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Unit Quaternion Integral Curve

KENJIRO T. MIURAT

This paper proposes a new type of free-form curves for fairness called unit quaternion inte-
gral curve. We use unit quaternion curves to specify the tangent of the curve in order to more
directly manipulate its curvature and variation of curvature than is possible for the traditional
parametric representations like Bézier and NURBS curves. The unit quaternion integral curve
can be said an extension of the clothoid curve and the norm of its tangent is always equal to

Nov. 1997

1. Its curvature and variation of curvature are given by rather simple expressions.
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HMECHEORCERET 2 HEGX 70V A F#HRT
%%IB)NIS).

yaV AR (AN 208 TxbdTES
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2. 4THOME

2.1 4THD4BEE
BMEH 2D 2z2=a+bi (a,b€ER) LRENB L
12, 4 8% (quaternion) ¢ i,
g=a+bi+cj+dk (5)
EREINE, ZZT, a,be,d € R THY, 4, 3,
kIR DZBBENTHL. 200 4 T ¢ =
ao+boi+coj+dok & qu=a1+bii+crj+dik D
¥ go + q1 2RO L ME G,
o+ q1 = (a0 + a1) + (bo + b1)s
+ (co+c1)j + (do + dr)k (6)
CERIND, o, EEROLIBEIMEDHEE
ELTEHRSIND.
FEIL, 4, j, kK OBOREL LT,
2

=1, jP=-1, k’=-1,

ij =k, ji=—F,

jk=1, kj=—i,

ki=j, ik=—j 7 (7)

PEZRSN, L2FoT,
qog1 = (aoal — bob1 — coc1 — dodl)

+ (aob1 + boai + cod1 — doc1)i

+ (aoc1 + coa1 + doby — body)j

+ (aod1 + doay + boc1 — cobi )k (8)
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(right quotient) &7e# (left quotient) WHFAET 5.

g =a+bi+cj+dk DIFEE (conjugate) § i,
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g@=qg=lg’ =a’+6’+*+d*.  (10)
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lg0g1| = |gol|q1]- (11)
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2T ATHTHY,

g = ﬁ(a-—bi—cj—dk)
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¢ 'g=1 (13)
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kL 4 B O
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LR
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+ (bocy — cob1)k (16)
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Ry(p)=gqpq~ ', for pe R’ (17)

ZZTC, p=(z,y,2) T4 T8 (0,z,y,2) EHERL,
B LTATKRORELTT). B 47TH ¢ 13, A0
CHANZ MV § e S EHWT, ¢=cosf+dsinf €
SPrREND, TDLE, Ry o #EEY D 20 D
BEETH 520, 2005 0E g & —ge S? iE SO3)
ZEOBCAEEERL, Ry = R, LV 5. D
A EHEHAR (rotation curve) Ry € SO(3) DA
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2.3 EHREREHHRER
HEzbNAkRZ7 MV o=00¢cR® LERZT IV
De St LT, v OFRBBEHE
exp(v) = Z %ﬁ =cosf+ dsinf € S* (19)
1=0
WHAL 4 TTHTH Y, o vEh e LTHE 20 ORERE
FI. 22T, o WATEOFEFHCCEIESh 5.
e exp &, S® EHOELLTHZONLAR
FENZ PV, EERERTHEMN 4 TRADEREE
KL TWD. BB exp DEFEBE 0] <7 ITHIR
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log # HAL 4 TR L TERT A LD TE 5.
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LEFIND.
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Yao.a1 (t) = go exp(tlog(gs 1))
= qo(g5 'q1)" (21)
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DDY AT DEA A THMRERE L. TOHTI,
FNH D5 E LT Bézier BT 4 TR OB H 3
IZOWTHRRS,
BE3C n O Bézier Hi#R C(t) 1, Bernstein 2B
M Bni(t) = (7) A —t)" " AAHNT,

