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Subdivision Curves and Surfaces on the Gaussian Sphere
and Their Applications to the Streamline Modeling

KENJIRO T. MIURAT

Curvature and variation of curvature are the essential factors in determining the fairness
of a surface. Unfortunately, most of the traditional surface representation schemes do not
provide users with direct manipulation techniques of these quantities. Streamline model-
ing, a recently proposed free-form surface design methodology, is aimed at overcoming this
shortcoming by allowing a user to control tangent vectors (and, consequently, curvature and
variation of curvature) of the surface to be designed directly. A free-form surface is regarded
as a set of streamlines: iso-parametric lines defined by blending directions of tangent vectors
instead of blending positions of control points. This new surface design methodology can
generate high quality smooth surfaces but requires much processing power for tangent vector
blending. In this paper, we present subdivision based blending techniques of tangent vectors.
These techniques can be used to develop subdivision techniques for curves and surfaces on the
Gaussian sphere, such as Chaikin, B-spline, and Kobbelt subdivisions. We also present new
streamline modeling techniques based on the new tangent vector blending techniques. The
new techniques reduce the processing time for the integration process required in streamline
modeling. A prototype system based on the new techniques shows that free-form surface
design using the streamline modeling methodology can achieve real-time performance.
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Fig.1 Streamlines as iso-parametric curves.

00000000000000000000s(s,t) 0
000000000000 100000000000
(Js(s,t)) = 1)000000 s0000000000
000000000000 sO0000000000
00sO00000 +000000000000%90
0()0¢t0000 1000 88(s,t)/0t = t(s,t)
000000000000000000

t(s,1) = Lséi’t)
° 0s(s,t)
=to+ / ds. (2)
o Ot

000 to=08S(so,t)/0t 000 0¢%(s,t) 00000
000 1000000000000s0000000
t000000000000

0000s(s,t) 00000000 10000000
00000 (1)0000 s(s,t) 000000300
000000000000000000000000
00000000000000000000 s0O0
000000000000D000000000000
000000000000000000000000
00000 s(s,t) 0000000000000000
00000000000000000000°000
oooo

3. UbOoooooo

gooooooooboooooboooboooo
goooooooooboooooooboboooooo
gooooooooooobooooooooooaon
goooooboooooooooooooooooo
gboooooooobobo1ooobooooooboo
gooboooooooboooboboooooooo
uboooooooooooobooooooooonn
gooboobooooooooboooooooooooon

Y Bézier 0 B-spline 000 000000000000O0000
gooo0o00o000ooO00o0o0oo0o0ooo00obooooooon
oooooooooooo



1086 goooooooo

t,
End tangent

Total length L

Initial point

¢¢¢¢¢

Initial tangent

0 2 000000O0OOOOO0O0OOO0OOOO0O0OOO0OOOO0O0O0O
ooooooooooooboOooooooooooooonao 3
gooooooooooao

Fig.2 Interpolation problem: finding a smooth curve

whose initial point, tangent vectors at its initial and
end points and total length are given.

00oddbOobOobO0o0oD0ooooooooobooooa
goood
3.1 JOO0oOooooo
goooodoobuoooobobobobobbooboo
gooooooboboooboobobbobobbooono
Jodoobobooo0obOoobooooooooooo
go0ooobOOooooooobOoooobooooono
goodoooooobo 2000
0oo0ooooooooooboobooood
gd0oooooooooooboooobooa
0000O0bOO0o0Oo 30bo0oOoooooa
gog
godbootoooooboobobboboooo
gobooooboooooobooobooobobog
podoooooobooooooboboboobobo
godbooobooboboooboobbobbooboo
Ooooobooobooooooboboooooooo
gobooooboooooooobobobboooono
0O00000oobObOOooobOOooOoooooao
dooooodooooDooooooooobooo
Jo0o000O0000oooooooooooboooono
J000o00Db0O000D0ODb0O000 4000 unit
quaternion00 000 000000D0OO0OO 400 q
00000300000000 R,O0OCODODODOO
gooo
R,(v) =quqg™ ", for ve R’
ood v = (z,y,2) 0 400 (0,z,y,2) DODOODO
0040000000000
00000 20000000000 ¢ = qodoqy "

May 2001

N\
Vio, ta

31

[to,tl] // (DtO,tl
to

03 ooo
Fig.3 The axis of rotation.

