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The word and unification problems for term rewriting systems (TRSs) are most important
ones and their decision algorithms have various useful applications in computer science. Algo-
rithms of deciding joinability for TRSs are often used to obtain algorithms that decide these
problems. In this paper, we first show that the joinability problem is undecidable for linear
semi-constructor TRSs. Here, a semi-constructor TRS is such a TRS that all defined symbols
appearing in the right-hand side of each rewrite rule occur only in its ground subterms. Next,
we show that this problem is decidable both for confluent semi-constructor TRSs and for con-
fluent semi-monadic TRSs. This result implies that the word problem is decidable for these
classes, and will be used to show that unification is decidable for confluent semi-constructor

TRSs in our forthcoming paper.

1. Introduction

The word and unification problems for term
rewriting systems (TRSs) are most important
ones and their decision algorithms have various
useful applications in computer science. The
word problem is undecidable in general even if
we restrict ourselves to right-ground TRSs?).
This problem is equivalent to the joinability one
if TRSs are confluent (Church-Rosser). Here,
the joinability problem for TRSs is the prob-
lem of deciding, for a TRS R and two terms s
and t, whether s and ¢ can be reduced to some
common term by applying the rules of R. The
unification problem includes the word problem
as its special case and its decision algorithm of-
ten needs an algorithm to decide joinability as
its component (e.g., for confluent right-ground
TRSs ') and confluent simple TRSs 9)).

In this paper, we consider the joinability
problem for some subclasses of TRSs. This
problem is also undecidable in general even if
we restrict ourselves to flat TRSs*. On the
other hand, it is decidable for some subclasses of
TRSs (e.g., right-ground TRSs '*), right-linear
semi-monadic TRSs®, and right-linear finite
path overlapping TRSs'?). Many of these de-
cidability results have been obtained by reduc-
ing these problems to decidable ones for tree au-
tomata, so that these decidable subclasses are
restricted to those of right-linear TRSs.

In this paper, we show that joinability is
undecidable for linear semi-constructor TRSs
(Th 3), but decidable for confluent semi-
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constructor TRSs (Th 37). Here, a semi-
constructor TRS is such a TRS that all de-
fined symbols appearing in the right-hand side
of each rewrite rule occur only in its ground
subterms. This subclass is a minimal class
of non-right-linear TRSs which properly in-
cludes right-ground TRSs and simple TRSs.
Our latter result shows decidability of joinabil-
ity for possibly non-right-linear TRSs and is
striking compared with the previous decidabil-
ity results. To our knowledge, such attempts
were very few so far. As a consequence, the
word problem is decidable for confluent semi-
constructor TRSs. Using the decidability re-
sult of joinability, we will show that unifica-
tion is decidable for confluent semi-constructor
TRSs in our forthcoming paper®. Our proof
technique used to show the decidability of join-
ability can be applied to subclasses other than
confluent semi-constructor TRSs. In fact, we
show in this paper that joinability is decidable
for confluent semi-monadic TRSs (Th 44). This
subclass is possibly non-right-linear too.

We also consider the reachability problem,
which is also fundamental. Here, the reachabil-
ity problem for TRSs is the problem of deciding,
for a TRS R and two terms s and ¢, whether s
can be reduced to ¢t by applying the rules of R.
We show that reachability is undecidable both
for linear semi-constructor TRSs (Th 3) and for

This paper is an extended version of the first half of
the paper: I. Mitsuhashi, M. Oyamaguchi, Y. Ohta,
and T. Yamada, “The joinability and unification
problems for confluent semi-constructor TRSs”, in
RTA-04 Rewriting Techniques and Applications,
LNCS3091, pp.285-300, 2004.
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confluent monadic TRSs (Th 46).
2. Preliminaries

We assume that the reader is familiar with
standard definitions of rewrite systems?2)'3)
and we just recall here the main notations used
in this paper.

We use ¢ to denote the empty string. Let |A|
be the cardinality of a set A. Let X be a set
of variables, F' a finite set of operation sym-
bols graded by an arity function ar: F' — N(=
{0,1,2,-}), Fa = {f € F | ar(f) = n}, and T
the set of terms constructed from X and F'. We
use x, ¥, z as variables, b, ¢, d as constants, f,g
as operation symbols, 7,s,t as terms, and o, 6
as substitutions. A term is ground if it has no
variable. Let G be the set of ground terms. Let
V(s) be the set of variables occurring in s. We
use |s| to denote the size of s, i.e., the number of
symbols occurring in s. The height of a term is
defined as follows: height(a) = 0 if a is a vari-
able or a constant and height(f(t1,...,t,)) =
1 + max{height(t1), ..., height(t,)} if ar(f) >
0. The root symbol of a term is defined
as root(a) = a if a is a variable and
rOOt(f(tla s 7tn)) = f

A position in a term is expressed by a se-
quence of positive integers, and positions are
partially ordered by the prefix ordering <. We
use u|v to denote that positions v and v are
parallel. Let O(s) be the set of positions of s.
For a set of positions W, let Min(W) be the set
of its minimal positions (w.r.t. <).

Let s),, be the subterm of s at position u. Let
Psub(s) be the set of proper subterms of s, and
for A C T, let Psub(A) = UseaPsub(s). We
use s|t],, to denote the term obtained from s by
replacing the subterm s, by ¢. For a sequence
(up,---,up) of pairwise parallel positions and
terms t1,- -+, tn, we use s[t1, -, tn)(u,,...,un) O
denote the term obtained from s by replacing
each subterm s, by #;(1 <4 < n).

A rewrite rule « — 3 is a directed equation
over terms where a ¢ X and V(a) 2 V(8). A
TRS is a finite set of rewrite rules. A term s
reduces to t at position u by TRS R, denoted
s Spt,if s, = af and t = s[f0], for some
rewrite rule o — (3 and substitution #. This re-
duction is called a u-reduction. For s g t, u
and R may be omitted. We write t «— sif s — ¢,
s« tifs — tors« t. —*is areflexive transi-
tive closure of —. Term ¢ is reachable from s in
Rif s =% t. Term s and ¢ are joinable, denoted
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s | r t if there exists r such that s =% r <} t.

Let v: s1 gy Yot Sn be a rewrite sequence.

This sequence is abbreviated to v: 51 «<* s,, and

R(y) = {u1, -, up—1} is the set of the redex

positions of . For any sequence v and position

set W, if for every v € R() there exists u € W
>W

such that v > u, then we write v: 51 —* s,

Let Og(s) = {u € O(s) | s, € G}. For
any set E C X UF, let Oz(s) = {u € O(s) |
root(sy,) € Z}. Let O.(s) = Ozy(s). The set
Dpg of defined symbols for a TRS R is defined
as D = {root(a) | « — B € R}. If R is clear
from the context, we write D instead of Dgr. A
term s is semi-constructor if for every subterm
t of s, t is ground or root(t) is not a defined
symbol.