C(t) = PiBn(t) (22)
1=0
ERENDE, ZIZT, P; 3 ETHE. TORE
BT S N7z Bézier HIRIZxT LT, Bézier BfL 4
TEEMBIIDTO LI ICEZRSNS.
K (22) FRRAD L HIERTES.

p(t) =poBuo(t) + Y ApiBas(t).  (23)

Z 2T, BERFEEME (cumulative basis function)
Bn,i(t) i1,

Bui(t) =) Bu;(t) (24)
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# n TdH D Bézier Bl 4 THHEHRIEON D,

q(t) = go exp(w1Bn,1(t)) exp(w2 Bn 2(t))

... exp(wn Bna (1))
n
= go [ ] exp(w: Bn.i(2)). (25)
i=1
ZZT,
w; = log(g;1qi) (26)

Thb. Buolt) =1 THDHILICEET L. BT
n=2 OFE, K (25) 13,
q(t) = go exp(w1t)
= go exp(tlog(go 1))
= Ya0.01 () (27)
&Y, 20DHRM AT g0 & 1 ERSWHKHRZ
#£7.

3. 70V 1K BED 3 Rt ADIIER

BEIEEOEEOFHEEIIE T A—51bick >
T—RIICLLT O L ) 2SR I 5 C(s) &
LTRETES

C@=m+/l%s (28)

=Py + / (cos @ +isinf)ds. (29)

R1CRLAES 12, Po SHEOBATHY, s i
Po 75 C(s) TTOMETH 5. 0 TR bV
LEBEDOLRTHAETDHD.
RB)VORTF— U7 REE 1L L7270y A4 F#l
WOXT XV PTIE, BENZ VO VAEEDRAIC
1THY, 1339 A—% s D2RNE LTUTOL
IHEZOND

8 =co+c1s +cas’. (30)
BN PVt CHE g, MFROBMFE LR

io 2
t=¢e" = cos(co + c15+ cas”)

+ i sin(co + c1s + cas’), (31)
K= o _ c1 + 2¢zs, (32)
ds
d*6
= p = 262 (33)
THb. Lo, 70V A FldmENELE
PEBTHLMBZE VRS,

ruay AR H#E 3RTICIRT 572012, 4TTHK
(quaternion) % B\ CZEEMBOBERNZ MLt %
DTFoX)cReEds:
t = qiog™". (34)
ZZC, q \ZHA 4 % (unit quaternion) TH 1),
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Fig.1 General planar curve in the complex plane.

BT MV by = (z,y,2) 1T 408 (0,2,9,2) &
WY 5. L, 3RTOM P = (z,y,2) € R®
4T (0,z,y,2) ERT B, ok X, 2K
C(s) T—fmIZ,

C(s) = Po + /S q(s)Doq™ ' (s) ds (35)
0

CERIND., TIT, Py 3HRE, s & Py 5
C(s) $TOIMETH Y, q(s) € S® 12 4 LHEMEBHET
H5.
WAZBEL LT, oy FERAOZ T Y A F i,
9, = (1,0,0) & w, =(0,0,0,1) AWV,

C(s)=Po+ /s q(8)02q"*(s) ds (36)
ERINAS, & l'C“(,)

a(s) = exp(w. ") (37)

= cos @ + w, sin @ (38)

0(s) 13X (30) THEZLNBDT, ¢(s) i,
ﬂQ=RM%Mwa+Q¥LQQ

sin %(co + s+ c25?) (39)

L%k,
4. BT 4 TS R

4.1 B4 THBSHROTES
HETOR L )T, —EIICZE iR T
¥

C(s) = Po +/ q(s)tog ™ (s)ds. (40)
0
ZZT, o BEANEBXZ P VETE. RHFZETI,

COBRTIRTEHMAOHHMEZEHTLIL %
REL, OB RN 4 TEBED MR, F/340
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% iR L LT 4 TTHRES AR (quaternion integral:
QI curve) LIEXR.

