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An Unblocked Hessenberg Reduction Algorithm for Distributed

Memory Architecture Parallel Machines and Its Effectiveness

TAKAHIRO KATAGIRIt and YASUMASA KANADATt

Reduction of the matrix with many zero entries without changing its eigenvalue is the
first important procedure for the eigenvalue problem. The reduction has been done by using
Householder method, in many cases. In this paper, parallel algorithms for the reduction based
on the data distribution stratagems were discussed in detail from the point of computing com-
plexity and communication cost. We implemented these algorithms on the Fujitsu AP1000+
and the Hitachi SR2201 both with 256 PE (Processing Element) and evaluated these reduc-
tion performances. In our analysis, we found the fact that our parallel algorithm decreases
communication times when the number of PE’s is increased, but conventional algorithm in-
creases this communication time. Moreover, we theoretically found that there is the case that
the conventional algorithm is superior to our algorithm. We also could show the condition
for the suitable algorithm. The condition was proved with the experiment with the AP1000+
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and the SR2201.
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Table 1 Mathmatical notations and its illustration.
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Fig. 1 Sequential algorithm for Hessnberg reduction.
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Fig. 2 Parallel algorithm for Hessenberg reduction
(column wise distribution).
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Fig. 3 Parallel algorithm for Hessenberg reduction
(grid wise distribution).
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Table 2 The parameter of parallel computers for
our estimate model.
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Table 3 The range of main loop and its notation.

x5 fTHNZ P AVHOREE
Table 5 The computing complexities for matrix-vector

products.
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Table 6 The total computing complexities for parallel
Hessenberg reduction.
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Fig. 4 The three types of communication time model.
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Table 8 Total number of communication complexities and computing
complexities for vector reduction operation.
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DR BODVEFRNRERD. ZOLE, £9 DN )
54, yidn D—ROE, 7 it n DTROETHE b, ZITHEDERFBILL LD ICET A%
T5. IITHEREHEMCITELD, ) _ () _ =

o EEBMOT 725 ¢ 2 EFBHRCH— P =5 P E R P s O
LiRET 5. Liuk R ()00, V¥ e VEBRICET A

ZORED S AT, (%, Cyclic) FIDEF KA Oqp BREVIZE, $-BURHDZYO Ay E-D
(Cyclic, Cyclic) #FE AR LT @ERHE ARSI T B oy, pep AVREWVITLE, (%, Cyclic)
LR R T Z LI b FITEARPER R B LV 5.

TR (N WEE T 72 % ¢ #80HARTHL
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TEHLHE Y RFROCRE
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%9 Hessenberg BNOERUEICBII ZRBEERENI PV 7Y a VREICBT 28HE
Table 9 The global total communication complexities for Hessenberg reduction, and
total number of computing complexities for vector reduction operation.

FEHR BroadT (n,p) BroadS(n, p) ReductS(n) Cale(n, p)
Liogap— 1 — L) p2
(+, Block) 2(1-L)n | (1-1)n2+(1-1)n — (blogar—§ —35)n
P 4 p 1 1
+ (7log2p—— —f) n
(*, Cyclic) 2(n ~ 2) n4+n—6 — llg22—"(712 +n—6)
-1 1 —2
(Block, Block) | 4 (1 - %) n zprn2 2(n —2) 9 (_9_&_;3____1’\/17 + \/z_; ) n2
2 2 <= (1 + logy /P)n?
(Cyclic, Cyclic) 4(n — 2) SnS+2n 2(n — 2) VP 2
1
+—5(1 +logy B

CommT(n,p): £8(a) CommT(n,p) LAL
CommS(n,p) : £8(b) CommS(n,p) LREL

ERELIZBECBNT, BENT 2%, HHTS
PE#, BIUMEY ATy, BELRSEHRD
B EELLEV) ZLEBERLTWAHIERLT
B<.

