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On a Photometric Invariance of
Isophotes and Types of Singular Points in Image Shading

TAKAYUKI OKATANI' and KOICHIRO DEGUCHI!

This paper is concerned with the problem of obtaining shape information of an object from
its shaded image when only the general form of the illumination condition and the surface
reflectance is known. We assume that the reflectance map is unimodal and has only one
extremal point. In the image there is usually found an isophote that forms an ‘8’ shape
and that contains exactly two singular points (i.e., maximally bright points) in its respective
holes. It is shown that the Gaussian curvatures of the surface at such two singular points are
of different sign. This nature of isophotes is expected to be useful for rough estimation of
the shape (e.g., convexity and concavity). It is also applicable to the problem of identifying
the types of singular points in the image, which is the key to the so called global shape from
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shading problem.
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Fig.1 The signs of the Gaussian curvature and local

shapes. (a) Positive sign (elliptic point), (b) Zero
(parabolic point), (c) Negative sign (hyperbolic
point).
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Fig.2 Local shapes around a singular point; (a) maximal,

(b) minimal, and (c) saddle point. They can be
represented by the quadric surfaces z = +a? £ y2
up to scale and rotation. Shadings of them when il-
luminated and viewed from z-axis are the same (d),
and thus they are not distinguished by only their
local shading.
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Fig.3 Parabolic curves of a smooth surface. It corre-
sponds to the boundary curve between the elliptic
region and the hyperbolic region.
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Fig.4 An illustration of the point where the direction of
the vanishing principal curvature coincides with the
tangential direction of the parabolic curve. The
broken line is a parabolic curve and each short line
represents the direction of the vanishing principal
curvature at the point. In general the direction has
no relation to that of the parabolic curve at each
point. )
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Fig.5 The dotted line, the solid lines, the two marks, and
the broken line represent an ‘8-shaped isophote,
the other isophotes, singular points, and a parabolic
curve, respectively. The parabolic curve passes the
intersection point of the ‘8’-shaped isophote, and

does not touch it at any other point.
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Fig.6 The change of the isophotes on the surface of rota-
tion y2 + 22 = (0.8 — 0.3exp (—5302))2 due to the
change of illuminant direction. The solid line shows
the isophotes. The broken lines show the bound-
ary curves and parabolic curves. The two singular
points contained by the ‘8’-shaped isophote are on
the region of different curvature sign. This nature
is invariant to the illumination change.
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Fig.7 The changes of isophotes of a surface 2(z,y) =
~0.3z2 — y? — 0.3 exp (—3z? — 2y?). The solid and
broken lines shows the isophotes and the parabolic
curve. The '8’-shaped isophote (shown as a dotted
line) contains two singular points and each of them
is on the region of different curvature sign.
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Fig.8 The case of more oblique illuminant direction for

the surface of Fig. 7.
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Fig.9 The change of isophotes for a surface z(z,y) =
~0.422 — 0.5y% — 0.7exp (—222 — 1.3y%).
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Fig. 10 Shaded image of a duck made of rubber and its
isophotes (solid lines). Two dotted line shows the
parabolic curves. For a figure of ‘8’ isophote shown
around the cheek and the neck, each of the two sin-
gular points contained is on the different region of

different curvature sign.
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