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Parallel Topological Sorting Algorithm

AKIO TADA,t MASAHIRO MicITA and RYOZO NAKAMURA

The traditional parallel topological sorting algorithm in a DAG (Directed Acyclic Graph)
with the number of vertices n and the number of edges m is the one that takes O (logn) time
using O (n3) processors on a CRCW-PRAM model. However this algorithm depends on the
transitive closure matrix calculation, therefore it is difficult to reduce the number of processors
furthermore. In this paper, we propose an efficient parallel topological sorting algorithm in a
given DAG, based on a CREW-PRAM model. Namely, based on the divide-conquer method,
the proposed algorithm at first divides a given DAG into several linked lists, in which each
vertex has at most 1 both input and output edge degree. Next in the merging step, it merges
recursively two combined linked lists to get a maximum rank of each vertex. Finally the
maximum rank of each vertex is found, then all vertices of a given DAG are ordered so that
all directed edges go from left to right, namely, a topological sorting is given. The proposed
algorithm requires O (n 4 m) processors and O(log? m) time on a CREW-PRAM model.
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oooooooooo C[l H]DD o0oo procedure Stage-1(0V[1..n],IV[1..n]);
” {00001000000000 }
gooooi1.20 ODOOOOOOOObOOOOOOO begin
0000000000000 00000000000 }if”ﬂ%;ﬂgm}ummm}
000 bAGOOOOOOOOOOOOOOoOoOO for v := 1 to n in parallel do { 000000 BO0O0 }
0000000000000000000 DAGODO fsmlf;l- Il
or e := 0 m-1 In parallel do
J000odooooooooooooooooooo if 0v[e] # OV[e+1] then BOV[e]] -
01200000 0000000000 DOOO BLOV[a)] - o;
Broadcast-1(B[1..n]); { 0000 0000000000000000000 }
(1) 00000O0000000000000 S[1.n ol - B0,
000000000 S0000000000 for v 1= 2 to n in parallel do
0v] - Blv] - Blv-1); { DOO }
oooom { (» 0000000000000 )
(2) D0DO0O0OOOOOOOOOOO00OO0OO0OOO0O0 000 wvt..s) 000000000000000001(1..010000
for v := 1 to n in parallel do
O N[1l.Sm]j00C000000O0O0C0U0OOog Clv] - Max(0[v],I[v]); { 00000 }
0000000 eD0000O0OOODOOODOO »0O {0000 [1.2] }
Para Prefixswn(C[1..0] S[t..1]); { 00000 0000000000000 }
0oooDbOoo0oboOOooobooD «0ooom W1l - 1
(3) 000001100000 ooooooooooo for v := 2 to n in parallel do begin { 000 w0000 vODODNOOD }
BOOOOOOOOOO000SO0000000 S
0oooooovoooooo NOV[L.m) OO Broadcast-2(N[1..8[n]1); { N[i}=0000000000000 }
{ (3 0000000000000 }
poooo B[O] - 0; S[0] - 0;
(4) DODOOOOOIVOOOOOOODOOOOOO for e := 1 to n in parallel do { 0000000000000,0000 NvO00O0 }
O0oooO00o00000000o00o0n (3) NOV[e] ~ S[OV[e]-1] + (e-B[OV[e]-1]);
{ (# 000000000NWOD00 }
0000000000 IvOooOoooo NIV[1L.m] 000 V(1..x] D0000XVO000000000 NV(L. .0 0000
0Ooooooon for u := 1 to S[n] in parallel do { NEXT D0ODD }
NEXT[u] - 0;
(5) gooboooboOoobooboboboboobobo for e := 1 to m in parallel do { 00000000 }
00000 NOVOOOOODOO NIVOOOOO {DN?S%'”H&;] ; viel;
Oo NEXT[lS[H” O0ooO0o0o0oooooooa for u := 1 to S[n] in parallel do begin { 00OOD }
00000000 DAGOOOOODOOOOO d“ST“[““";R““““]*i
end;
ooooooooooooooooooooon List Ranking(RANK[L..Sn]]); { 0000000000000000000 )
00000000 NEXTOODOOOOOOOOO for u := 1 to S[n] in paralleldo { D0000000000000000O00D }
if RANK[u] = 1 then LISTN[u] ~ u;
ooooom Para Sort (LISTN[1. .5[]1); { DDDODDNO000 100000000000 }
000001.830 0000000 OO0OOOOO0OOOO0 Broadcast (LISTN[1..8[n]]); { 000000000000000000000000 }
for v := 1 to n in parallel do
ubooooooooooooooooooooon ParaSort(SIB[v])) { 0000000000000000000000000 }
gobobooooboboobobooboobobobooo end
00000000001.30000000000000 i e
00000 Fig.2 Parallel algorithm for Stage-1.
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procedure Broadcast—-1(B[1..n]);
begin
for v := 1 to n-1 in parallel do
QLvl ~ v+1;
Q[n]l] « n;

repeat log n times
for v := 1 to n in parallel do
if Q[vl < n then begin
if B[Q[v]] = O then
BIQ[vl]l] ~ BIlv];
Qlvl « QLQlvi]
end
end;

0 3 Broadcast-1 000000
Fig.3 Broadcast-1 algorithm.
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(a) Corresponding table to new/old vertex number.