4.2 RN B CHhE, EBROLE(EE

QIR DBRAZ MV t(s) BIEREICHELAXT
5z 6h,

C -
t(s) = L9 = g(s)og ™ (s) (41)

FDINVAEORIZITHS. HBOME £(s) 3N
7 bV d2C(s)/ds? D/ VLELTEZ O,

2
K(s)= : d(j;y) (42)
-1
- d_‘fi(:_)ﬁoq—‘(s)+q<s>«>o 4 ds(s)’ (43)

LREND, ZORGEHEICER B, BFI0B~N%
L ICHEATHIENTES.

AL 4 TTEEBR q(s) OB dg(s)/ds X, 2 TR
R7zE 91T,
d
) _ gsus) (44)
LRED. ZIT, w(s) BMELENRY P VATHET
b5b. 7z,

i faol @
LiedisT,
K(5) = g ()0g™ ()
+ a(s)oola(su() ! (46)
= a®) W(s)90—t0w(s) ¢ (s)]. (47)

KA ITRLAE I A TEHD I VA EFEE L -
THYRETHY, 20DFBERI M VATR a L B
OFEE, R DX,

of = —(a, 8) + [, B] (48)
LEEDLDT, X @A) IXRRCERTES

M@:ﬂp@ﬁd. (49)
ERED, BEOBE us) 12,

Mﬂ=g%?

_ 4 dw(s) )
= K/(S) ( [ ds ) ’Uo] ) [UJ(S), ’U()]) (50)
Th5b.

5. 70Y 1K higDHGR
ZOETE, 7uVARMEO 20085 47 DR

BAT 4 TR 5 HAR 2231

BIZOWTHRR 3,

5.1 #ER: 2171

B2 1TRT LI, 3RTEMONRY MV 4y DT
ERHBOMECEET A2, vy LFFTRY, 4
b 200RLLAEMSFLETH S,

fHE2BE LT, M3 ITRLZEIIE, bdo £LT
¥p =(1,0,0) %, 2 00MHEHME LTy e 2 W%
Bwb, ZO%E, 3 (40) D g(s) i3,

q(s) = go exp(wy by (s)) exp(w:0:(s))  (51)
EREND. 22T, wy, = (0,0,1,0), w, =
0,0,0,1) TH Y, 8, & 0, TME s OBEPETH 5.
q(s)0q7(s) 10& 2T, D, FET g 2L o THA
FEEEN, RIZy @EDIC0,(s) ZiFEEEEh, &
L2 z WA DI 6,(s) BlEES N 5.

0,(s) & 0.(s) % s D2REBEBELIBE, 7
oy A F % 3 RTEMAEL ZlBsEo 5.

Axis #2 rotated
about axis #1

Axis #2(initial)

Vector rotated

about axis #1 Final vector

2 2#EAVEE

Fig.2 Rotation using two fixed axes.

Initial vector

Final vector

Vector rotated
about the y axis

E3 y#EyicHE Thhrs 2 #@EYICEE

Fig.3 The y, z axes for consecutive rotations.
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E4 (2234 HBR) T, T05 A7 OREEY
BETERLTNSD.

go=1%,L, 0,(8) = cyo +cy15s +cyas® L L,
0.(s) = cz0 + Ca18 + Co28” £ T DL,

9005) _ exp(e 510y 22 exp(a.0.()

ds ds
+ exply0, () exp(wss (5)) L)

= (s) (exp(—wzoz(s»wy%”

 exp(ws0:(s)) + ws da;is)) (52)

THY, L7eroT, K(49) D w(s) i3,

w(s) = exp(—w,0,(s))wy %‘Es) exp(w0(s))
+w, da;is) (53)

b, MBOME s(s) 13, PLEMTED S, X
RXNTHZ LS.
K(s) =
2\/(cy1+2cyzs)2 c082(20, (s))+(cz1+2c,25)2.
(54)