Oti=qvoq;'0¢0 ¢ 00040000000
00200000000 0 ¢, 000000000
000000 v,,,,(u) 00
—1

Yito,t1 (1) = qig,t1 (u) to Atg,t1 (u)
00o0o00000ooon

Qig,t: (W) = eXp(wtoytlu)
0000w, 000000 « 000000000
0000000000000000 30000000
00000 0 £ 00000000 0wy, 00

1. to X t1
— Sln to xt —_
(o 1|)\t0><t1\

2

1 N
= 5 9t0,t1 Vio,t1 (3)

Wi, t1 =

0000000000 Osin™ (Jto x¢1]) OO0 o O
t, 000 6,,,,, 0000000000000t X 4]
O toxt: 00000000, 000000 toxty
0ooo0ooooooooood

0 3) 0 wigey O ’Ytg,tl(u) g ’Ytg,tl(o) = to
0 7,1 =t 00000000000000
qto,tl(u)toq%}tl(u)DDDDDDDDDDDDDDD
O000g¢ U0 0 ted ¢, OO0O0O0000O00O0OO0
O0000000w,:, O te 0 ¢, 00000000
0 000 Oslerd] spherical interpolation )oooon
0000 wiye, =loglgy ') 000O0DOO0OO0D0
gooooooooooooo

00d0ooooooooOooOoooooooooao
0000000000 0000000o0o0ooooon
000000000nooooooooooooooo
goooobooodooooooboooooobooo
O00000000Km”? O0OO0OO0O00 400
00000000000Y 000000000000
goooobpooooob400000O0ODOOO

00000000000 ¢t00000¢t = gdeg t 0OO
0 ¢O0000000000000000 %0 ¢t+00000
00D00D000O0%, = (1,0,00 000000000 ¢0O
qg=cos B+ vsinf = (cos 3,0, cos asin 3,sinasin3) O
0ooooooo



Vol. 42 No. 5

q(u) = (H exp(wiéi,uu))) . @)

i=n

0000Bix(u) 0 Bspline0 000 B, 0000
ooooo

Bur(w) =) By(u) (5)
Jj=1
Z;i]:_lBjyk(u) if u; <U<Uit+k—1
=41 if u>wuipp—1
0 if u<u,.

(6)

00000 (4)0 w00

ti 1 xt;
[ti—1 X &
bddbdtiw;, DObOoobbobobobboobo
gooooooboboobOoooooboobooboo
00000000000 000 KimO?O0oOoOoOoo
0000000 gq(uveg(u)™' 0000000000
0400000QI0DO00000%0

3.2 JO00OODOoOoOoooag
do0o0obOO0o0oboOoOoOooboooboooooooa
0O000O000O0000O0DoOoooOoOOoOooDoOo 20
pooboobobooobooono
lo0bodob0ooooooboobobbooogon
goboboobobooooooboobooboboboboo
000000000000000 40000 go(w) O
000000 to,t1,...,4, 00000000000
gooooooooooo

qo(u) = q0[t0? t, ..., tn](u)

= <H exp(wiéi,k(u))> q0. (7)

i=n

1.
w; = §Sln 1(|ti_1 X tl|)

00pooooooooooooono ¢-00
gr(u) = qrltn, tn1,...,t0](u)

= (H exp(—wiéi,k(u))><H eXp(M)) qo0

i=1 i=n

(8)

gooooooobobooo
r(u) # go(1 — u) (9)
000000000040 B-splineO OO 4000
gooo0Osstcoobooooboooooboboooooon

gooooboooo

ool1oobooobbo400b0O0ODODOODOO
goboopooobooobOooboobooboobbo
gooobooboob40000000000DOODO

goooooooooooOooooooooooboooOobOOobOOoboboOoooo 1087

04 000000000 OOOOOOOOOOOOOOOOOO
ooooood
Fig.4 Shape difference by reversing tangent order:
origianl (red), reversed (green).