HERUE [F4(c)]:

EBROLFIFHEROBERBICEVETSHE. 20D
RNIZREME E —REPB E OERRIEEX 5T L
DVTEL, Z¥EL 1ADY DAY - VERER
TN SR EB T, BELL LAY § BhSL
TAAEVERLBEVHFTEE0LTHS. ZOHE
BTE—XEUECEUDSTEL LEZ T, L
L, Bk Ay = VEFTHE L, BEMXLEDN
DEERT 6 PSERTE A L B, BEILLEDYEN S
PREL TS, ANV—Fv b & LT B HEF SRR
BEVHFCTES., COERTIE—KEPED L CiX
BREPRICTELTE 5.

ZDEFNTI, AvE—TUP+a/hERER TR
—REBE L F CERZ R TS, Avb—VRIKE
{7 51220 (%, Cyclic) FIGEHRXPERICE K
MihbZdbEIOoND,

6. 1t 8E 5F ff

ZDETIE, E438 AP1000+, B X UFHIZ SR2201
RWT, HEOHTTE L Nz EREOSERR 158
HWahspRIET 5. LEOER T, SEREET
VE—KEPRARET . 72, CORTTRET
% (Cyclic, Cyclic) 78R b %H 7T
A5, PEE p PREVEBAICHDICRLbDEE
ZAoNBDT, MET A XA n *EELTCPEHp %
ot HAI oV THEEZFHET 5.

6.1 AP10004-IC & H1%HE

AP1000+ %% PE Q¥ Y — 7 #45Eid 50 MFlops,
PE BT RIGP —F AW THAINTEY, 20K
KEEEMEEIL 25 Mbytes T 5%,

BBt A X n %1024 1CEZEL, PEX p % 4~256
TR ERTBEOETREZES ISR K5
X9, AP1000+ TiZ 3T PE T (Cyclic, Cyclic)
BFFEFRTEEE 2o 7. '

T TRADENE, BONLENEREY TS
PRET 3. 2000 WFEHEROBEEREIER 10
WCRTEERET B,

R 10 OBEEZHNT, R (1) »o#EIPND (5,
Cyclic) IS EF RO F S BERBI TR L & 5ME
H A4 X%, PEEN p DLE ny, ERTE, ny <
349, nig < 87.5, nes < 72.2, nose < 75.4 L% 5.
n=1024 TO {5 OFERTIE, HELBH, X
T (Cyclic, Cyclic) FFEARPEEL B> T5b,
—7%, p=4, n =340 TOETHERIL, (*, Cyclic)
Fl5rEl R Tk 2.89 8, (Cyclic, Cyclic) ¥F5E 5
K295HTHY, COBFIIERELBY FFEOH
Liup SH RS (AR

6.2 SR2201 |- & B14EE

SR2201 O & PE OBz Y — 7 HAEIE 300 MFlops,
PE MIZZRTEZ UAN@THESNTEBY, 20K

¥ HEK R EEATIA LTV 5 AP1000+ 5 % 256 PE
FTRTERFALE, 2, EVFursafloarnisel
T gee version2.6.3, 7 ¥ a ¥ & LT -O3 -msupersparc
-fcaller-saves -fomit-frame-pointer -funroll-loops % H%E
L7, BIEHIZ1996 6 524 A2H 7T A8 HTH 5.
¥ AP1000 iRV T 47T ) Ol £IC, BATRERLT
BLETHS.
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(%, Block) =&~
(3, Cyclic) r
-::| (Block, Block) =&=-| -
R {Cyclic, Cyclic) »—|:
Z;:(S.;;ZI;IIZI.',:IZZIIIEZZZZII

.....................

time [sec]

N

4 8 16 32 64 128 256
number of PE
5 AP1000+T® n = 1024 IZB/F 5MEY) 4 2L &
7B OFATHH
Fig. 5 Execution time for n = 1024 and variable number
of PE’s on the AP1000+.