Definition 1 A rule « — [ is ground
if a,8 € G, right-ground if 3 € G, semi-
constructor if 3 is semi-constructor, and lin-
ear if |Oz(a)] < 1 and |0,(B)] < 1 for every
xz. A TRS R is ground, right-ground, semi-
constructor, linear if every rule in R is ground,
right-ground, semi-constructor, linear, respec-
tively. A TRS R is confluent if <% = |g.

Example 2 Let R, = {nand(z,z) —
not(and(z, z)), nand(not(z),z) — true, true —
nand(false, false), false — nand(true,true)}. R,
is semi-constructor, non-terminating, and con-
fluent 3). We will use this R, in examples given
in Section 4.

3. Joinability and Reachability for
Linear Semi-constructor TRSs

First, we show that joinability and reachabil-
ity for (non-confluent) semi-constructor TRSs
are undecidable.

Theorem 3 Joinability and reachability
for linear semi-constructor TRSs are undecid-
able.

Proof [sketch] The proof is by a reduction from
the Post’s correspondence problem (PCP). Let
P = {{uj,v;) € 2* x ¥* |1 < i <k} be an in-
stance of the PCP. The corresponding TRS Rp
is constructed as follows: Let F' = FoU Fy U Fy
where F() = {C,d,$}, F1 = EU{f, h}7 F2 = {g},
and Rp ={c —h(c),c—d, d—f(d)} U{d —
g(ui(9),vi(9)), f(glz,y)) — glui(z),vi(y)) |
1< < kU {h(gla(e),a(y)) — g(e.y) |
a € X}. Here, u(x) is an abbreviation for
ai(az(---a;(x))) where u = ajag---a; € X*.
Rp is linear and semi-constructor. For Rp,
c —* g($,%) iff there exists a sequence of in-
dexes iy -+ -ipy € {1,--+,k}T such that ¢ —"*!
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h*(d) —™ h"(f"(g(us,, ($), v;,,(8)))) ="
h" (g(ui, -+ - wi,, (8), viy - -0, (8))) =" ($>$)
where n = \u11'~ui | and wg, - -uy,

vi, - -v;, . Thus, ¢ —* g(8$,8) iff P has a so-
lution. Since g($ $) is a normal form, ¢ —*

g($,9) iff c | g($,$). Hence, this theorem holds.
O

4. Decidability of Joinability for Con-
fluent Semi-constructor TRSs

In this section, we show that joinability for
confluent semi-constructor TRSs is decidable,
by reducing it to the joinability for right-ground
TRSs, which is decidable '?). First, a given con-
fluent semi-constructor TRS Ry is transformed
into a standard TRS R (where the definition of
standard is given in Section 4.1). Next, we add
new ground rules called shortcut rules to R, and
obtain TRS R’ satisfying that two constants are
joinable in R iff they are joinable by only right-
ground rules in R’ (Section 4.2). Finally, we
show the decidability of joinability between ar-
bitrary terms (Section 4.3, 4.4).

4.1 Standard Semi-constructor TRSs

We use R,; and R, to denote the sets
of right-ground and non-right-ground rewrite
rules in TRS R, respectively. That is, R =
Rig U Ry

Definition 4 A TRS R is standard if for ev-
ery a — 3 € R, either a € F and height(3) < 1
or a ¢ Fy and Og(8) C Op,(5) holds.

Let Ry be a confluent semi-constructor
TRS. The corresponding standard TRS is con-
structed as follows. The construction has a loop
structure. We use k as the loop counter. First,
we choose o — 8 € Ri(k > 0) that does not
satisfy the standardness condition. If a € Fj
then let {uy, -+, un,} be {1,---,ar(root(8))} \

Or,(B). Otherwise, let {uy, - -,u,} be
Min(Oc(8)) \ Or, (B). Let Rey1 = (R \ {o —
6}) U {O[ - ﬂ[dh'";dm, (u17"';u7n)} U {dZ -

B, | 1 < i < m} where dy,---,dy, are new
pairwise distinct constants which do not ap-
pear in Ry or T'. This procedure is applied re-
peatedly until the TRS satisfies the condition of
standardness. Let S be this construction pro-
cedure and S(Ry) be the output of S for input
Ry. It is obvious that S is terminating.

Example 5 Let Ry = {fi(z) — g(z,g(a,b)),

fa(z) — fa(g(c,d))}, then S(Ro) = {fi(z) —
g(ﬂ?,dl), d]. - g(a7b)7 fg(.’l,') i d27 d2 i
fQ(d3), d3 — g(C,d)}.

Lemma 6 Let Ry be a confluent and semi-
constructor TRS.
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(1)  S(Ry) is confluent and semi-constructor.
(2) For any terms s,t¢ which do not contain
new constants, s | g, t iff s [sr,) t.

The proof is given in Appendix A.1. Note that
all new defined symbols created in this transfor-
mation are constants. By this lemma, we can
assume that a given confluent semi-constructor
TRS is standardized. In particular, for any
right ground rule & — 8 € S(Rp)rg, @ € Fo
and height(8) <1 or a ¢ Fy and 3 € F, holds.

4.2 Shortcut Rules and Quasi-standard
Semi-constructor TRSs
In this section, we add new ground rules
called shortcut rules to standard TRS R, and
obtain TRS R’ satisfying that two constants are
joinable in R iff they are joinable by only right-
ground rules of R'. Right-hand sides of added
shortcut rules may have height greater than 1.
These rules are called type C rules and defined
as follows.
Definition 7
(1) A rule @« — (8 has type C if o € Fy, 3 ¢
Fy, and Op(8) C OF,(B). Let R¢ be the
set of type C rules in R.
(2) A TRS R is quasi-standard if R\ Rc¢ is
standard.
Henceforth, we assume that R is confluent,
quasi-standard, and semi-constructor. To de-
scribe how to produce shortcut rules, we need
some definitions and lemmata.
Definition 8 Let Bud(R¢) =
a— e Rc}).
The following lemma is used in the proofs of
Lemmata 11, 25, and 31.
Lemma 9 For any rewrite sequence ~y
s —h,, tand u € O(t), if there exists v € R(7)
such that v < u, then there exists s’ € Bud(Rc)
such that s =} t[s], and &' =% tu-
Proof Consider the last v- reductlon in v such
that v < w. That is, s =g, T Shy, VI
and ' —% t), for some r, . (Note that
'l =%, t[ ] holds.) Here, r = r[af], and
t'[r'], r[gﬁ] hold for some right-ground rule
a — [ and 6. Since v < u, 5 ¢ Fy holds. This
implies that o € Fy holds and if &« — 8 ¢ Rc
then height(3) = 1 by quasi-standardness of R.
Let u = vw, then ' = f3,,. If o — 3 ¢ Rc
then ' € Fy otherwise 1" € Psub({# | « — 8 €
Rc}). Since ' € Bud(Rc¢), we can choose ' as
! a

