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Approximate and Exact Algorithms
for Maximum Profitable Subtree Problem

YASUHIRO HOSHIZAKI," SEIJT KATAOKAt and SUSUMU MORITO!

Suppose we are given a graph that is undirected and connected. In this graph, a vertex
is specified as a root. A cost and a profit are also given to each corresponding edge and
vertex, respectively. Then, maximum profitable subtree problem is a problem of finding a
subtree that maximizes total profits within a prescribed amount of total cost. Of course, the
resultant subtree must be connected and include the root. We propose some approximate and
branch-and-bound algorithms to the problem and investigate the efficiency of these procedures
with computational experiments. Especially for branch-and-bound exact algorithm, two ap-
proaches are proposed: The first approach uses a mathematical programming formulation;
the second approach divides the problem into some subproblems that restrict the number of
vertices or edges in the subtrees. Our results imply the effectiveness of the latter approach.
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Fig.1 An example of the optimal solution to MPSP.
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Fig.2 Transformation to knapsack problem.
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Fig.3 The reduction of total cost by including a vertex.
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Vr:={r}; Er:=0; Cp:=0; /¥*000%*/
Heuristicl(Vr, Er,Cr)
while (1) {
max := —oo;
Vew :={j|i€Vr,j e V\Vr, (i,j) € E};
for (i € Veur) {
T; := MST(Vr U {i});
if (¢(T;) < C and max < (p(Vr) + pi)/c(T3)) {
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vi=4 /A000000%
T :=1T;;
max := (p(Vr) + pi)/c(Ti);
}
}

if (max > —o0) { /A 00000000000%
Ve =VrU{v} /¥0000%*/
Er:=T;
Cr = c(T);

}

else /YO0 000O0OOOO*

return Vp, Er,Cr;
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Heuristicl() 0O 0O Vi, By, Cy /*00 0%/
Heuristic2(Vr, Er,Cr)
Viest 1= V13 Epest 1= Er; Chest := Cr; L := 0
while (L < Liim){

ExchangeNode(Vr, Er, Cr);

if (p(Viest) < p(Ve)){ /00000 0%/
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Viest := Vr;
Epest := Bt
Chest := Cr;
L:=0/*L0000O%/
}
else /*00000000%
L:=L+1;
Heuristicl(Vr, E7,Cr); /*0000%/
}

return ‘/besh Ebesh Obest;

ExchangeNode(Vr, Er, Cr)
max := —oo;
Veur :={j | i € Ve \{r},j € V\ V1, (i,j) € E};
for (i € Vpr, j € Veur){ /*¥0 4,5 000%/
Vig == (Ve \ {i}) u{j};
T;; := MST(V;);
if (¢(T35) < C and max < p(Vi;)/c(Tij))4
V:=Vy; /*000000%/
T :=Tiy;
max := p(Vi;)/c(Ti;);
}
}
Vp:=V;
Er =T,
Cr :=c(T);

return Vr, Er, Cr;
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Fig.4 The distance of each vertex.
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}
}
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Table 1 The results of heuristic algorithms.

Heuristicl Heuristic2
Vi | ¢ preci. CPU preci. CPU
10 20 20 1.00 0.00 1.00 0.00
10 20 30 1.00 0.00 1.00 0.03
10 30 20 1.00 0.00 1.00 0.00
10 30 30 0.87 0.00 1.00 0.01
20 50 50 0.96 0.01 1.00 0.18
20 50 100 1.00 0.01 1.00 0.03
20 100 50 0.95 0.01 0.95 0.01
20 100 100 1.00 0.01 1.00 0.86
30 100 50 0.95 0.00 1.00 0.30
30 100 100 0.92 0.00 0.92 3.18
30 200 50 1.00 0.00 1.00 0.40
30 200 100 0.80 0.01 0.84 1.80
40 100 100 0.98 0.00 0.99 3.10
40 100 200 0.94 0.06 0.94 15.00
40 100 300 0.94 0.09 1.00 25.00
40 200 100 0.95 0.01 0.95 0.16
40 200 200 0.95 0.14 0.95 22.10
40 200 300 0.95 0.21 0.99 25.80
50 150 100 0.92 0.00 0.97 1.41
50 150 200 0.91 0.03 0.91 12.30
50 150 300 0.92 0.18 0.98 59.80
50 150 400 0.90 0.41 0.99 76.50
50 300 100 0.93 0.01 0.93 3.44
50 300 200 0.86 0.09 0.93 19.70
50 300 300 0.94 0.38 1.00 74.80

50 300 400 0.98 0.66 0.98 83.60
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Table 2 The results of branch-and-bound procedures.

CPU
Vi |l ¢ C/MST formu. divi.
10 20 20 0.44 11.70 0.10
10 20 30 0.54 6.21 0.03
10 30 20 0.41 1.01 0.05
10 30 30 0.53 35.50 0.06
20 50 50 0.33 603.00 0.28
20 50 100 0.70 368.00 1.06
20 100 50 0.39 785.00 0.58
20 100 100 0.74 1794.00 2.51
30 100 50 0.19 979.40 0.88
30 100 100 0.41 19245.00 16.10
30 200 50 0.19 1124.00 0.83

30 200 100 0.41 19992.00  20.00
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Fig.6 CPU time for the ratio of C' to the value of

minimum spanning tree.
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