() 400000000
O00D0w=100000
=30

(b) B-spline 00 400
oo®oooo

05 O0O00D0OOO0OOOO
Fig.5 Curve on the Gaussian sphere.

00000000000 000D0DDOoDooog
000000000 0000ooooooo
00000000000000000000000
0000000000 0O0D00oOo0O0oOoO0Oooooo
0000 100 10000000000000000
000000000 00000ooOooooooog
0000000000 DO000000DO000oOoO
0ooo0oo0o0ooooooooooo ¢°o cto
000000D000000000000DO0o0ooo
0000 S?00000000000000000D0
000000000000 D00000oDoDoooo
000000000 oooooooooooogg S2
0000000000000000000000on
0000000000000 00000o0ooooo
OO0 100000000000000000000
ooooOoOoOoOooooo
R*000D0000 20 p,0 p, 000 p,, 00
P, = %(Po +P1) (10)
00000o00sS?0000020000 ¢00 ¢ 0



1088 goooooooo

oooo t, 000000oo0oooooooo
1
tm=§(t0+t1). (11)

ooooootspb ¢, 00000 100000 ¢, 0
goooooool1oobobooooooboobooo
gopbooo

N /1
tn=q (=)t 2 12
q(2) od (2) (12)
00000000000000
q(u) = exp(wig,t; u) (13)

0000w, 00 (3)0000000000000
(12)0000o0oUOU0OOoUObOO 400000
goooooo200000D000D0bOODbOObObOO
goooooobooooooooboooooobobooo
oobooooboboobobooo2000000 ¢t 0O
t, 000000000 ooobooooo
t(u) = (1 —u)to ® uty

= q(u)tog™ ' (u). (14)
000000000000 commutativell OO0 O
(1 — u)to D ut; = ut, d (1 — u)to. (15)

000000000000000000000000
oooooon

3.3 00000D0O000O0000O0O0
20000000000000000000 400
00 ¢(v) 0000000000000000000
0040000 ¢ (uw) 0 g-(u) =¢(1l—uw) 000
000000000000000000000000
000000000000000000000000
000040000000000000000000
000000000000000000000000
000000000000000000000000
0O0O0o0o000ooo
000300000000000000000000
300000 n+100p,;,i=0,...,n€ RP0O0D0
000000 pOO

P =cCopotCipPy + -+ CaPy (16)
00000000000e,i=0,...,n,000000
000000000 nO0000000000000
000000000r=2,300000000000
0000000000000

n=2000000 (16)0000000

P = P[Py, P1, P.)

= copy + 1Py + c2ps. 17

00000000000000000000000O0
00000 ¢ 000 Ype 0100000000
OO0c+c+e:=1000000000 10000

May 2001

OU0oOoooOoooooooooooooooo (an
ubooooboooboo

2
1
:(c +161) i Py + 2% p
°T 2 Co+%C1O Co+%011

+(101+09< 3o P+ —2 p).
2 %014—02 ! %614-62 2
(18)
0000Oc=1/70c¢ =2/7T0c; =4/700000
2/71 1 571 4
p=z (51’0 + 51’1)"’ Z (51’1 + gpz) (19)
goooooooooooo tiGSZDiZO,l,QDD
0odoooooo0ooooo toooooo a0
ooooooag

1 1
p= (COPO + §CIP1) + (_01P1 +C2P2>

t = t[to, t1, to]
= coto @ c1t1 @ cato

1 co %C1
(Co + —01) T—to —t1
2 o+ 30 o+ 30

1 %61 (&)
2 (—61 +62) T t, t2 | .
2 3¢+ c2 3¢ +c2

(20)
obobooboooooob 0 «w000000000
O000¢co =co(u)0e1 =cri(u)ex = c2(uw)0000
c2(u) =co(l—uw)Uer(u) =cr(1—w) 000000
00000000000 0DDO0 BernsteinOO OO
goooooooom

to = to[to, t1,t2](u) (21)

tr = tr [tz, tl,to}(u) (22)
ooooo

te(u) = to(1 — ) (23)
oooooa

0 (160000 n0 300000nr=20000
gooooooooo

P = cop, + c1py + Cc2py + C3P3

_ Co C1
N (CO+01)(CO +aca Pot co + C1pl)