#£10 AP1000+DBEMR/ S x—¥
Table 10 The communication performance parameter
of the AP1000+.
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-

(*, Block) -
(*, Cyclic) =+
-1 (Block, Block) =&
-1(Cyclic, Cyclic) =

ok i

]

0,778 16 32 64 128 256

number of PE

E6 SR2201 T? n = 4096 2B} 5 MEY 1 X2 Eb&e/:
BB OFEATRM
Fig. 6 Execution time for n = 4096 and variable number
of PE’s on the SR2201.

F11 SR2201 O@EMEE T x—¥

NG RX—¥

W [p 8]

82(4), 5.(16), 6.(64), 5.(256)
7e(4), 7. (16), 7. (64), 7. (256)
95(4), 65(16), 05 (64), 65(256)
75(4), 7 (16), 75 (64), 75 (256)
¥(v4), ¥(v16), v(V64), 7(v256)

14.0, 13.9, 16.4, 17.1
0.40, 0.43, 0.38, 0.32
16.7, 17.3, 18.6, 21.1
0.76, 0.76, 0.76, 0.76
18, 28, 38, 50

Table 11 The communication performance parameter
of SR2201.
NG A= % B (p ]

8.(4),6:(16),8:(64),6.(256)
Tc(4), 7 (16), 7. (64), 7. (256)
05(4),65(16), 65(64), 5,(256)
T5(4), 75 (16), T (64), 75 (256)
v(v4), v(V16), v(V64), v(v/256)

62.3, 55.6, 59.4, 81.4
0.07, 0.08, 0.07, 0.01
80.8, 159, 299, 635
0.15, 0.31, 0.48, 1.08
70, 129, 189, 220

KEEEMERE X 300 Mbytes T 5%,

MY A X n % 4096 ICEEL, PE# p % 4~256
E TR SR BEOETREELE 6 IRL7Z. X6
X b SR2201 TlX, p = 64 LLF TiZ (%, Cyclic) 5%
HFRPEHTH Y, ZhPlETiE (Cyclic, Cyclic)
HFTEFROETRHEIBEEL R 2EEIBLN.
ORI, BLAOUBBIT»L D TFRSN) 2R
TH5.

6 DBEBEFWT 50, HREL EAMEEL 0Z
REBLCTHAD. SR2201 OFEMEE T A—F L L
TR 11 DEERE L 7o%*,

K11 OHEE, X (7) »SEpID (%, Cyclic) 5
FEHROFFEEREFEBREE 2 5HEY 4 L1,
ng < 7713, nig < 2073, ngs < 1726, nose < 1184
LB, ZIT, p=4, 64, 256 DHPAITOWTI

*RFKREABE ML 5 —HFAH LT3 1024PE 0
SR2201 55 256 PE R L. i, avssst
L THY M &#IL FORTRAN9O V02-03, 7 vav& L
T -W0,PVEC(PVFUNC(1), VERCHK(0), DIAG(1)),
opt(o(s), fold(2), prefetch(1), rapidcall(l), isched-
ule(3), reroll(1), scope(l), split(2), uinline(2)) *#%&E
L7:. YEHIZ 1997 £4 A 1HPL4A7HTH A,

HmEEBYOEEPEONS. LEL, p=16 D
BRI DWW HERENH 2 B OBEY 4 X b Mk
DYFTHREPEH SN b7z,

6.3 ETIFEFRAXOBEES L &SRB M

BRAT

ZITI, RADEIT L -RERN, BERMOR
BOYRXOFEMLEBN 21T, 22 TUBROMRRD R
IS, 1R OBEEERERMO 7725 ¢ %
BAL L3 2 AN ETREOFRHEST VIZoWTH
L5.

¥ 9 HI SR2201 THEADFRIFKE NN AHEH
ELT, BHEFRTD ¢ PR% B LV HHs#
Zohb., Lo, K(6) »oBLND ¢ DHEEME
HETE. 20EEEE 12 IIRT.

** SR2201 DBEHEEAELETH S, OB TOMARIFMI,
RBOEBYRETHB. 2T, SR2201 f§ MPI (Message
Passing Interface) DHTHREBELEREL, Ya—F7obail
DATHEEITDRB LI L. oI kizkh, —REM
ML LBERMLRTIOCES. 0L LTHELE
%, BAZHERL T,
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Fi2 RFEFEERO ¢ OHfElE
Table 12 The estimated values of ¢ on each paraliel
machines.

