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1. Introduction

We investigate the conservativity of typed A-
calculi placed in A-cube [1] (figure-1) over
intuitionistic logical systems :
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figure-1
Some of typed A-calculi in A-cube are well-known as
shown in the following table (table-2):

AL already existing system
A—> typed A-calculus (Church)
F (Girard)

A2 2nd-order/polymorphic
typed A-calculus (Reynolds)

AP AUT-QE (De Bruijn)

LF (Harper, Honsell and
Plotkin)
AK2 F, (Girard)
Calculus of constructions
APK2 | (Coquand gt Huet)
table-2

It is already proved that using formulae-as-types
notion [2], the interpretations from typed A-calculi
in A-cube to intuitionistic logical systems are sound
as depicted in the following table (table-3) [3].
Firstly we summarize already obtained resulis
about the conserve.iivity in 2, Secondly, in order to
solve the open problem that AP2 is conservative
over PRED2 (denoted 2nd-order int. predicate
logic) or not, for a first trial, we will prove the
reduced problem that AP2" is conservative over
PRED2’ (denoted PRED2 with (¢, *¢)) in 3.

L (logic) —> AL
Minimal propositional logic A
Second. order int. prop. logic A2
Min. many sorted pred. logic AP
Weak higher order minimal AK

propositional logic

Second order intuitionistic AP2

manys. predicate logic
Higher order int. prop. logic AK2
Weak higher order minimal

magny sorted predicate APK
Higher order intuitionistic = | \PK2

many sorted predicate logic '

table-3
2. Already obtained results about
conservativity

2-1. Type systems on the left plane are
conservative over the propositional logics

The type systems on the left plane in A-cube are
clearly conservative over the corresponding
propositional logics. Using the restriction of [6], the
restricted type systems for logics are same as the
original type systems in the sense that * =*p,

2-2. AP is conservative over PRED

[4] proved it using the translation from AP to
FRED, which consisis of the projection from AP to
A— (eliminating dependent iypes) and the
relativization of quantifiers.

2-3. APK2 is not conservative over higher order
logic

[{5] proved it as follows (0 is a sort, ¢ is a formula
in which x does not occur free and P is a predicate):
Even though Vx:0.¢6—(¢— ), we can’t find a preof
of P(Vx:0.$)—P(¢—¢), because of non-
extensionality of logic. In APK2, on the other hand,
let ©'=0:%, c:0, P:*—%, ¢:* (* means the collection
of all types), then it has a following proci:
' Az:P(I1x:0.¢).Aa:* Ah:(ITy:*. P(gy— ¢)—a). hOz

: P(IIx:0.9)— Jy:*.P(y— ;)

The above proof is based on that the logic should be
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non-extensional and that the translation (based on
formulae-as-types) from higher order logic to APK2
allows us to identify formulae and sorts as types.

3. AP2" is conservative over PRED2’

3-1.AP2°
AP2" has the same rules as AP2, i.e., (*, %), (*,
K), (K, *). The difference between them is as
follows (x, X and Y are variables, ¢ denotes a
constant and y is a fresh variable):
Terms
M:: =x|cJ]Ax:B.M|Ay:A.MMM)AX:K.M|MA
Types or families
A:=X|Ix:B.A|lly:A.A|TIX:K.A]Ax:B.A]AM
B::=Y|IIx:B.B|Ax:B.B|BM
Kinds
K::=#IIx:B.K
That is, in the expressions Ax:Aj.Ag, IIx:A1.A2 and
IIx:A1.K, Aj can’t take a universal type [IX:K.A,
i.e., only take B which excludes universal types.

3-2. PRED2’ (denoted PRED2 with (*¢, *¢))

PREDZ2’ is obtained by adding to PRED2 higher
order functions and predicates over function
spaces. Sorts are formed by A (ground sort) and Q
(sort for formulae) as follows:

Sorts

S::=St|Sp

St::=A|St—St Sp::=Q|St—Sp
SORT is the set of sorts. Terms are constructed by
x (variable) and ¢ (constant) as below:
Terms

ti:=x|c|t(t)|Ax.tjtDt|vx€S.t
For each term t, a sort [t]€ SORT is assigned where
[ F-TERM—SORT. TERM denotes the set of
terms. Constructors are defined as terms t such
that [t]€ SORT-p. R denotes x where [x]1€SORT-p.

Constructors

C::=R|Ct}Ax.C|CDC]vx€S.C
CONSTR denotes the set of constructors.
3-3. Translations Tr and | | from AP2" to PRED2’

Tr applying to K or A gives a sort Sp or a
constructor, and | | applying to K, B or M gives
SORT-t, a sort St or a term as follows:

AP2" = PRED2’

Type A Constructor
X R
Ix:B.A Vx€|B|.THA)
IIy:A1.Ag Tr(A1)DTr(Ag)
NX:K.A Vx€Tr(K).TrA)
Ax:B.A Ax.Tr(A) where [x]=|B|
AM Tr(AX(M))

Kind Sort Sp
* Q
IIx:B.K [Bl—TrK)

where | | is defined as follows:

Type B Sort St
Y A
I1x:B1.B2 [B1|—|Bg]
Ax:B1.Bg [Bg|
BM IB|
Kind
* SORT-t
Ix:B.K IK|
Term M where M:B
x x
c c
Ax:B.M Ax.[M| where [x]=|B|
M;Mg [M1|(|M2))

Proposition 1:
If ', p,- M:B, then [[M]] =|B|.

Proposition 2: )
IfT'k,,,. AK, then [Tr(A)]=Tr(K).

An assumption Tr(I') is defined as { Tr(A) |
z:A€T for some z (x or ¢) and A such that ' A:*},

Proposition 3:

If Tk, p,- M:A:* for some M, then Tr()&- prepe
Tr(A).
[PROOZ] By induction on a derivation I't-,,,. M:A
and on M.

The translation * from PRED2’ to AP2  is
defined by the notion of formulae-as-types [2], i.e.,
if ¢ is a formula ([p]=Q), then ¢ *:*.

Proposition 4:
If CECONSTR, then TH{C*)=C.

Theorem 1:
If 'k, pp- M:p* for some M, then THI) - pppno. d.

Remark If we had allowed the term MB (we had
only MA) in AP2", then the proof of Theorem 1
would fail Zix Proposition 3.

4. Concluding remarks

In order to solve the open problem that AP2 is
conservative over PRED2 or not, for a first trial, we
have proved Theorem 1 that AP2" is conservative
over PRED2’,
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