C2 C3
24
+ (C2+C3)(02 + C3p2+62 + C3p3> (24)

0000r=200000000000000 ¢ € §%0
:1=20,...,300000000000000 ¢t+000
oo ebOO0O0OO0000O

_ C1

C2
t t) 25
02+632 62+633 (25)

gobooooooooooooooobobooboDo

Co
to
co+c1

@ (c2 + 63)(



Vol. 42 No. 5

Ogodod n=2000000000000
nO0000000000 nOO0O0OO0O0O n=2
0o00dooooooobobobobooo 20000000
ooo
t=coto Dcit1 - D catn

1
= (00t0+~-~+ QC%t%)

1 1
@(Ecgto-l—""f'icntn) (26)

nU0000000 n=300000
t=coto Dcit1 @ Dceatyn

= (CotO@"'@C"_*lt"_*l)
P P

1
D <Cn+1 tny1 @D —cn tn) (27)
2 2 22

000000000000000000000000
000000000000000000000 200
000000000000000000000000
0000000000000000000@ 0000
0020000000000 1000000000
00000000 (2000000000 00000
10000000000000 2000 0000
200000
<Co + %q) +(%C1 4 Cz) =co+c1+eca (28)

0000000000000000000000 10
0000000000 000000000000
ooo

00000000000000000000000
0000000000000 40000000000
000000000000000000000000
00000000D0000000000

3.4 000000000

00000000000000000000000
000000000000000000000000
00000000000

3.4.1 Chaikin0000000

Chaikin 0000 000® 00000000000
000000000000000 20 B-spline000
0000010000000000000 (1/4,3/4)
00000000000000000000 ;000
0n+10000 p/,i=0,...,n00000000
0000000000 plpl,, 0000 200000
000oo

; 3 5 1
+1 _

p? = sz + ZPHM (29)
) 1 . 3 .

Pl = 1P+ Pl (30)

goooooooooooOooooooooooboooOobOOobOOoboboOoooo 1089

Chaikin 0000 0000000OCDOOO0O 2000
gooooboooooooooboobooooooobo
oo0odeOOOOO

1 3. 1.
tg+ = Ztg o) Ztg“’ (31)
. 1. 3.
—+1
t3+1 = th D ZtZH' (32)

opoooooooo

0O @BH)OoOooooooo

g#:%ﬂ@%@ﬁ@%&o (33)

gobooooooboooo20000000DDOOO
gooooooo 2000000000000OO
000 (32)00000ouooo0ooooooo
goooooooooo

3.4.2 B-spline0 00O

B-spline 0000 Chaikin 00 OO0O0OODOO
000000000000 refinement equationE?)D
00000 (0 B-spline0 00000000

1+1
Bi(t) = %Z ( “I;l > Bi2t—k). (34)

k=0
20 B-spline0 000 Chaikin 00 OO0 O0O0OO0O
00030 B-splinedO0O0OO

. 1 . . .

= 5@l + 6Pl +pLs), (35)
. 1 . .

p;z‘ill = _(Pg+1 +Pg+2) (36)

2
gbooooooooooooooboooboooobobooon

tﬁl=l(lﬂ@§ﬁ )

2\47 7 4L
1/3,; 1.
05 (3t © 1the), (37)
1 1. 1 .
t;?;l = §tg+1 & §t3+2 (38)

0000000 Chaikin OOODOOODOOOODOO
(37)DDDDDDDDQDDDDDDDDDDDDD
OO00000 s00000000000000DO (38)
O01000000000000000000O00000
3.4.3 4000000
40000000000000000000O00000O
i =p (39)

1 84+w, ; . w )
Pyt = g (Pl Pl) — 5Pl Pl

(40)
0<w<2+5-1)00000000000000
0000000000000 YYo0000 w=10



1090 goooooooo

01 00000000 Pentium IIT 600 MHz0O

Table 1 Comparison of processing time (Pentium III

600 MHz).
Curve order # c-tan. # tan. time (ms)
Sub. (Chaikin) | 5 386 (depth=7) 0.31
Sub. (Cubic B-s.) | 5 259 (depth=7) 0.63
Sub. (4 int.) 5 257 (depth=6) 1.09
B-spline 3 5 257 4.69
B-spline 4 5 257 4.84
B-spline 5 5 257 5.16
ogo

