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Parallel Algorithm for Determining Critical Paths in PERT Chart

MASAHIRO MIGITA,t AKIO TADA,? T'SUYOSHI ITOKAWA 3.0
and RYy0ozo NAKAMURAt

In the analyses on PERT (Program Evaluation and Review Technique), the problem to
determine the critical paths in a PERT chart is well-known. However, any parallel algorithms
to determine the critical paths in a PERT chart have not been presented. In this paper, we
propose an efficient parallel algorithm for determining the critical paths in a PERT chart on
a CREW-PRAM model, which is based on the efficient parallel topological sorting algorithm
in a DAG (Directed Acyclic Graph, n:vertices, m:edges). In the proposed algorithm, at first
we divide the given PERT chart into the several linked lists, and calculate the longest time
for each vertex on the lists. Next, we calculate the earliest start time, the latest start time
and the floating time for each vertex in PERT. Finally, the critical paths in the given PERT
chart are determined in O(1) time. On a PERT chart with the number of vertices n and
the number of edges m, the proposed parallel algorithm requires O(n + m) processors and
O(log? m) times on a CREW-PRAM model.

1 00000000000000 1. 0000

2

13

4

o

Center for Multimedia and Information Technologies,
Kumamoto University
goo0o0ooO0o0oO0ooOOoO0oo0ooOOooOoOooOooooo
Department of Computer System Technology, Faculty
of Computer and Information Sciences, Sojo University
gooboOobOO0oO0obDOobOOoboDOobOobobooooo
Department of Systems and Information, Graduate
School of Science and Technology, Kumamoto Univer-
sity

go0o00o0O0oo0ooooDoooooo

Department of Computer Science, Faculty of Engineer-
ing, Kumamoto University
go00000O0000O0DOO0oDOoO0obOOoDOObOODbDODbOo

2212

PERTO Program Evaluation and Review Tech-
niquel 0000000000 0OOOOCOOCOODODOO
000000000 10000000000Y0PERT
OO0 PERTOOOOOPERT chartOOQOQOO0OO
O00000DO0ODOO0O0O0O0O0Darrow diagram
O0OOO0OPERTOOOOOOOOOOODDODODO

Presently with Computer Science and Electrical Engi-
neering, Graduate School of Science and Technology,
Kumamoto University



Vol. 47 No. 7

gobooooboobooboboboooboooo
00000000 PERTOOOODOOOODODODOOO
0100000000000dcritical pathOO OO0
go0oo0oooo0obOo0obOooboooooooo
goo0ooOoo0ooooDbOoboOoboooooooo
00o00odbO0o0ooOooDoOOoobOoobOoobooo
000000000 oOobOoOooDoOoooobooooo
gbboboooobobobobobooboobooo
gboboboooooboboobooboobooo
gboboobooooboboboobooboboo
gobooo0obobooboobuoboooboooo
OO00D0OOPERTOOODOOOODODOO nOOO m
go0ooooooobOooooboooooobooo
000000000 Oon+m)0000ODOOOODO
go0ooo0o00obOooboobooboboooooo
0o0o0oD0o0o0oOobOoOoDooOoboboooooo
0000oO0oDO00bOOo0obOOooDbOoooooooo
J0000O0obO000O00O0bO0O0OO00OD0OPERT
gbooboobobooboobbooboobooo
gooboobobobooobobooo
O0O0ODOOCREW-PRAMOOOOOOOOOOO
PERTOOOODOOOODOOOODOODODOODOO
go0ooo0oobOoobooboooooobooo
Jo0ooooog CREW-PRAMOOOOOOOO
O00OO0OD0OO0OOconcurrent read00000O0O0ODO
0 O exclusive writeD 0 00 PRAMOOODODOO%0
0o0o00D00o0OO0o0bOOoooOboOooooobooo
0000000000000Y 0000000000
0000000000000000YY000000
0d00o00o0oO000DoDbO0O0OO0DOOPERTOOO
00o0DO00oOooooo0ooooooog DAGO Di-
rected Acyclic GraphO O OO nO000 mO0O0O0O
OO00O0ODAGOOOOOO0OOOODOOOOOOOO
0d00o00o0oOO0o0obOOooOoooOonD PERTOOO
OUODAGUOUOOOO0OODOOODOOUOOOOOO
0go0o0ooOoO0o00OoOooooooooooooo
Jddo0obO0o0oo0oOoooooooOoo 10Do00
CREW-PRAM O0OOO0OO0OOOOOOOODODOO
00000000000 PERTODODODOOODOO
goobobO10bo000o0oobobobbooooooo
gobooboOo 200000000000 bOoboooo
gobooooboooobobooboboobooobooo
Jo0oooooooboo 3goooobbooono 1o
gooooDooboooboooboooooobooo
do0dooooObObObOOo0o0oooOoooooooo
00o00O0ooooo20000000b000000

