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A Stable Method to Compute Smith Normal Form of
Polynomial Matrices Using Floating-point Computation

KryosHI SHIRAYANAGIT and HIROTAKA NIITSUMATtt

For a matrix A with real entries, the Smith normal form of the characteristic matrix A—zFE
is of fundamental use in linear algebra. Smith normal form is obtained by combining row and
column reduction with the Euclidean algorithm. Such algorithms are not typically stable with
respect to limited precision computation. Namely, if the algorithm is executed with limited
precision computation, the output does not necessarily approach the Smith normal form as the
precision increases. The first author and M. Sweedler have proposed techniques of stabilizing
algorithms to allow limited precision computation in a convergent manner. In this paper we
present an algorithm—which is amenable to these techniques—for computing Smith normal
form. We then apply the techniques to obtain an algorithm which when executed with limited
precision will converge to Smith normal form as the precision increases. The convergence also
has the property of being “fast convergence” at zero. More specifically, any coefficient which
will converge to zero reaches zero in a finite number of steps. Experimental results are given
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to show the stability and usefulness of the algorithm.
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D7 — 5 HE, KERESZER LG LT 54750
BETHAH., ZITRMRHESERNLE, 1 BKTH
BPARMTHHLEXEV ). KEEENTONLD
2, RERESEROITIICEAEREZTILE, B
SURBRESER L) LTREZTVWEELZRD S
LETHL., PuFBlz MTbhanil, 3.2 HiTH
HLZE S, ARZERDS 02 L) »EHET 5
FEXEHMET 2 EM, BIU, SERXOKEI 02 ED
PeHET HBFELIHMET AENTHS. LiL, 3.2
BTk 912, T T X ADRBITBEATEIT
R TW R WD H B 720, Ek i, FHORK
ERRLEZEAOREL T ERTEOHERZ 2175
Z &Y BN, S 6T Int(smith)g 13, Int(smith)
DHNTFIDERF OEFRBICCUHRL 2L,
DIRERDEXBRBOE I EZLMY BT &Ic Lo
T, ERBEERTIICRT 7T LVITY XL TH S (2
BO Int(A)r DEHRERL).

FHE 2 LVUTFARY LD,

EE 4 (smith OEREL) 175 Alx) = [aw]
€ M,(R[z]) 3L <, REBEEEROTH OF
Int(A(z)); = [Int(aw);] T, BT LI A(z) IS8

TR IAEEREIET AT TY XL E LT, & O s TEE
W% b OBE CHET 1D~ GRu2BRT 525612, &
NHICDVTHRENLEIT, ZOHFABERTILBEET
B2, XK 15) 1, HRM2T VT X AOREHRICDONT
WL, FABBEO p BECEHE TR I AERBLHET
LHERREL TS, Thid, B4DOFEICERICHKRT .

R SRR | ORI IO 2) B LW
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PEICDEET 23 DEELE. ThbbE (k1) 1D
W, Int(ar); 7 ap EBBICHOR S 2475] D%
225, COLE,
(1) Int(smith)r(Int(A(z));) — smith(A(z)) »°
FHIRG Z LY LD,
(2) % NPEHELT, j>N bl
Supp(Int(smith)r(Int(A(z));)
= Supp(smith(A(z)))
MY Io. 7L, 75I0A (Supp) i, &
B OEDFHITHS.
4.2 fi
Int(smith)r DRRE RS 701, BAKRFITH
2T 5. EBRIZ, smith & Int(smith)r = Maple
V Release 3'®T%% L, sHEKIZ HPI000/735 %
f#i5TiFo72. Maple 1 linear algebra & V27 /% 7 —
VI “smith” &\ ) HAABBERFoTWREY, Ih
FRE/NIE R R B OREE T DT 2.
B2 fl12EETS.

2 0 1
A=1] -1 1 -1
-1 0 0
[ -1 0 0
F = 1 0 1
L0 -1 -1
SRy
2—-z 0 1
Az) = -1 1—-z -1

Eb. Alz) \SEDENCIGRT 2 XEREESHEAOT

FIOF & LT, 72k 21 {A+1077F,1077]|—z[E, 0]

*EZL, Tihbb, Int(Alz)); L LT,
[2—6]‘,6]']—.’13 [O,@j] [Lej]

['—1+ej»ej] [l’ej]_m [_1+ej7ej].