1 2 3 4 5 6 7 8 9 10 11 12
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(b) New modified input directed edge array of DAG.
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(c) Result after Stage-1.
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Fig.4 Process of Stage-1.
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procedure Linked List Rank(INC[1..S[n]],RANK[1..S[nl1);
begin
for u := 1 to S[n] in parallel do begin
RANK[u]l «~ RANK[u] + INC[ul;
Q[ul « NEXT[u]
end;
for i := 1 to log n do
for u := 1 to S[n] in parallel do
if Q[ul # O then begin
if RANK[ul+2% > RANK[Q[ul]
then RANK[Q[ull — RANK[u] + 2%;
QLul « QlQ[ull
end
end;

05 000 (2)0000000
Fig.5 Preprocessing (2) algorithm.
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procedure Merge List Inc(UINC[1..S[n]],DINC[1..S[n]],
INC[1..S[n]],Q[1..8[n]]);
{QO0oOoOoOoooooooooooo }
begin
{ (1) 00o0oO0oO0O0O0O0oooooDOoO0vINeOOd }
for u := 1 to S[n]l-1 in parallel do begin
UINC[u] ~ 0; DINC[u]l ~ O;
if (MP[u] = 1) and (MP[u+1] = 1) and (ULINK[u+1] = u) then
UINC[u] « INC[u] - INC[u+1]
end;
repeat log m times
for u := 1 to S[n] in parallel do
if Qlu]l # 0 then begin
UINC[Q[u]] ~ UINC[Q[u]] + UINC([u];
Qlu]l < QQ[ul]
end;
{( 000000000000000DINGODOO }
0o0ooO0oo0o0ooO0ooO00OO00O0000O000O00OO0DOO0OOOOOO0O
{ (® 0oooooooooo }
for u := 1 to S[n] in parallel do
INC[u] « Max(UINC[u],DINC[u],INC[ul)
end;

07 000002200000000
Fig.7 Step [2.2] algorithm.
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procedure Stage-2(linked 1ist); { 0000 2000000000 }
begin
{000 @}
for v := 1 to n in parallel do { DOODDDODD0 RANKOOOO RMAXOOOD }
for i € SIB[v] in parallel do
RMAX[v]  Max(RANK[i]); { 00002000 }
for u := 1 to S[n] in parallel do { 000 ICOOOO }
INC[u] « RMAX[N[ul]l - RANK([u];
(000 (@ 005000 )
Linked List Rank(INC[1..S[n]],RANK[1..8[n]]);
{000 (®» } 000 (MO0000000O0000
{ merging }
loop « 0;
repeat log L times { L:0000000000 }
loop « loop + 1;
{0000 (2.1 }
{ () D0000000DO00OD0O000DO00ODD0DD }
for u := 1 to S[n]-1 in paralleldo { 000000 }
if (N[u] = N[u+1]) and (LISTN[u]+1 = LISTN[u+1]) and
(LISTN[u] mod 2 = 1) then begin
MP[u] ~ 1; MP[ut1] « 1; { OODO }
ULINK[u+1] < w; DLINK[u] ~ wtl { (2) OOO00000OO0DOO }
end;
{ (» 00000000000 }
for u := 1 to S[n] in parallel do begin
plu] « NEXT[w]; { 000000 POOOD }
while (P[u] # 0) and (MP[P[u]] # 1) do
Plu] - P[PMu]]; { 000O0O0OOOOOOOOOO }
if (u < S[n]) and (P[u] # 0) and (MP[u] = 1) and (MP[P[u]] = 1) then
if (ULINK[u+1] = u) and (ULINK[P[u]] = P[u]-1) then
if ULINK[u] # P[u] then begin
ULINK[u] ~ P[ul;
if N[P[u]+1] = N[ULINK[P[u]+1]] then
ULINK[P[u]+1] ~ 0 { 00000000000 }

end
else if ULINK[u] # vu-1 then { D0O000000000D00000O00DO }
ULINK[u] - O

end;
{ @ 00000000000 }
goooooooOoooOoOoOOOOOOoOO0Oo
{0000 [2.21 0000DD0O0O0DD0O0O000 OO7000 }
Merge List Tnc(UINC[1..S[n]],DING[1..8[n]], INC[1. .8[n]] ,ULINK[1. .S [n]1);
{0000 [2.3] } 000 (000000000000
{0000 [2.4] } 000 (1)0DOOOODOOOOOO
{0000 [2.5] DOOODDOO }
for u := 1 to S[n] in parallel do
if (LISTN[u] mod 2) =1
then LISTN[u] ~ (LISTN[u]+1)/2
else LISTN[u] ~ LISTN[u]/2
end;

08 0DOOO 20000000
Fig.8 Parallel algorithm for Stage-2.
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Fig.9 Process of Stage-2.
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