PERTO0OOO0OO0O0O0OOOOO0OOCOOOOOOOOOOOOOO

2213

go0ooooobooO 2000000D00000O0O0O
O00D00OD00O0DQODO earliest start timed 0 0O O
O00O00OIlatest start timeD 0O O0OO00OO0O0O
go0ooOOoOo0OoOoOoooooOoOooooboooog
Ofloating time0 00000000 OO0OODOOOO
J00ooo00ooooooooooOoooooog
0o00o0bO0o0b00O00bO00bOOoUOPERTOOODO
gobooooooooooooboooooooooo
goooooog
ooooooobooobOoobooobbobooo
Orn+m)000000O0OO O(10g2m)|]|][||:|[||:|
gooOo0 PERTOOOOO0OO0OOOOOOOOOOO
Jo00o0o0o0oboooOooooDoooOooooooo
Jgo0ooO00ooooooooOoooooooog
go0ooOoOoOOoOoO0Oo0oOooobooOoooooooo
0000000000 DbO0000b000D0OBrent O
00®000000000000000000000
goooooboooOooooooboooooooDoooo
gooooooooooboobooboobooboooo
goboooboooooooooOoooobooooo
goooooOoo0oOooooocoOooooooboooo
gooooooOoopoOoooobooooo
gdob20000000000000DC00bDO
goo3sgboooooboobouoboboboobobooo
goodoooOoboooooooooo

2. J0o0OOO0oO0O0ooOoOOoOooobooOoooon
good

goboboobooboboooooboobooooan
PERTOOOOO0OO0O0O0O0O01000000000O0
goboooooobooooooooboocOooooooo
oo0o0o0OO000000OPERTOOOOOOOOOOO
goooOoOoO0o00ooooooOooOoPERTOCODOO
0000000000 bAGOOOOOO vVvoooo
000 EOV|=nD|El=m000000000 PERT
gooooooooooOooooooooovooo
ooOooIvOoooooooooooo ov[ijoo
IViij01<i<mOOOOOOOOOOOOOOoOo TOo
goboooooooobobooooooooooooa
O0On<mO0O000 OVOOOOOOOOOODOO
00000o0o00o0o0Un 1(a)0 PERTOOODO
0oooUoO0 1(p)0UDOoOooOoUDUOoOOO
00000o00o0oU0nD 1(e)DDO0OD0O0OUDOO
gooooooooooooocbOooooooboooo
goooooo

goobooobooooooooobooooooooo



2214 goooooooo

(b) PERT ¥ — b O[] & fffi 50> F 7 & 3 3 FLF
01 000 PERTOOOO
Fig.1 A given PERT chart.
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procedure Stage-1;
{ AF=Y1OEFT LT XL}
begin