FoUPsub({33 |

Definition 10
(1)  The function linearize(s) linearizes non-
linear term s as follows. For each vari-
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able occurring more than once in s, the
first occurrence is not renamed, and the
other ones are replaced by new pair-
wise distinct variables. For example,
linearize(nand(z,x)) = nand(z,z1). If
function linearize replaces z by x; then
we use x = z1 to denote the replacement
relation.

(2) A substitution o is joinability preserving
under relation = for TRS Ry if xo |g,,
2'c whenever z = 2.

(3) Let o« — 3 € Ry and o’ = linearize(a).
Then, o : V(&) — Psub(s) UBud(Rc¢) is
called a bud substitution for s and o — (3
if s —ﬁ%rg o’ and o is joinability preserv-
ing under relation = for R,,. Note that
if s is a ground term then [o is a ground
term. Let BudMapg(s,a — 3) be the set
of such bud substitutions.

Lemma 11 Let a — 8 € Ryy,.

(1) BudMapg(s,a — () is finite and com-
putable.

(2)  Let vy :s —% of for some §. Then,
there exists ¢ € BudMapg(s,a — )

such that s —% oo T af and
fo —%,, B0 where o = linearize(a).

(3) For any o € BudMapg(s,a — ), s |r
Bo holds.

Proof

(1)  Finiteness is obvious. Computability

holds since joinability and reachability
are decidable for right-ground TRSs '?).
(2) Let {uy,---,un} be Ox(a). For uy, if
there exists v € R(’y) such that v; < uq,
then there exists s € Bud(Rc) such
that s —% = afsi],, and s§ =% ab),
by Lemma 9. Otherwise, sjq, —>*Rrg
ably, , so>1?t s] be Sju,- Thus, s _)*Rrg
U1
—* R, af. Let +
By smular arguments, if there
exists vo € R(y) such that vy <
ug2, then there exists s, € Bud(Rc¢)
such that s —% = af[si]u,[s5]u, and
sy —h, (@0[si]u,),, by Lemma 9.
Otherwise, let s5 be s)y,. By
wrluiz, 001 [ = D155 5],
and (af[s!]u,) ab),,.  Thus,
>{ur,uz}
040[8,1’ 8/2} (u1,u2) _ﬁ%rg ad.
By repeating similar arguments to the
above, there exists {s},---,s,} C
Psub(s) U Bud(Rc) such that s —7%

ao[sll]ul
ao[sll]ul

ZS—>R

|uz

*
—
S Rig

g
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>0x (a)

aﬂ[sl, SRR P ) af since
U1, -+, Uy are pairwise parailel Hence,
5 =, @0 =k ab and fo —p 59
Wherea:{a‘ —>s’|1<z<n}
o: V() — Psub( ) U Bud(R¢) and for
any ¢ € V(a) and o’ EV( ), if 2/ =2
then zo —>R 20 and z'c —>Rg 6, so
that o is a bud substitution.

(3) By the definition of BudMap, s =% o'
and o is joinability preserving under re-
lation = for R,s, where o = linearize(a).
So, there exists a substitution 6 such that
o'oc =% abf, and fo —% B6. Since
af —g 50 SLR Bo holds. O

By Lemma 11(2), for any constant d and
rewrite sequence d —% afl —pg, (0, there
exists o’c such that d —>*Rrg oo —h,, @0 and
fo —%,, B8 where o = linearize(ar). So, we
have d —>R, B0 for R = Ry, U{d — fo}.
Thus, by adding shortcut rules such as d — fo,
we can remove applications of the non-right-
ground rule a — (. Note that confluence and
joinability properties are preserved even if we
add d — (o since d |p Bo. However, short-
cut rules may be added infinitely in this proce-
dure. To avoid this, we will apply a procedure
which bounds the number of shortcut rules. To
describe this procedure, we need some prelimi-
naries.

Definition 12 For a ground term s, let
#(s) = (height(s),7(s)) where 7 : G — N is
an injective mapping, and we assume that the
ordering derived by this function is closed un-
der context, i.e., for any r,s,t and any posi-
tion u € O(r), if 7(s) < 7(¢) then 7(r[s],) <
7(r[t]s). There exists such a function 7 which
is effectively computable (see Appendix A.2).
In order to compare #(s) and #(t), we use lex-
icographic order <jox. Note that <jex is a total
order. A term sg is minimum in a set A iff
#(s0) is minimum in {#(s) | s € A}.

Definition 13
(1)  For a term «, let Rhs(a, R) = {f | @ —

0 € R}.
(2) For A C G, let Cut(A) = {(u,d) |
u € Min(UseaOpr,(s)), and d is

the minimum constant in {s, €
F | s € A} For exam-
ple, Cut({not(not(true)), not(false)}) =
{(1, false)}.
The following lemma is used in the proof of
Lemma 16.
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Lemma 14 Let Cut(Rhs(d, Rc)) =

{(ula d1)> ) (unu dn)}

(1) Forevery j € {1,---,n}, u; # ¢ holds.

(2) For every s € Rhs(d,Rc), O(s) 2
{u1,--+,uy} holds.

(3) For every s,t € Rhs(d,Rc), s, |
tl, for every j € {l,---,n}, and
S[dlv T 7dn](u1,»--7un) =
t[dla Tty dn](ul,-~~,un)-

Proof

(1) By height(s) > 0 for any s € Rhs(d, Rc).

(2)  We assume to the contrary that there
exist s € Rhs(d,Rc) and i €
{1,---,n} such that u; ¢ O(s). Since
(ui,d;) € Cut(Rhs(d, Rc)), there exists
t € Rhs(d, Rc) such that u; € Op,(t).
By confluence of R, s | g t holds. Thus,
there exists v € Op\p,(5) N Op\R,(t)
such that v < w; and s, |r .
But, for such a maximal occurrence v,
root(s),) and root(t,) must be differ-
ent constructors(non-defined symbols), a
contradiction.