5.2 HR: 2172

ZITiE, 7 VA FEBESEHOLTOWE 2 RIF
T5 X3 RTCEMICHET 5.

yay A RHBROWE . 70V 4 F S EEE
BOFEHIEL TV 5D, ZOMEIMEDH
A (1k) BETH 5700, BRER LOERT
13, B —EEE GEENRZ PO J VLD —5E)
TEFLTWVAE LRSI, NNV E—EOHRE
THEIENTLIVWHLLTH S,

IO [BHETHIENY F IV E—FEDOHEE CTHER
SRTLV] EVOBREERO L D3 RILEM
RS 5. 22T, BB DEHIC2DDNYF L
PREOFHMEBEET L. 120N F LV TELAHI
(yaw) ZHIBIL, o> F VT ETFHE (pitch) %
W5, ShoDNYF ML, EOEE L FEfo—
HIVEERZRCHTT B EEHMROET A ERIE T 5. &
EE—EI Rk &, ZOFHBD/SA Ty b,
20DV FVEREC, FREFN—F0HHEE CH
BRI THONIBELEZ L. 20X HHEES
ZAHMBER (40) TET L, 121201 Y F %
MTICERET ORI EE LT q(s) HRKXT
Ezon3.
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Two wheels

Rudders for the yaw

Elevator for the pitch

K5 220012 FLVEHOTH
Fig.5 A spaceship which has two steering wheels.

ds
- exp (wzwﬁm> . (55)

.
i do, (i —1)A
() =@ Jim Tesp (0 20129 )
i=1

ds

FRGRANT P VAT o & BITD0WT, —f&I,

exp(a) exp(B) # exp(a + f) (56)
THY, R (51) &R (55) WAEMICER S, M4 T
ik, ZOFATORRLEBERETERL TN,
ZOEPLEPE LS, oMo gy
WM L2 LTWB LIRS, COEBICOVT
BT CRE§ 5.

—REENIER (56) D & 51T, exp(a)exp(B) % &
DEEALT A LIETEY, R (55) bHEELT L
ERTERV. LPLEYS, JIVADFTH/NS% o
& BT LTI,

exp(a) exp(8) ~ exp(a + ) (57)
BEYILD., Lo T, K (55) IZRRICERTE
%

.Zég .
i do,((i — 1)As
9(s) = 0 Alirgo Hexp (wy —%——)—6)113

i=1

dé.((i —1)As)
+ wy M‘*EE_AS) . (58)
E3Ric, M4 oI cHZ X9 ICEE LR 2 KEIK
0,(s) =as® & 6,(s) =bs® ¥RXAT B &,

As
ﬂ$=q%g%IIWM®@%U—UAS
=1

+w,2b(i — 1)As)As)

3

As
=qo Alir_r)lo H exp ((awy + bw,)
i=1

2(i—1) (4s)?) . (59)
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ERT, (awy + bw.)/VaZ + b2 ZEAAZ PV TH
D RELRY, LzdSoT, K (59) 3Ll
kT,

q(s) = go exp((awy + bwz)/ 2sds)
0
= go exp({awy +bwz)s2)
= goexp (Li.b.w_/—— ¥ b) (60)
a? + b?
EhB. ERTRENDE q(s) 1F, (awy +bw,)/
Va? + 02 #EE ¢ AEEEZRL, BEA Va? + b%s°
s D2RALH-TRY, EiIX4 OMF#HIT IR
TLEMAOFEH TV A FHMBEZoTWA5,
—fH 7 0,(s) & 0.(s) \xT B EIOMEIILT
DEHEHETES. WEREHHEICIEIK (44) D w(s) ¥°
BonniZiwoT,
dg(s) _ o 4+ As) — q(s)

ds As—0 As
exp ((wy ———dg;s(s) 4w, —degs(s)) As) -1
=) fim, A
(61)
X,
w(s)
exp ( (wy d—g"js(i) +w, %ﬁ‘”) As) —exp(0)
= lim
As—0 As

o doy(s) df.(s)
=wy— Fws—g = (62)

s

go = 1, 8,(s) = cyo + cy15 + cy28”, 02(s) =
Cs0+Cz18+Cr28? DA, 3 (49) 12 EKD w(s)
ZRALT, HBOME s(s) 13, RXTHE2ON5.