{ A7 v 7 [1.1] }
{ () HWREERDZ T VT XL}
for v i= 1 to n in parallel do { H#0i#H B EKDS }
Blvl < 0;
for e := 1 to m-1 in parallel do
if OV[e]l # OV[e+1] then B[OV[el] « e;
BlOVIm]] < m;
Broadcast-1(B[1..n1); { HKHAT0 T 5 MK HOM HOMNEF TGS }
0[1] < B[1];
for v := 2 to n in parallel do
0(vl < BIv] - Blv-11; { k¥ }
{ @ AREERkDLTVT) XL }
AEim VL. .m] ZEFIL, HABERMBIC L TARBMIN. 0] £KD 3
for v := 1 to n in parallel do
Clvl « Max(0[v],Tlv]); { Wusfsffifisk }
{ 2Fv7[1.2] }
Para Prefixsun(C[1..n],S[1..n]); { WehMisCE b LIZZORIMs kw2 }
N[1) < 13
for v := 2 to n in parallel do begin { #iffisiu & IHHif v OMIEHEN 21ES }
u < S[v-1]+1; N[u] < v
end;
Broadcast-2(N[1..8[n]1); { N[il=0 % & (XIHfHHEF S CHH L }
{ 3 #HLVMEAORS NV &k }
B[0] « 0; S[0] « 0;
for e := 1 to m in parallel do { Hiffisf & i fifi s TR L, FrliEis Nov 2ok % }
NOv[e] < s[0V[el-1] + (e-B[OV[el-11);
{ @ HLVAHIHORYI NIV 2R D}
AHR IVL. .m] ZFFUL, NOV ERBRIC L THABMRNIVIL. .m] K3
{ (5) MU A P D&M }
for u := 1 to S[n] in parallel do { NEXT D#IMIfE#E }
NEXT[u] <« 0;
for e := 1 to m in parallel do { ) A F DR }
NEXT[NOV[el]] < NIV[el;
{ 2727 11.3] }
for u := 1 to S[n] in parallel do
NT[u] < T[N[ul];
Para Prefixsum(NT[1..S[n]],PT(1..8[n]1); { ##E) A b LTHMLO PT Z3HEE }
for u := 1 to S[n] in parallel do { PT DWIMIE% (A7 }
PPT[u] < PT[ul;
for u := 1 to S[n] in parallel do { ') A F OEHDELFH S E M) A M5 e 2 }
if I[N[u]] = 0 then LISTN[u] < u;
Para Sort (LISTN[1..8[n]1); { KU A MEGAHSILT1 L0 LET AT 2 }
Broadcast (LISTN[1..S[n]1); { #V A MEZZFT_XTOMMIZ7 I~ F¥v A S5 }
for v := 1 to n in parallel do
Para Sort(SIBLv]); { %4l st Chlssfiisiz ) A MEGIUCA 2D &9 1285 }
for u := 1 to S[n] in parallel do
OLISTN[u] < LISTN[u] { VA M5 %R }
end;

02 000010000000
Fig.2 Parallel algorithm for Stage 1.
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procedure Broadcast-1(var B[1..n]);
begin
for v := 1 to n-1 in parallel do
Qlvl < v+1;
Qln] < n;
repeat log n times
for v := 1 to n in parallel do
if Qlv] < n then begin
if B[Q[v]] = 0 then
BQIvl] < Bvl;
Qlvl < qlQlvl]
end;
if B[n]=0 then B[n] < B[n-1]
end;

0 8 Broadcast-1 0000000
Fig.3 Algorithm for Broadcast-1.
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Fig.4 Process of Stage 1.
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procedure Linked List_Inc(INC[1..S[n]],var PT[1..S[n]],NEXT[1..S[n]]);
begin
for u := 1 to S[n] in parallel do begin
PT[u] < PT[u] + INC[u];
Q[ul « NEXT[u]
end;
repeat log n times { 70— F¥ ¥ A b2 L7 }
for u := 1 to S[n] in parallel do
if Q[ul # 0 then begin
if INC[u] > 0 then begin
PT[Q[ul] <« PT[u] + PPT[Q[ul] - PPT[ul;
INC[Q[ul] <« INC[u]
end;
QLul < QQ[ull
end
end;