(3) Since R is confluent, s | t. By the
definition of the type C rule, Op(s) C

Or,(s) and Op(t) € Of,(t). By (2),
{uy, -, un} € O(s) N O(t). Thus, (3)
holds. ]

Definition 15 Let
Rhs(d, Rc) = {s1,- -, $m} and
Cut(Rhs(d, Rc)) = {(u1,d1), -, (un,dn)}.
Then we define Normalize(d, Rc) = {d —
Sl[dla e 'adn](uhm,un)} U {dj — Si|uy | 1<
i <m,1 <j < ndj# si,}. For example,
Normalize(true, {true — not(not(true)), true —
not(false)}) = {true — not(false),false —
not(true)}.

We use {---}m to denote a multiset. Let <
be the multiset extension of relation <j.,. We
use LI to denote multiset union.

Lemma 16 Let |Rhs(d,Rc)| > 1 and Q =
Normalize(d, Rc).

(1) {#(s) | s € Rhs(d, Rc)}m > {#(9) |

a— 0€Q}n.
(2) For any s € Rhs(d, Rc), d —6 s holds.
(3)  —qClr.
(1) Q= (R\{d—s|seRhs(d, Ro)}) UQ

is confluent.
Proof Let Rhs(d,Rc) = {s1, ",5m}
where m > 1, and Cut(Rhs(d,Rc)) =
{(ulv dl)? T (um dn)}
(1)  The proposition is expressed as

{#(s)) | 1 < i < mpm >
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{#(s1ldr, - dnluy,oun)) I #(Sip,) |
1 <i < ml < j < npy By
Lemma 14(1) and (2), for any i €
{1,---,m} and 7 € {1,---,n}, u; €
O(si) and #(s;) > #(8i|y,) hold, and
#(s1) > #(s1ld1, -+, dnl(uy - 1u,)), since
d; is minimum and the ordering de-
rived by # is closed under context. If
#(Sl) > #(51[d17 ce 7dn](u1,»--7un)) then
the proposition obviously holds. If
#(Sl) = #(Sl[dla T >dn](u1,~--,un)) then
s1 = sildi, -, dp]euy o u,) must hold
by the injectivity of #. Since #(s;) >
#(8iju,) for any i € {2,---,m} and j €
{1,---,n}, the proposition holds.

(2)  For any i € {1,---,m}, we have d —>5
81(Sijuys s Sifup) (uy o un) DY the defini-
tion of Normalize, and
81[5i|u17 R Si\un](ul,-u,un)
Lemma 14(3).

(3) It is sufficient to show that d |g
sifdi, - dnl(uy o,y and dj LR S,
for any ¢ € {l,---,m} and j €
{1,---,n} where d; — s;,, € Q. By
Lemma 14(3), d;j |Rr sij,, holds. Thus,

= s by

sildy, -y dn)(uy,eoun) LR 8i holds, so
that d | g s1[d1,- -+, dn](uy - u,) holds by
d— s; € R.

(4)  Let s <%, r —%, t. Since R is confluent,
RUQ is confluent by (3). Hence, s | grug t
holds. By (2), s [¢ t holds. O

Each of the following functions takes as
input a quasi-standard confluent and semi-
constructor TRS R. Note that if R =

Determinize(R) then |Rhs(d, R;)| < 1 for any

d by the termination condition of Determinize.

Henceforth, we use (A o B)(z) to denote

A(B(z)) for functions A, B.

function M(R)
R’ := (DeterminizecAddShortcut)(R);
if R=FR
then return R
else return M(R')

function AddShortcut(R)
R = R;
for each d € Fy,a0 — 3 € Ryyg do
R :=R'U
{d — fBo | 0 € BudMapg(d,a — ) };
return R’

function Determinize(R)
if 7d € Fy. |Rhs(d, Rc)| > 1
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then return
Determinize(
(R\{d — s | s € Rhs(d, Rc)})
U Normalize(d, R¢))
else return R
Example 17 For TRS R, of Example 2,
M(R,) is computed as follows. AddShortcut(R,)
is first called and a new shortcut rule true —
not(and(false, false)) is added to R. since true —
nand(false, false), nand(z, z) — not(and(z,z)) €
R.. By false — nand(true,true) € R,
false — not(and(true, true)) is also added.
Thus, AddShortcut(R.) = R’ where R’ =
R, U {true — not(and(false,false)), false —
not(and(true,true))}.  Next, Determinize(R')
is called and returns the same R’ as out-

put. Since R’ # R., (Determinize o
AddShortcut)(R') is computed.  Note that
R = {true — not(and(false, false)), false —

not(and(true, true))}. AddShortcut(R’) re-
turns the same R’ and so Determinize(R').
Thus, this algorithm halts. M(R.) re-
turns R’ as output. That is, M(R,) =
R, U {true — not(and(false,false)), false —
not(and(true, true))}.

Note that M(R) =
(Determinize o AddShortcut)!(R) for some [ > 1,
Rurg = M(R)urg, and M(M(R)) = M(R). In
the produced TRS M(R), the heights of some
right-hand side terms of type C rules may be-
come greater than 1.

First, we show that M(R) is confluent, quasi-
standard, and semi-constructor. Next, we show
that M is terminating. Finally, we show that
two constants are joinable in R iff they are join-
able in M(R),,. For these purpose, we need
some lemmata.

Definition 18 A rule o — 3 has type F3 if
a,f € Fy. Let RFg be the set of type F3 rules
in R.

Lemma 19 Let @Q = AddShortcut(R) and
R’ = Determinize(Q).

(1) Both @Q and R’ are quasi-standard and
semi-constructor.

(2) For any constant d, if Rhs(d, Rc) # 0
then Rhs(d, Ry) # 0.

Proof

(1) For any dya — [ € Rpyg, and o €
BudMapp(d,a — ), d — (o has type
F2 or C, since zo € Bud(Rc) for any
z € V(f). Thus, @Q is quasi-standard and
semi-constructor. By the definition of
Normalize, all rules produced in functions
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Determinize have type F2 or C. Thus, R/

is quasi-standard and semi-constructor.
(2)  Since no rule is deleted in AddShortcut,
Rhs(d,Qc) # 0. By the definition of
Normalize, Rhs(d, R(;) # 0. O
Lemma 20 Let Q = AddShortcut(R) and

R’ = Determinize(Q).

1 —aq. Q*E;g-

(2)  <qClr.

(3) —>R/ng.

(4) @ and R’ are confluent.
Proof

N ]

(1) If |Rhs(d,Qc)| < 1 for every d then (1)

obviously holds since R’ = Q. If there

exists d such that |Rhs(d,Qc)| > 1 then

(1) holds by Lemma 16 (2).