Kk(s) = 2\/(cy1 + 2¢y28)% + (¢21 + 2c228)2.
(63)

PE#HUALS, 2054 70HBRRIERRIR
(55) O X 3 ICHHETIED B, 3 RGN OFHE 7
v F R ENREE L LTEA, HiEIIK (63)
DL ITHBHEALR TRINDEDT, ThE22/H
ryay A FHELER, ERRNEIEHTIDHLY, s
DEIME As 2T, q(s) KHEEDOHT T RE
FTHEIEIZEoT g(s+ As) BWRONEDT, ZEEY
0V 4 FHBOBREFERTEET203EF5TH
5. E6 (2234 HEBE) Moy 4N HEREOH
WL DR

6. QI BR#RITE U /- BT 4 uihix

RMETRELAZM s oy 4 Fl#id, fRseE
HELERTEZoNE0T, ELVHIBEZHRETT2

BAT 4 SRR AR 2233

DIELTWD EEZLNBH, EHEZ VSR
BICERSINRVWEWIREEED., 22T, ZHY
Oy A FHEE Y IIEELRNCTHESEL ORI,
IDEHLL TV QLML LT Kim 59 0RET
BHEAT 4 TR EY QIR OERIFIATAZ L%
EZ5D.

2.4 BiTHZ LS, BEoEEEZENE L4
TR TIE, 1% S D Bézier WAL 4 TRHBATZ S
THo72E912, 200N 4T @ & ¢ 2FER
AR g0, () £ 5 & J IR SN TS,
—7%, QI HROMFIIRN (49) THEALIBHDT, &
D HSE S MRCHEOERMFELHL7010IE, B4
THMBOMAD L ) BEAKCRAINS ZLHE
ETH5b.

FIT, COETIRABBICETEERzHO, X
DEHGHREELOCH LV 4 TREREIRET
5. HOEER I, T A—% t =s/l, D = U
ELTR(40) 2T L HICHEEXH DA |

c) = Po+ [ Do (s
0

t
=PM4/q®%fWML
0
0<t<1. (64)
ZORD q(t) %, K (22) TRENLHE n D Bézier
HEEFRALCUTOL ) ICERT S !
q(t) = exp(w(t))

= cos(B(t)) + 9(t) sin(B(2)). (65)
ZZT,
d(t) = (0,0, cos(a(t)), sin(a(t))), (66)
a(t) = @iBn(t), (67)
=0
Bt) =Y BiBnu(t). (68)
=0

M7 IRLAEEIC, o & B HHEEEE LTKR

k

a i

H7 e

Fig.7 Control quaternion.
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[a) Three quadratic QI curves con-
nected with G2 continuity

[a] Two curves extended from the clothoid

{b} The same curves in (a) from a
different viewpaoint
2y v . - - v
Cusckests 3 curves —

18+ .
1.6 .-

14} ]
12t 1

(b} The same curves in (a} from a different | i

viewpoint TR / H““-M\ ]
ey

4 ek o - \ |

a2 p '|
o LN, o
& 0.5 1 15 2 25 2
Pararrslar
{e] Curvature profile
8

(a) #, = 0.2s% + .13, (b) The curve in {a)
¢, = 0.2:% from a different
viewpoint

Curatn

B4 2o0fskB0® (F71 080, F472 0 HE), Wil
MELIC 6, =0.25%, 8, = 0247

fig.4 Examples of the extended clothoids (type 1: green
curve, type 2: red curve) and for the same functions
By = I:l.‘l-s!, e = 0.23%,

Bla #=mrovq{FdHwos
fig.& Examples of space clothoid.

