, Va = {1, 2" ..., N}, and Vs = {1"",2"", ..., N"}. Con-
struct (4a + 1)2 S - factors Fj; (i = 1,2,..,4a + 1;j = 1,2, ..., 4a + 1). Then they comprise an 5, -
factorization of Ky x v n n- Applying Theorem 2, K7, . » has an S - factorization.
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