(2) Assume that d — (o is added as a
new rule by AddShortcut where o €
BudMapg(d,a« — (). By Lemma 11 (3),
d | r Bo holds.

(3) If |Rhs(d,Qc)| < 1 for every d then this
lemma holds since R’ = Q. If there ex-
ists d such that |Rhs(d, Q¢)| > 1 then (3)
holds by Lemma 16 (3).

(4)  Q is confluent by (2) and @ 2 R. R is
also confluent by Lemma 16 (4). O

By Lemmata 19 (1) and 20(4), every TRS
produced by M is confluent, quasi-standard,
and semi-constructor if so is an input TRS.

Corollary 21 M(R) is confluent.

Now, we show that M is terminating. For
this purpose, we need the following definition
and lemma.

Definition 22 We define Q(R) as
(@1(R), @Q(R)), where

@1(R) = (|Fol* = [Rpz ) + (|1 Fo| — | Rel),
@3(R) = (#(0) | @ — € Re)n

Note that if |Rhs(d, R¢)| < 1 for each d then

@;(R) > 0. In order to compare @(R) and

@(R'), we use lexicographic order <jc,.

Lemma 23
(1)  AddShortcut is terminating.

(2)  Determinize is terminating.

Proof

(1) By Lemma 11 (1).

(2)  If there exists d such that |Rhs(d, R¢)| >
1, then by Lemma 16(1), the size
@, strictly decreases in each call of
Determinize: @Qy(R) > @3(Q) where
Q = (R\{d — s | s € Rhs(d, Re)}) U
Normalize(d, R¢). g

Lemma 24 M is terminating.
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Proof By Lemma 23, AddShortcut and
Determinize are terminating. Let @ =
(Determinize o AddShortcut)(R).  Then, for

each d, |Rhs(d,Qc)] < 1 holds. If R = @
then M is obviously terminating. So, con-
sider the case of R # Q. Let R =
(Determinize o AddShortcut)(Q). Then, for each
d, |Rhs(d, Ri;)| < 1 also holds. If @ = R’ then
M is obviously terminating. In the case of @ #
R’, it is sufficient to show that Q(Q) > Q(R’).
Since every rule in Qg2 is never deleted by
functions AddShortcut and Determinize, |Fy|? —
|Qr2| = |Fo|? — |Rp2| holds. Moreover, |Fy| —
1Qc| > |Fo| — |RL| by Lemma 19(2). Thus,
@(Q) > @1 (R’) > 0 holds. If @;(Q) = Q;(R')
then Qpz = RF2 and |Qc| = |Rg|, so that
|Rhs(d, Qc)\ = \Rhs(d R()| < 1 for every d. By
Q # R/, there exists d such that Rhs(d, Qc) #
Rhs(d, R’C) Let Rhs(d,Q¢c) = {d — t} and
Rhs(d, R) = {d — t'} for some ¢,t" where ¢ #
t'. This implies that Determinize deletes d — ¢
and produces d — t', so that #(t) > #(¢’) holds
as we described in the proof of Lemma 16 (1).
Thus, Q3(Q) > @y(R’), so that @(Q) > Q(R’),
as claimed. ]
Now, we show that two constants are joinable
in R iff they are joinable in M(R),4. For this
purpose, we need the following lemma.
Lemma 25
(1) —>R C_)M(R)
(2) For any d,a — 8 € M(R)pyg, and 0 €
BudMapy (g (d, a0 — f3), d _ﬂ(R)rg Bo

holds.

(3) For any d and s, if d —% s then
d*wm

(4)  —wmw) C lR

Proof

(1) For any confluent, quasi-standard, and
semi-constructor TRS R/, let Q =
AddShortcut(R’) and R =
Since R” is confluent, quasi-standard,
and semi-constructor by Lemmata 19 (1)
and 20 (4 ), it is sufficient to show that
—R! C—>R,/. Obviously, —R,C7 Q-
By Lemma 20 (1), _>R;g§_’;§~ holds, as
claimed. ¢

(2)  Since M is terminating, there exists Q
such that @ = AddShortcut(M(R)) and
M(R) = Determinize(Q). By the defini-
tion of AddShortcut, d —>Q Bo holds.
By Lemma 20 (1), d —>M(R) Bo holds.

(3) Let~y:d—% s. Weshow by ‘induction on

Determlmze(Q).
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the number of applications of non- right-
ground rules in y. Basis: If d —}% s
then d —y g s by (1). Induction step
Let v : d —% tab], — t[B6], —F, s
where p € O(t),a — 8 € Ruyg. By the
induction hypothesis and (1), d —yg), "
tlabl, — B0, —\(r),, S

Case(a) If p = ¢ then A —=W(R).
af — (0. By Lemma 11 (2), there ex-
ists 0 € Budl\/lapM y(d,a — ) such
that d —>M(R) oo —>M(R) af and
Bo _>M(R) 69 By ( ) d _)M(R) fo.
Thus d —>M(R)

Case (b) If p 75 e then there exists s’ €
Bud(M(R) ) such that d MR t[s'],
and s’ —>M( R)ue af by Lemma 9. Since
root(s’) € D, s’ must be a constant, so
that we can use the same proof as that
of case (a) to show s —M(R),, B0- Thus,

d _>M(R) t[s'], _)*M(R)rg t[60], —

(4) For any confluent, quasi-standard, and
semi-constructor TRS R/, let Q =
AddShortcut(R’) and R” = Determlnlze(Q).
Since R” is confluent, quasi-standard,
and semi-constructor by Lemmata 19 (1)
and 20(4), it is sufficient to show that
— R QlR/. By Lemma 20 (2), (3),
—prrCe% holds. By confluence of R,
—gr»C|r holds, as claimed. o

By Lemma 25 (3), (4), we have the following
corollary.