(c) #, = 0.1s, 8, = 0252 {d} The curve in ()
from a different 8 #ilv4 TREHCES QI EROR
viewpoing fig.8 Examples of QI curves based on a new quaternion

Ea curve-formulation.



Vol. 38 No. 11

RCTH2OND 48k vi € R®, i=0,...,n i,

v = (0,0, B; cos(e), Bi sin(ay)) (69)
LEIR SN, 20OFER v e R? ¥ %%, v, € R T
HoTHEROMELI/ETH LB TATH L. ¥
%51, BHEDOM & 248%E T 5 720 O —#kE % BRI
B, BEARY P VOBETIZZONRZ FVEY IZE
S THEROME IEET, 20aHEITE
BhoThsH. ZOFBICE IR (65) TEINLHE
B 4 TEEHIBIE qt) € S? £ D), FRICE o TES
NnAOEDHEEIZ ORI 0, KEXT 5.

q(t) 1%,
a(8) = (cos(B(1)), 0, cos(a(t)) sin(B(1)),
| - sin(a(t)) sin(B(1))) (70)
LFEIFTHDT,
%%=(ﬂmmm%9@
— sin(a(®) sin(3(t)) 22
+ cos(a(t)) cos(ﬂ(t))g%it—),
cos{a(t)) sin(,B(t))d—O;%EZ

+sin(a(t))cos(ﬁ(t))ii—‘;§—t)) (71)

THY, 7 (49) D [w(t), d] 1F,
[w(t)7 i’z] = (07 07 cos(a(t)),
sin(a(6) 228 sin((2)) cos(6(1)
+ (0,0, sin(a(i)),—cos(a(t)))%(tt).
(72)
L7zdso T, ZOHAL 4 T2 Hv7z QRO
B g(s) &, R (49) &V,
= (2542) s +o(2)

(73)

5,
wo = (0,0, Bo cos(ao), Posin{ao)), wi = (0,0, 5
cos(a1), Bisin(ay)) DIEBEHEEL LTHLNL 2
DB 4 T qo = exp(wo), q1 = exp(wr) & THE
SHlHERE, X (21) &0,
Yao.a1 (£) = qo exp(t1og(gq ' 91)) (74)
ELTHZBNEH, &K (65) FHVWBEIT,
q(t) = exp((0, 0, cos((1 — t)ao+tar),
sin((1 — t)ao+tai)) x ((1 —t)Bo+1t51))
(75)
L, IREHBRTIEZ. K8 (2234 HSMH)
123X (65) FHWTESE L7 QLB OB & 2otz o

BAT 4 B S BAR 2235

757 R

I 2T, Bézier HIFRICEED {H LV 4 TR
% EF L7205, KIS Hermit 4% %° NURBS (Non-
Uniform Rational B-Spline) Hi&%, # Db Bl
WECHTAZENTES.

7. B H YIS

AKIFZETIE, 4 TREFAVCTERSINLEL S B
RUZH LV EBRER - BA4 RS (QD i
BRI oMoy A NlEE 3 KTErAN
PR - — ML D ThHY, ERICHVLEM 470
BB EET LI I o THA LB EZERRT S
TENTED, I, B MEE L RO R
RZEfsuY AVl E LTRELL

QI IEZOFRERD DD ELEELT
595, ERLT A2 0ERLIZEELTRBET
H5H. FOMOFFEEEIL, QI X S EFIDORH
1, QIEEOME~NOWRSEFSFoNns. £/, QI
BHLIBERDINT X M )y ZHif & KE L FOWED
By, QIUERICHE R ATERERENLELR
bis. AE, EREOMEE LI, BEFOMR
COREFFLEZNS, QIEEZ L YFEVeT T
BYAT LIZOWTHE5HRIET 5.
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