(=1, e;] [~ej ei] [—ej,e5]—=
%2 bh. T2 e = 1077 ThbL. z ORI
~[1,0] THBA, AR—ADEHET -1 £ LT3,
Int(smith) & {Int(A(2));}; R AT AL, ROX
3ichB. j=2 HLTE

Mar. 1999
Int(smith) g (Int(A(x))2) =
1.0 0 0
0 1.0 0
0 0 1.0z°®-3.02%+3.0z—1.0

Thh. ZOERIT smith(A(x)) L EV—BLEWV.,
LAl §=3 1L T,
Int(smith) r(Int(A(z))s))
1.00 0 0

= 0 100z—-100 O

0 0 - p2)

Lih. 2ZiC, pz) = 1.00z% — 2.00z + 0.997 T
H5bH. ZOFERE, smith(A(z)) LAEF—EHLTY
B, ¥/ j=4,...,10 TEHEHOIENE DS EBRTH
L7z,

RICEBHETH F 2550 LHRELET, A%
BICRE/NE T 2B AoV TER S,

i 3

lo7 202 8 _ 6L
153 153 153 153
_29 421 25 37
153 306 153 306
A=
_J7L 577 325 175
306 612 306 612
_22 19 26 44
_ 51 1 51 51 n
Nk X,
smith(A(z))
10 0 0
0 1 0 0
0 0 (z—1)° 0
0 0 0 (x —1)°
L5,
A O 5HFOFE/MIEEM A 2% X 5.
A
0.69935 1.3203 0.052288 —0.39869

—0.18954 1.3758 0.16340 —0.12092

—0.23203 0.94281 1.0621 —0.28595'

—0.43137 0.37255 0.50980 0.86275

HAZ smith 12 A(x) AT 5L, ERREOLT
FU %R SR,
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smith(A(z))
1.0000 0 0 0
0 1.0000 0 0
- 0 0 1.0000 0
0 0 0 p(x)

ZZ1iZ, p(z) = 1.0000z* — 3.9598z° + 5.9237z2 —
3.9677z + 1.0040 TH 5.

EARMICIBTO LI LT, FHTRVEEER
PEIND, 3 THRELALT VT X240 (V)
) BT ORRER S EIND.

B(z)
1.3203 0 o 0
0 —0.0012504 0 0
0 0 pi(z) pa(x)

0 0 p3(z) pa(x)

2T, pi(z) = 241.49 — 483.00z + 241.50 22,
p2(z) = —173.21 + 346.42x — 173.21 22, pa(x) =
799.78 — 1599.5z + 799.76 22, pa(z) = —571.12 +
1142.22 — 571.10 2% T 5.

ZOFTFIVEESND T, RBECEE 3 07
WIT) XLEEF LI L & LR UROITH)EHE R
DFEFICBVTHEEINS. KICEE 3 © (VII)
X, B OBmSTE

_ [Pl(ﬂﬂ) p2(z) ]
B; =
p3(z) pa(z)

X LC, (1), (ID), (II) ... OBIEMIRICET
End. (1), (II) ik By #&fb&Ekw, (1) i
BVt pi(z) = Bsa(z) 2% pa(x) = Bsa(x),
p3(z) = Bas(z) 2BV 1B 2OHELTDORE. D
T VBREOHKRO 0 HIETON S, BE/NEERL
B0 TWRWT A TY XAICENTIE, )3,
EVIHHERIT). FLTEEID (M) I2kY, F
WA IABRELLE L. LaL, SE/NESRI
BWTE, FVONRWTHIERSDH S, L) HE
kb, FE 30 (IV) D#EICA-TLE .
Wi BT j = 1000 F TEHE L7248, IF
LWEOFHIEES Lk h o7z, Int(smith)r i3
ES357 Alr) IELUBICINETIRERES
HROF {Int(A(®));}; & LT “float;j(A(z)),
error;(A(@))]” 22 5. THbHITFIRS, #
MBS 5 A(z) OFFFIRG O j HICORXE GFH)