Corollary 26 c¢ |[r diff ¢ lur),, d-

4.3 Auxiliary terms

We have shown that all rewrite sequences
from every constant in R (ie., d —} s) can

be simulated using only right-ground rules (i.e.,

d —w(r).. S)- Now, we want to show that this

property still holds for rewrite sequences from

an arbitrary term. For this purpose, we need
the notion of auxiliary terms. The following al-
gorithm Aux produces the set of auxiliary terms
of s. We use Aux(s) to denote the set.
function Aux(s)
A= {s};
for each p € Op\ g, (s),
a — 6 € M(R)nrgu
o € BudMapyg)(s}p, @ — 3) do
A:=AU Aux(sf olp);
return A
Example 27 For TRS M(R.) of Exam-
ple 17, Aux(not(nand(true, true))) =

Jrs
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{not(nand(true, true)), not(not(and(true, true)))}.
Definition 28

heightp (s) =
wy + max{heightp(s;) | 1 <i < n}
(if s = f(s1,"+,8n),n >0)

O(IfSEXUFo)

Here, wy = 1 + 2max{height(8) | « — G €

M(R)} if f is a defined symbol, otherwise

wy = 1. We define Hp(s) = {heightp(s,) |

u € O(s)}m, which is the multiset of the

heightp-values of all the subterms of s. For

TRS M(R,) of Example 17, wpng = 5 and

Hp (nand(not(z),z)) = {0,0,1,6},.

Let < be the multiset extension of the usual

relation < on N and < be < U =. The relation

< is closed under context.

Lemma 29 For any s,t,

propositions hold.

(1)  If heightp(s) < heightp(¢) then Hp(s) <
Hp ().

(2) If Hp(s) < Hp(t) then heighty(s) <
heightp, (¢).

(3) For any r and position v € O(r),
if Hp(s) < Hp(¢) then Hp(r[sl.) <
Hp (r[t].)-

Proof

(1)  For any subterm s’ of s, heighty(s’) <
heightp (s). By heightp(s) < heightp (),
Hp(s) < Hp(t) holds.

(2) To the contrary, we assume that
heightp(s) > heightp(2). By (1),
Hp(s) > Hp(t), a contradiction.

the following

(3) Let §A = f(’rh"'7Ti—1a3ari+1a"'7rn)
and t = f(rlu'"77Ai71>t7'ri+17"'77dﬂ)
where f € F, and i € {1,---,n}. It

suffices to show that {heighty(§)}m, U
Hp (s) < {heightp, (f) }m U Hp(t). By (2)
height (s) < heightp(t), so heightp ()
heightp(f) holds.  If heightp(5) <
heightp, (£) then Hp(3) < Hp(t) holds
by (1). If heightp(3) = heightp () then
Hp(8) < Hp(f) holds by Hp(s) < Hp(t).
O

Lemma 30 For any s € G, p €
Op\ry(8), @« — B € M(R)ug, and o €
BudMapy (g (s}, @ — ), the following condi-
tions hold.

(1)  s[Bo]p is a ground term.

(2)  Ho(slfal,) < Ho(s).

(3) 8[,60'];0 lM(R) S.

Proof

(1)  Since s is a ground term, fo is a ground
term by the definition of BudMap.
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(2) By Lemma 29 (1), (3), it suffices to show
that heightp(80) < heightp(s),). Let
f(s1,--+,5,) be s, where f € D, then

heightp (Bo)
< height(8) +
max{heighty (zo) | z € V(5)}
< height(8) +
max({height(s;) |1 <i<n}
U{height(3) | @ — § € M(R)c})
<1+
2max{height(8) |« — 8 € M(R)}
+max{heighty(s;) | 1 <i<n}
= heightp (f(s1, ", sn)).
(3) By Lemma 11(3). O
Lemma 31 For any s,r € G,p €

Op\r,(8);a¢ — B € Rupg, and 0, if s T

rladl, —r,, r[B0], then there exists s’ €

Aux(s) such that s’ M(R)re r[66],.

Proof If s € F, then we choose s’ as s by

Lemma 25 (3). So, we consider the case of s ¢

Fp.

(a) Case of p = e: By Lemmata 11(2) and

25 (1), there exists o € BudMapyg)(s, @ — f3)

such that o/c _’*M(R)rg af and So _’*M(R)rg 30.

Hence, we choose 3o as s’.

(b) Case of p # e: if there exists v € R(7) such

that v < p, then there exists so € Bud(R¢)

such that s —% 7[sol, and so —% ~af by

Lemma 9. Since root(sg) € D, sp must be a

constant and sy —% 30, so that sg —>*M(R)rg 66

by Lemma 25 (3). By Lemma 25 (1), s MRy

r[so]p holds. Thus, we choose s as s’. If there

does not exist v € R(y) such that v < p

then if s, € Fy then we choose s. Other-

wise, by Lemmata 11 (2) and 25 (1), there ex-
ists 0 € BudMapyg)(s)p,a — B) such that

oo —>*M(R)r af and fBo _’*M(R)rg 36. Hence,

we choose sr olp as s 0
Lemma 32 Aux is terminating.

Proof By Lemmata 11 (1) and 30 (2). ad
Lemma 33 For any s € Aux(t), Aux(s) C

Aux(t).

Proof We prove by induction on Hp(¢). Basis:
The proof is obvious by Aux(t) = {t}, since t is a
constant or a variable. Induction step: If s =t
then obvious. Otherwise, s € Aux(t[fo],) C
Aux(t) for some p € Op\p(t),a — B €
M(R)urg, and o € BudMapyg) (¢, « — B) by
the definition of Aux. By Lemma 30 (2) and
the induction hypothesis, Aux(s) C Aux(t[3c],)
holds. Thus, this lemma holds. O
Corollary 34 For any ground term s,
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(1)  For any s’ € Aux(s), s’ is a ground term,
Hp(s")<Hp(s), and 5" [y(g) s

(2) If s —7% t then there exists s’ € Aux(s)
such that s’ —M(R)., b

Proof

(1)  We show by induction on Hp(s). Ba-
sis: The proof is obvious by Aux(s) =
{s}, since s is a constant. Induction
step: If s = s’ then obvious. Other-
wise, s’ € Aux(s[B0],) C Aux(s) for some
p € Op\p,(8),a — B € M(R)nyg, and
o € BudMapy(g) (8|, @ — B) by the def-
inition of Aux. By Lemma 30, s[8o],
is ground, Hp(s[fo],) < Hp(s), and
s[Bo]p Lm(r) 8- By the induction hypoth-
esis, s’ is ground, Hp(s")<Hp(s[Bolp),
and s’ |m(gr) s[B0o],. Since M(R) is con-
fluent by Corollary 21, s’ |m(r) s

(2) Let~:s—%t. Weshow by induction on
the number of applications of non-right-
ground rules in 7. Basis: If s —>}}rg t then
S —WM(R),, ¢ by Lemma 25(1). Induction
step: Let v : s =5 r[af], — r[B6], =%,
t where p € O(r),« — 3 € Ruyg. By the
induction hypothesis and Lemma 25 (1),
there exists s” € Aux(s) such that
s M(R)re rlaf], — r[B0l, =g L b

By Lemma 31 and M(M(R)) = M(R),

there exists s/ € Aux(s”) such that

s —>*M(R)rg r[30], _)IT/I(R)rg t. By

Lemma 33, s € Aux(s). Thus, we can
choose s as s'. 0

We call s’ in Corollary 34(2) an auziliary
term of (s,t). This term will be used to
transform non-right-ground rewrite sequences
to right-ground rewrite sequences.