Doo00o0oooooooos?oon

; 1 [ 84+ w
+1
til =5 (~5t 0 = 52)

Tt{H @ —gtzﬁ) . (41)

1000o00ogoooooooooobooboooooo
o000 1000000000 200000000
ooooOooooooOoooboooODO 80 p.10o870
bbb 400000000000000000O0O
B-spline000 40000000 30000000

344 0O0OOODOOO

0 1 0 Chaikin O B-spline04 0000000 3
000000 B-spline0O0OO0 4000000000
gboooooooooooooboooooobooooo
ob00o0dodobOb0cetan. 00000000000 50
gbooooooobooobooboooobobooo
gb0oo0ooobooooboobobDtan. 0000000
goooobooooooooooboooooooon
oooOO0OO0OB-splined00 4000000000O
gooooboooobooboboboboooooboooboo
gboooooooooooboooboo110000b0Oon
oboooooo 260000 257v0000oo00o0on
oboobooobooooooboooooooooon

Chaikin 0000 0000000O00O0O0OCOCOO
goo1l1s00000000000000DO0OO00OO0
00000000 3410000000000 (31)0
(32)0 2000000000000 O0O0O0O0O0ODO
gobooobooooooboodooooooooo
oo0bo0O000O0B-spline0000000O0O0O00OO
OOChaikinO0O0 00 O0O00OO0O0OOOOOOOOOO
ooooOooobooooobo40000000000DAO
B-spline000 4000000000 4000 50
ooooooooooooon

4. J00OO0OOO0OO0OO0OOOO0OoOonOO

gooooboooooobooooboooooobooo

May 2001

000000000000000 Kobbelt O'Y OO
00000000 OKobbelt 00000 400000
000000000000 ChaikinO0OO0O0DODOO
B-spline 00 00000000000O00000OO
000000000000000000000000
000000000000000000000000
000000000000000000000000
0000000D00000000000000000
Doo-Sabin 0 Catmull-Clark O 0000000000
000000000000000000000000
0000000000 00000000000000
0000000000 00000000000000
ooQ

4.1 Kobbelt 00ODO

Kobbelt 00000 4000000000000
00000000400000000000 six =
{pi,kvpi+1,k7pi+l,k+lvpi,k+1} uboooooboboo
0000000000 p/t'03000000000
0000000 vertex-pointOp),, =pl , 000D
000000000000000 edge-pointOp)rt 5,
Oplf) ., 00000O0O00000D0O040000

2i,2k+1
gdoDoDooOoOoooooooa

, S+w . ,
+1
P;i+1,2k = 1—6(ka +P3+1,k)
W )
- 1_6(1’?71,k + Pg+2,k)- (42)

0 00 face-pointO0pll), 5, ;, 00000000
p;i+1,2k—27'"7p;i+1,2k+4|:|[|DDD p;i—2,2k+17'”7
Pliiaans 0 400000000000000000
goooooa
4000000000000DODO0O0DO0OOOODO
st 200000000000b0O0O0bObObO
gooooooobooobooobooboooooboo
gobooooboooboobboboobobooboobboo
Oooobooooobooobooooooboooo
4.2 O0O00O0OO0OOO
40000000000000D0000 Kobbelt OO
OoO0O0000DoOO0obO00bOO0Oooooooooa
0o0o0o0oOo0o0o0oooooboOooboboOoooooo
go0oDoOooooo e vOO0OD0ODOODODODOOO
0 (1)0000 s,=00000000 S(so,¢) 00
gooboobooobobobooboobobooobo
4000000000000 s(s,t)0 4x4000
gooodoooboobobobooboobobo
goobooobooooobooooooobooooboo
goddooooobooOOoobooooooooobooo



Vol. 42 No. 5

~
o

Bl i
9" o

I Lot it
sdel ol 2 4

Sz

(d)yDDoOoDoO0oooooooo =30

(e)00DDOO0DDOOOODDOO =30

06 00OO0DO No.l
Fig.6 Car model No.1.