(2) AP1000+ (¥firix 1078 #)

SE AR p=4 p=16 p=64 p=256
(*, Cyclic) 9.09  9.18 9.81 12.7
(Cyclic, Cyclic) | 8.02 8.07 8.09 7.66

(b) SR2201 (#fiiz 1072 #)

SEFHR p=4 p=16 p=64 p=256
(*, Cyclic) 7.44 7.27 8.78 2.91
(Cyclic, Cyclic) | 9.46 8.75 8.04 2.51

F#12(b) 25555 & 512, SR2201 D p = 16 TiE
(*, Cyclic) 553 B H A DEEREE AT (Cyclic, Cyclic)
BFSEARNF L CEREEZo TS, 2O LR
5, F4 D% p =16 T (Cyclic, Cyclic) #&F5EH X
7% (%, Cyclic) FISEHR I L (EHETH 5 & FH
LCTHNZERD 1 2k LT, (Cyclic, Cyclic) #T
DEFROUEHEBFEEERI VD HECARE LT
WRTREEATE V. —HT, £12() 25505 LD
12, AP1000+Tid3XTD p T (x, Cyclic) 5l
HROFBEEH A (Cyclic, Cyclic) #F7E AR OHE
BEEISTLTELSZ-2TEBY, FHIY B (Cydlic,
Cyclic) B FAEIARIEF & % 535650, ERIEZSE
WEFHEENS, T/, SR2201 DFEEEEDT p A5
s 253 E R AHEE, pAMT5E
p=4 DPEITH LT MUVEPEL Y, "7 b
WEEDOT L EXEDF 1AV FPRZTL B2hb
EZTW5S,

RICEADEELZFHEICLD, LA bnARY
VYT 2 a VIREDPEYT 50BN S, T
AP1000+i2BWT p=4 O ¢ DEFFRERBOHE
fEL LTRELESER, X@) »oBEo5ns, £
RER (BTSRRI & K BERME) OFHME L ERICHE
LizflEEE oM Ex =7, K8 IIRT.

X7, @8 Tk p T 21200, FRENETR
TL %, COERD 1212 ¢ DREHENESL, T2
BAE(RBLI-TWABIEREZONS, L2LE
A5, MAEEORAMIE (, Cyclic) FISE AR TH
14.7%, (Cyclic, Cyclic) ¥ F5EHFATH 3.09% T
Hotz. INPLEAOTFHET VOEER, 3.09%H
514.7%THHeEZLNA. BT Tp=256 DA,
N7 MV T 7Y a Y EHSEERORED 56.2%% &
DTW5., —F, FAPRE L2 (Cyclic, Cyclic) #%
FHEFROTINTY XL TR, ZOEMIZ24.4%2
SFTHEH. COEEBELERTIHL, BRAORE
L7 VI ALRKERDOBDI YR V)T >

=

KRS

Nov. 1998

measured time —}¥—

100§ vector reduction time[_]
estimation| broadcast time

'g calculation time [ ]
‘o Max relative
i§10 error 14.7%

Number of PE

7 AP1000+CB1F % (*, Cyclic) FISHIHROELTHHO T
W EBEREOSLED2EE (n=1024)
Fig. 7 The estimated execution times and the ratios of
communication times in the (x, Cyclic) column-
wize distributon on the AP1000+ (n = 1024).

100 measured time —¥—

scalar reduction time[ |
estimation | vector reduction time
broadcast time i
calculation tme Il

Time [sec]

E=Cs  Max relative
error 3.09%
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4 16 64

Number of PE

8 AP1000+iZ8} % (Cyclic, Cyclic) T RO EST
B OTH L BERMO LD 28E (n =1024)
Fig. 8 The estimated execution times and the ratios of
communication times in the (Cyclic, Cyclic) grid-
wize distributon on the AP1000+ (n = 1024).
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