Example 35 For the rewrite
not(nand(true, true)) —=
not(nand(not(false), not(false))) —
not(not(and(not(false), not(false)))), we can
choose not(not(and(true, true))) €
Aux(not(nand(true, true))) and
not(not(and(true, true))) — g
not(not(and(not(false), not(false)))).

4.4 Joinability for Confluent Semi-

constructor TRSs

Lemma 36 For any ground terms s and ¢,
s |r t iff there exists s’ € Aux(s),t’ € Aux(t)
such that s" |m(r),, t'-
Proof The only-if-part holds by Corol-
lary 34(2). Proof of the if-part. By Corol-
lary 34 (1), s <>y gy t holds. By Lemma 25 (4),
s <% t holds. By confluence of R, s |g t

sequence
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holds. |

By Lemma 32, 36 and decidablity of
s IMR)., 10) s | g t is decidable for ground
terms s and ¢. If s or ¢ is non-ground, s | g t is
equivalent to so | g to where o : V(s) UV(t) —
Fj is a bijection and F{ is a set of constants
which do not appear in R. Thus, we have the
following theorem.

Theorem 37 Joinability for confluent semi-
constructor TRSs is decidable.

By confluence, we have the following corol-
lary too.

Corollary 38 The word problem for con-
fluent semi-constructor TRSs is decidable.

5. Decidability of Joinability for Con-
fluent Semi-monadic TRSs

Definition 39 A rewrite rule @ — [ is
monadic if height(3) < 1, semi-monadic if for
every proper subterm 3’ of 3, 3’ is ground or a
variable.

We show that joinability for confluent semi-
monadic TRSs is decidable. Semi-monadic
TRSs can be transformed to monadic and stan-
dard TRSs using the technique described in
Section 4.1. This transformation preserves con-
fluence and joinability. Henceforth, we assume
that TRS R is confluent, monadic, and stan-
dard.

Lemma 40 For any 7 : s —ﬁ%rg t and u €
O(t), if there exists v € R(7) such that v < u,
then there exists d such that s —% t[d], and
d —ﬁ%r t|u-

Proof The proof is similar to that of Lemma 9.
Consider the last v-reduction in 7 such that
v <u. Thatis, y:s =% 7 SR, ']y and
7’ — T Llu for some r,7’. Here, r = r[af], and
t[r']l, = r[f], hold for some right-ground rule
a — [ and 6. Since v < u, 8 ¢ Fp holds. Since
R is monadic, height(3) = 1 holds. Let u = vw,
then r’ = |, € Fy. Thus, we can choose ' as

. O

Definition 41 Let ¢« — [ € Ry, and
o' = linearize(a). Then, o : V(o) — Psub(s) U
Fp is called a constant substitution for s and
a — fif s =% oo and o is joinabil-
ity preserving under relation = for R,,. Let
ConstantMapy (s, @ — ) be the set of such con-
stant substitutions.

Lemma 42 Let « — (3 € Ry, and
s _)*Rrg af. Then, there exists o €
ConstantMapp(s,a — f3) such that o’'o —%
ab, and fo —%  B30.

g
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Proof This proof is similar to that of
Lemma 11(2). Let v:s —% ~af. For any
u € Ox(a), if there exists v € R( ) such that
v < u, then there exists d € Fy such that
s =g, afldly and d —% o), by Lemma 40.
Otherw1se Slu *Rr af,. Hence, there ex-
ists o V(o/) — Psub(s) U Fy such that
5 =, @'c =% ab and So —>Rg B30. For
anyxEV( )and:z: EV( ), if ' = x then
zo —p, 20 and 2'c —% 26, so that o is a
constant substitution. U

We can define a function similar to
AddShortcut in the algorithm M to produce
new rewrite rules of form d — [Fo where o €
ConstantMapg(d,« — (). For every shortcut
rule d — FBo produced by this new AddShortcut,
the height of Bo is at most 1 by the definition
of ConstantMapp. So, the number of shortcut
rules is finite. Thus, we do not need to apply
Determinize in the case of monadic TRSs. Let
R’ = AddShortcut(R). Then, we have the fol-
lowing lemma.

Lemma 43 c|rdiffc|p d
The proof is similar to that of Sectlon 4.2, so
omitted. By this lemma, joinability of two
constants for confluent monadic and standard
TRSs reduces to that of confluent right-ground
TRSs which is decidable '9). In Section 4.3, we
have described how to extend the joinability
checking algorithm for two constants to that for
arbitrary two terms. The same technique can
be applied to this case. There is an alterna-
tive method for this lifting. That is, joinability
checking for two ground terms s and ¢ is re-
ducible to that for two new constants ¢ and d
by simply adding new ground rules ¢ — s and
d — t, which are semi-monadic. Thus, we have
the following theorem.

Theorem 44 Joinability for confluent semi-
monadic TRSs is decidable.

By confluence, we have the following corol-
lary too.

Corollary 45 The word problem for con-
fluent semi-monadic TRSs is decidable.

Note that joinability is undecidable for flat
TRSs which are included in the class of monadic
TRSs®. Thus, the confluence condition in this
theorem can not be removed.

6. Undecidability of Reachability for
Confluent Monadic TRSs

In this section, we show that reachability for
confluent monadic TRSs is undecidable whereas
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the joinability is decidable.
Theorem 46 Reachability for
monadic TRSs are undecidable.
Proof [sketch] The proof is by a reduction
from the PCP. Let P = {(u;,v;) € ¥* x ¥* |
1 < i < k} be an instance of the PCP. The
corresponding TRS Rp is constructed as fol-
lows: Let F©' = Fy U F; U Fy where Fy =
{b,C,d,$}7 F1 = Z, F2 = {f,g}, and RP =
{e — ale), e — a(¥) | e € {c,d}, a €
S} U {f(z,2) — gla,o)} U {g(uilx), vily)) —
g(x,y) | l<i< k}U{h(ml,---,xn) —b ‘ h e
F, xq1,---,x, are pairwise distinct variables
and n = ar(h)}. Here, u(z) is an abbreviation
for aj(az(---ag(z))) where v = ajaz---ar €
¥*. By the last rules, Rp is confluent since
every non-variable term can reach b and ev-
ery right-hand side in Rp is not a vari-
able. For Rp, f(c,d) —* g($,8) iff there
exists a sequence a;---a, € X1 such that
f(C,d) —2n+2 f(al e 'an($)v ay .- an($)) -
glar---an($),a1---a,($)) — g($,$) where
ay - Gp = Uy -+ Ui, = Uiy -+ v;, for some se-
quence of indexes i1 - - -4y, € {1,-+-,k}T. Thus,
f(c,d) —* g($,8$) iff P has a solution. Hence,
this theorem holds. |