EEERTFIIA I ABEBORE R BB/ ST EE 1013

MNEREME ZOREDER) ThHbH, THE,
Int(smith)r(Int(A(z))2)
1.0 0 0 0
0 1.0 0 0
0 0 1.0z% 0
0 0 0 0
Eb. £, BEHFRY BV,
Int(smith)gr(Int(A(z))s)
1.00 0 0 0
0 100 0 0
0 0 p(z) O
0 0 0 paz)
p1(z) = 1.002° — 2.00z + 1.01,
p2(x) = 1.002° — 2.00z + 0.989.
j=3 LT3 L EREBOITFIEE.
j=4,...,10 1T LT, {Int(smith)r(Int(A(z));)};
B smith(A(z)) WG T L ICBPORT 5 2 L 2 £
W& DB 2.
BREICEEETEUTHEAYERD.
fla ALLT M(Q(V2) DEEEE2X5. /-
ZL, Q(V2) 13%EE {a+bv2]a,beQ} THA.
A = (3608 V2 — 8545) " x
6322 —186 —408 959
—-1788 6844 —816 1918

9834 —2046 2728 10549
—5364 —1116 —2448 12970
—-8545 252 —24 40
3 0 —8041 -—48  —80
0 2772 —8809 —440
0 1512 —144 —8785
IOt X,
smith(A(z))
1 0 0 0
0 z—+/2 0 0
B 0 0 -2 0
o 0 0 (z2-v2)
Thhb.
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le+07 — T T T T T T 71T T T T 1
1e+06 A=2 smith -o— ]
Int(smith) =—+— 7
100000 Naive_fp(smith) -E——:
10000
Sec 1000
100
10
1
0.1
4 5 6 7 8 9 10 11 12 13 14 15 16 17
Input size
le+07 T T T T T L[ T T T T 1
le+06 £ A=v2 smith ~6— ]
r Int(smith) —+— 7
100000 £ Naive fp(smith) -=—-
10000 & 3
Sec = 1000 [ 3
100
105
1 E
0.1 1
4 5 6 7 8 9 10 11 12 13 14 15 16 17
Input size
1 EHEERRE
Fig. 1 Timings.
~ﬁﬁﬁ,$ﬁA@)®ﬁﬁ¢ﬁﬁ5%Kiéﬁw 1.0000 0 0 0
A(z) % smith CANTH L,
Y 0 0 0
smith(A(z)) _ pi(2)
1.0000 0 0 0 0 0 pa(z) O
0 1.0000 0 0 0 0 0 ps(x)
B 0 0 10000 O ZZE, pi(e) = 1.0000z — 14144, py(z) =
1.0000z — 1.4143, ps(x) = 1.00002> — 2.8282z +
0 0 0 p) 1.999 Tk 5.

ZZiZ, plz) = 1.0000z° — 7.82842” + 16.141z —
9.9985 THh 5.

CHEARRETHD. COHBEDORRERORERYD,
Bl 3 L FEOFEDOITHBE PN IEDOER 3 O (1)
ZBWT, Engahl ) hroHENEL {fThhT
WZRWIZ EIZL .

j = 1000 THRELHKRIBON G o/2, &S
AH, Int(smith)g \EHUE, j=5 (25 XK
XL oA §) LT, BT &) RIEM 2
BEhEEon.

Int(smith) g ([Int(A(z))s])

43 EHBER

WHEITIE, 2~3 OFIT Int(smith)r DEEHEEZE
BLTE, ZOEHTE, LY RERFHORERE
IZoWnT, 2OEBRERO—HMEROBEBHI LIS T
7 TiRY.

HERRE (M RRE/INSETR L RERIE L O
B
REFEOTT 2 HEF RO RO
Int(smith)g O 1 BIOFETH, YOFRICLo
TEBICO B EXfb o REOEEK
FHL2ER5 2 5BNONK (B8 4 O N)
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100000 F— 17 T T T | T T T T 7
r A=2 ©o— 1
10000 E A= 2 =
1000 £ 4
100 | 2
10 4
4
1 E =
01k .
0.01 L | | | | | 1 | i 1 { 1 |
4 5 6 7 8 9 10 11 12 13 14 15 16 17
Input size
H2 (smith OFERN) + (Int(smith) OFEEMN) Ok
Fig. 2 Ratio of time(smith)/time(Int (smith)).
le+06
100000
10000
1000
100
101 | | 1 1 { | 1 1 | 1 | I
4 5 6 7 8 9 10 11 12 13 14 15 16 17
Input size
E3 ol#HEH LN RKEREOMEE
Fig. 3 Number of interval-coefficients rewritten to zero.
160
140
120
100
Digits 80
60
40
20
0
4 5 [ 7 8 9 10 11 12 13 14 15 16 17
Input size

B4 EHREESH 25 R/MERH

Fig. 4 Minimum precision giving the correct support.