05 000 (2)0000000
Fig.5 Algorithm for Preprocess (2).

goboooboooooooooboooooboooo

(2.1) 000 (»)00000000000 PTO
oo0o0 INCOOOOOOOoDOooo PpT
O000O0PT[u] « PT[u] + INC[u]D

(22) 0O0D0DD0D0OODODOOOODOO0 wODOODO
gooooooooobooooooo w0
000000 PTp0DO00O0 «wOO0ODO
oooopPTro0OOOC0DOO0DO v0OO
gooobooooooooooooooo
00000D00PT[v] «— PTu] + PPT[u]
— PPT[u|(D

000 (2)00000 50000

(3) 000 (1)00U0O0DO0OO0OO0OO MPOULINKO

DLINKOLISTNOOOOOODO
gbooboooboobobooobooioogboog
gooboooboooboboooboooboobobooo
gobobooobooboboobobobooboogo
goboooobooobooboooobboobogon
goooooo
o0oooooOo0obD Loooooooo 2000
gooobobooboo
goooboo
loop «+— 0O
repeat log L times
loop < loop+1;
goob0021000000002.500
gogo
goobbz2ab 0b00oboooooboobooogon
gooboooboooobooobobooobooboobogoo
goooooobooboboooboboboobobogoo
goobooooboobooboooboboboobobooo
goobooboooboboboo21000b0b0O00b
ooo

(1) 000000000000000 (4,i+1)03G =

2j—1,j=1,2,---L/2"°°?) 000000000



2218

e Q
!

)C)E_/

)

06 DO0O0O0OODOOOO
Fig. 6 Upward merge point lists.
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procedure Merge List_Inc(var INC[1..S[n]],UNEXT[1..S[n]],DNEXT[1..S[n]]);
begin
{ (1) EMAPEEEY A MBI A5l vINe OFHE }
for u := 1 to S[n] in parallel do begin
Q[u] <+ UNEXT[u];

UINC[u] <« 0; DINC[u] < O

end;
for u := 1 to S[n]-1 in parallel do
if (MP[u] = 1) and (MP[u+1] = 1) and (ULINK[u+1] = u) then
UINC[u] < INC[u] - INC[u+1];
repeat log m times
for u := 1 to S[n] in parallel do
if Q[ul # 0 then begin
UINC[Q[ul]] < UINC[Q[ul] + UINC[u];
Qlu] <« Q[Q[ull
end;
{ (@ FRBFELEY X MBI 285 DINC DFH5E }
TrAffER) X OEMEDERICEL TR EAHERY X b ERKICET
{ @ HFEAOMMHEOBIE }
for u := 1 to S[n] in parallel do
INC[u] < Max(INC([u],UINC[u],DINC[u])
end;

07 DoO0O002200000000
Fig.7 Algorithm for Step [2.2].
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procedure Stage-2(var PT[1..S[n]],NEXT[1..S[m]1); { A7 — Y 2D 7L T) X4 }
begin
{ e ()}
for v := 1 to n in parallel do { YH#HifO PT O KAl SMAX Z 3K %}
for i € SIB[v] in parallel do
SMAX[v] < ParaMax(PT[il]); { iEFIF# 2 /A }
for u := 1 to S[n] in parallel do { 5l INC k2 }
INC[u] <+ SMAX[N[ul]l - PT[ul;
{waEm (2) (Mszm) )
Linked List_Inc(INC[1..S[n]],PT[1..S[n]],NEXT[1..S[n]]);
{ HPLEE (3) } AIALEE (1) ERUTNTY XLERT
for u := 1 to S[n] in parallel do begin { Z#HO MWL }
MP[u] <+ 0; ULINK[u] < 0; DLINK[u] < 0; LISTN[u] < OLISTN[u]
end;
{ A4 =7}
loop + 0;
repeat log L times { L:#MiEY) A b }
loop * loop + 1;
{ A7v7[2.1] }
{ () VA METOWRESEOMENED LD L T3
for u := 1 to S[n]-1 in parallel do { ff# 3
if (N[u] = N[u+1]) and (LISTN[u]+1 = LISTN[u+1]) and
(LISTN[u] mod 2 = 1) and (I[N[u]] # 0) and (I[N[u+1]] # 0) then begin
MP[u] < 1; MP[u+1) < 1; { PF&5sl }
ULINK[u+1] < u; DLINK[u] < u+t { (2) L[ils X0 FRABOHE }