00000000000 GUI? 000000000
gooooooooooboooboobooboooooo
gboooooooooooooboooboooOobOoba
gooooboooooobo«obooooboob oo
oobooooooobooboobocoooooooboo
gobooocooooooooooboobooboooon
gooboooooooobooooooooboooon
oooooooo

goooooooooooOooooooooooboooOobOOobOOoboboOoooo 1091

(b) 0000000000000 =30

(c)000DDODOOOODDOO =30

07 00000 No.2
Fig.7 Car model No.2.

5. 00000

goboooobooobobooboooboobooobooa
0o00OoO000o0bO0o0oooobOo0ooboooooo
gbooboo0oobooboooooobooooono
OOodbOO0ooOooOoOO0ODoObOOoboOOobOoOobObOOoooa
Jdddooooooboooboobooooboobooooo
Jo0Dodddooo0oo0o0obDOooooooboooo
gboobobbooobbobobboooboooobooo
gbooobogooooooobooboobooboo
gdboddooboooooooobooobooobog
gooooooobood

go0boboooooboobD 1oooobooobooo
00000000 0ODDODoo-Sabind Catmull-Clark
goooo0oOOo0oooboobooooboooooo
0o0d0000D0ObOOo0oDbOoObOOoOoOoboboooOo



1092 goooooooo May 2001

o o o o

1) 00000000 4000000000000
00 000Vol.38, No.11, pp.2227-2236 (1997).

2) Miura, K.T., Sakiyama, N., Kaneko, T. and
Kubo, T.: Streamline Modeling: Designing
Free-Form Surfaces by Blending Tangent Vec-
tors, 6th IFIP WG5.2 International Workshop
on Geometric Modeling: Fundamentals and Ap-
plications (GEO-6), pp.168-179 (1998).

3) 0000000 400000000DOOO
00000 Vol4l, No.3, pp.722-732 (2000).

4) DO000o00oooOoooOoooOoooO0 ooo

o4000000000DO0DOOO0O00COCOOOO

0000000000 Voldl, No.3, pp.522-530
(2000).

5) Miura, K.T.: Unit Quaternion Integral Curve:
A New Type of Fair Free-Form Curves, Com-
puter Aided Geometric Design, Vol.17, pp.39—
58 (2000).

6) Farin, G.: Curves and Surfaces for CAGD, 4th
Ed., p.120, Academic Press (1997).

7) Kim, M.-J., Kim, M.-S. and Shin, S.Y.: A
General Construction Scheme for Unit Quater-
nion Curves with Simple High Order Deriva-
tives, Computer Graphics (Proc. SIGGRAPH
’95), pp.369-376 (1995).

8) Chaikin, G.: An Algorithm for High-Speed
Curve Generation, Computer Graphics and Im-
age Processing, No.3, pp.346-349 (1974).

9) Schroder, P. and Zorin, D.: Subdivision
for Modeling and Animation, SIGGRAPH’98
course note (1998).

10) Dyn, N. and Levin, D.: Interpolating Sub-
division Schemes for the Generatioon of
Curves and Surfaces, Multivar. Approz. and
Interp., Hausmann, W. and Jetter, K. (Eds),
Birkhauser Verlag, Basel (1990).

11) Kobbelt, L.: Interpolatory Subdivision on
Open Quadrilateral Nets with Arbitrary Topol-
ogy, Computer Graphics Forum 15 (Euro-
graphiscs ’96), pp.409-420 (1996).

(00120 100 2000)
(00 130 309000)

gooocoooooo
00 34000005s70000O
goooooooooooooo s
gooooooooooobooooo
“ﬂ 000 0oooooono CAD/CAM
goooooooooooD 30
o000o0o0ooO00ooOoOoooOoooOPhD.OO
gs0dooooooooooooooooooon
goboooobooooooosnoooooooobooa
0000ooO0oUoo0oooO0oooOcCAD/CAMOO

oo00ooooooOoooooooooooooAcMO
IEEEOO000