ABDOYF T Vit, ZEBREEZFE2LIICT VS
DIZEB L. F0ELLWY &, J 2E—DEEME
T AEYavyr7ay 2 hEEES S L%V
W BRER, P 25 v ALGTFAERTH L LT

A=P Y JP % ANk L7z, P DERKIZIE, Maple ®
ST LAEEEF . BEOD, RD20O0%E
ICOWTERBEST 5. (1) A DTTOBEAMEAS
2084, (2) A DTRTOBEMES V2 OBE. (2)
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OBWAITIE, P V2 EIVFACELEIICLL.

BIZoWTHAT 5. T_CORT, B3, nxn
DAFFFIOF A X n #R LT 5. L, K&
DOR%EHE, K10 OHEETHENTHS.

X1 T, fEdErE CPURRE (B) 2X&7. (1)
BAME A 472 OB4E, (2) BEME X 27 V2 O
ADOBHIZOWTE LTV A, smith, Int(smith),
Naive_fp(smith) X ZFNEN, smith DBKETE,
Int(smith)g OFE, smith © (0 DHEZITH
V) EAAEBRENEEETE LR Y. Int(smith)
DHEEL, FHRE2BE252PBNOHEEEoT.
Naive fp(smith) (I3 LTH Zh [ UHiEZ -
TEE L. HificowTid, M4 2R k.

24, M1 »5EEIPNDBHDOT, smith D
Int (smith) 23§ 2EIEREOLEERT.

3 i, @M1 TOInt(smith) N 1EDEFIZBN
T, C; 10 TRAEVD |G| < THABRD [C),7]
#500,0] (B X Z SN ED [C), ;] OEBERT.

X4 ik, EHLRAEVRIICHIRTIHE, T4%b

Y, EB4I1BITH N 2R,
EE M1 2R, FHLTW LB, Fhk
FE/NETETE Naive fp(smith) 25K b HWC & 2%
Shb. LiL, j=1,000 FioWECTHELZT-
THFHELBIIBAZLIITERPo/2. BuFhz
2iTb RV FEF 2 K EBEATE T Y Naive fp(smith)
LEMETH o7 ThbbYuERZ % LT 1,000
WHORECHEL L CHIERLEEHBLIILIETE
v, —J, REFE Int(smith) TlI, 4 T~
T L) BRI/ S TR OB TRELHRIE
bha, Lk oT, Yudilz BERICZI) B8
LTWAZEPGh5b, SOZEE, B3I12ksT
DHAINS., REPICWALIE, SHEREEIL, smith,
Int(smith), Naive fp(smith) iZ&N b, WEHEE
ETHFIA XL LB ICHRBICHEML TS LI
25, ThbbEEOHELTITEERBEEMICEmL
TW5, 1EE2200nE5ZLiX, BREEKD
B4, Int(smith) iZsmith X Y LFLLHELF W
(%L EBHL VDT A XOTFFICLTE) @
L, BRECERMEED L) REMLSACI,
Int(smith) X smith X V), ZBPICHE NI ETHD,
¥ 512, Int(smith) 1, Naive fp(smith) & 1) X
HELPYUERZOFEIAMNOGETEHENEL R
BH, EBEDPREETHA.

5. b ¥
A I ABHERE, ARBEOZB/NUSEIEZ AV

FROCER Mar. 1999

THRRBIEETEA7-OOFELREL, EBICE
DRBEEREIF L. KHIT, BEFETHFLh TV
BEEBETHDOTIE RV, BEKILLT, APE
BENEHBLRNOHELEDLIRETHS ).
LHHOBEE LT, THirEzoni-t &, XF
ERA I AEEROERLEEEEZ5DICENZTD
WHIVETH 202 HRNCRABD S BT H
ha. I, RELFEE L VRN TERANLZT IV
TYXACEAL, R IAEEROBETEEROS
WEME AR A ERHTAELVEETH 5.
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