end;
{ 3 EmpEasy A o }
for u := 1 to S[n] in parallel do begin

Plu] < NEXT[ul; { #WiBh® %Ry P 2H 5 }
while (P[u] # 0) and (MP[P[u]] # 1) do
Plu] < P[P[ul); { #FYU A b LCBEHFALERET }
if (u < S[n]) and (P[u] # 0) and (MP[u] = 1) and (MP[P[u]] = 1) then
if (ULINK[u+1] = w) and (ULINK[P[u]] = P[u]-1) then
if ULINK[u] # P[u] then begin
ULINK[u] < P[u];
if N[P[u]+1] = N[ULINK[P[u]+1]] then
ULINK[P[u]+1] < 0 { Wipfiifmo ) » 7 ZHlk }
end
else if ULINK[u] # u-1 then { BEfFOBHEGEGHEA~DY ¥ 7 BdH VTl }
ULINK[u] < ©
end;
{ @ Frpiamy 2 kot }
TEBERY Z bbEAGERY X b ERBICHER
{ A7 v 7 [2.2) &MY A EToORGMEORAE (K7 28) }
Merge List_Inc(INC[1..S[n]],ULINK(1..S[n]],DLINK(1..S[n]]);
{ A7 7 [2.3] } AR (2) ERAL7NTY XLERT
{ A7 v 7 [2.4] } WiLE (1) ERALTNTY XLERFT
{ A7 v 7 [2.8] VA MEFOTEH }
for u := 1 to S[n] in parallel do
if (LISTN[u] mod 2) =1
then LISTN[u] <« (LISTN[ul+1)/2
else LISTN[u] < LISTN[u]/2
end;

08 O0O0OO 20000000
Fig.8 Parallel algorithm for Stage 2.
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procedure Stage-3;
{ A7 =V 30&EF 7 VT) X4}
begin

{ A7 v 7 (3.1] }
PTMAX < Para Max(PT[1..S[n]1); { EFTFHf 2 Ak }
for u := 1 to S[n] in parallel do
ET[u] < PT[u] - NT[u];
{ A7 v7(3.2] }
{ ) WEFIEY A b OER }
for e := 1 to m in parallel do begin
RNEXT[NIV[e]] <« NOV[e];
end;
Para Prefixsum(NT[1..S[n]]1,RPT[1..S[n]]);
for u := 1 to S[n] in parallel do { RPT DI % 1747 }
PPT[u] <« RPT[u];
{ (@ WEFIE) A MCAT—Y 2 2 }
Stage-2(RPT[1..S[n]],RNEXT[1..S[n]]);
{ (3) LT,FT Oit4i }
for u := 1 to S[n] in parallel do begin
LT[u] < PTMAX - RPT[ul;
FT[u] < LT[u] - ET[u]
end;
{ A7 v 7 13.3] }
for u := 1 to S[n] in parallel do
if NEXT[u] # O then
if (FT[u] = 0) and (FT[NEXT[u]] = 0) and
(ET[u] + NT[u] = ET[NEXT[u]]) then begin
MARK[u] « 1;
if (NEXT[NEXT[ul] = 0) and (PT[NEXT[u]] = PTMAX) then
MARK [NEXT[u]] <« 1
end;
for e := 1 to m in parallel do

if MARK[NOV[el] = 1 then CP[e] « 1
end;

010 0000 30000000
Fig. 10 Parallel algorithm for Stage 3.
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Fig.11 Result of the backward linked list after Step [3.2].
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