confluent

7. Concluding Remarks

In this paper, we have shown that joinabil-
ity is undecidable for linear semi-constructor
TRSs, but it is decidable both for confluent
semi-constructor TRSs and for confluent semi-
monadic TRSs. The latter result shows the de-
cidability of joinability for possibly non-right-
linear TRSs. To our knowledge, such attempts
were very few so far. Moreover, we have shown
that reachability is undecidable for confluent
monadic TRSs. Quite recently, we obtained the
undecidability result of reachability for conflu-
ent semi-constructor TRSs 7). Borders between
decidable and undecidable classes of joinability,
reachability, and the word problems are shown
in Fig. 1, Fig. 2 and Fig. 3, respectively. Us-
ing the decidability result of joinability for con-
fluent semi-constructor TRSs, our forthcoming
paper shows that this unification problem is de-
cidable®. However, unification for confluent
monadic TRSs has been shown to be undecid-
able 9.

Quite recently, we found that confluence is
undecidable for semi-constructor TRSs ™, but
some sufficient conditions to ensure conflu-
ence of semi-constructor TRSs are known: the
class of semi-constructor TRSs is a subclass
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general TRSs Undecidable

semi-monadic?

semi-constructor

confluent right-linear
semi-constructor | semi-constructor

right-linear confluent
semi-monadic® semi-monadic

Decidable right-ground®

Fig.1 Border between decidable and undecidable
classes of joinability.

general TRSs Undecidable

semi-monadic®)

semi-constructor

confluent
semi-monadic

confluent right-linear
semi-constructor semi-constructor

right-linear
semi-monadicS)

Decidable right-ground®)

Fig.2 Border between decidable and undecidable
classes of reachability.

general TRSs

Undecidable

semi-monadic

semi-constructor

confluent right-linear
semi-constructor | semi-constructor

right-linear confluent
semi-monadic | semi-monadic

Decidable right-ground”

Fig.3 Border between decidable and undecidable
classes of the word problem.

of strongly weight-preserving TRSs, for which
some sufficient conditions to ensure confluence
are given in Ref. 3).
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Appendix

A.1 Proof of Lemma 6

To show Lemma 6, we need the following def-
inition and lemma.

Definition 47 Let s[t;/d1, -, tm/dm] be
the term obtained from s by replacing all oc-
currences of d; by t; where ¢ € {1,---,m}.

Lemma 48 Let Ry = (Rp \ {a — G}) U
{a - ﬁ[dla o 'adm](ul,u-,um)} U {dz - B\ul |
1 <4 < m} where dy,---,d,, are new pairwise
distinct constants which do not appear in Ry
or T, and {u1, - -,un} € Og(B). Then, the
following propositions hold.
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(2) Let © = Tﬁml/dh o By, /dm]. I
5 —R,,, t then s© =% 10.

(3) If Ry is confluent and semi-constructor

then Rpy; is confluent and semi-
constructor.

Proof

(1) Tt suffices to show that « —>Ek+1 g.

The proof is obvious by a —pg,,,
ﬁ[dla Tty dm](u1,~~-,um) —>T£k+1 ﬁ

(2) It suffices to show that if s 5p, ,, ¢ then
5O —pg, tO or O =tO. If s —p, t
then s® —pg, tO holds obviously. We
assume s, = ao for some o or s, =
d; for some i € {1,---,m}. If 5, =
ao and t, = Bldi, - dm]uy,um)0
then s©® —pg, 1O, since ac —g,,,

Bld1, -, dm](uy - u,,)0 implies that
aU@ _)Rk ﬂ[dl’ T ’dm}(ulﬂ",lmn)o-@(:
Ba@) If Slu = di and t\u = B\UL then

s0 = tO, since d;© = (,,0 = B,-
Thus, (2) holds.

(3) Obviously, Ry41 is semi-constructor. As-
sume 7 —% s and r _)Rk t. By (2),
r® —%, 50 and 70O =R, 'to hold, so
that s© lr, t© holds by conﬂuence of
Ry. Hence, s© [g,,, t© by (1). Since
s —ﬁ%kﬁ s@ and t —ﬁ%kﬁ tO®, we have
S le+1 t. O

Now, we show Lemma 6.

Proof (Lemma 6)

By the definition of S, S(Ry) = Ry, for some

k > 0. By Lemma 48 (3), proposition (1) holds.

By Lemma 48 (1), Only-If-Part of Proposition

(2) holds. By Lemma 48 (2), If-Part of Propo-

sition (2) holds, since s,t do not contain new

constants. o

A.2 Existence of function 7
Definition 49 Let m be |F|. Using an in-

jection function ¢ : F — {1,---,m}, we de-
fine function 7 : G — {1,---,m}™*, as follows:
T(f(s1,-+,8n)) = 7(s1)- - 7(sn)o(f). Here,

we assume that 7(¢) is a base m + 1 number.

In order to compare 7(s) and 7(t), we use the

usual relation < on N.

Lemma 50

(1)  The function 7 is injective.

(2) For any r,s,t and position u € O(r), if
7(s) < 7(¢t) then 7(r[s]y) < 7(r[t]u)-

Proof

(1) Terms can be considered as trees.
The postorder of a term is defined
as follows: postorder(f(s1,---,sn)) =
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postorder(sy) - - - postorder(s,) f 1),
pp-561-562). It is known that postorder
is injective. Since ¢ is injective, so is 7.
(2) Let ‘§A = f('f‘l,"'7Ti_1,8,ri+1,"',T7L)
and t = f(rla o 'aTi—lvtaTi+la e 7Tn)
where f € F, and ¢ € {1,---,n}. It
suffices to show that 7(8§) < (f) that is,
T(r1) - T(Tz' )7(8)7(riga) -+ 7(rn)o(f)

< r(r) - (ric) ()7 (riga) -7 (rn)
G(f). If |s| < [t] then 7(8) < 7(t ) holds
by [3] < [¢]. If |s| = [¢| then [8] = [¢].
Thus, 7(3) < 7(t) holds by 7(s) < 7(t).
O
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