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Extension of Generalized Tic-Tac-Toe: p stones for one move

DIPTARAMA!  KAZUYUKI NARISAWA!  AYUMI SHINOHARA!

Abstract: Generalized Tic-Tac-Toe is an achievement game introduced by Frank Harary, which two players alternately
put a stone on an infinite board and the player who first achieves given polyomino, called animal, is the winner. In
this paper, we propose a new achievement game, Generalized Tic-Tac-Toe(p, q) (shortly GTTT(p,q)). InGTTT(p,q),
opening move of black player puts g stones and after that players alternately put p stones. We analyse GTTT(2,1) and
GTTT(2,2), and show some properties and relations between the games. In addition, there exist three types animals in
GTTT(p,q) that are winner, loser, draw, although the Generalized Tic-Tac-Toe has no animal that white player wins.
We classify animals in GTTT(2,1) and GTTT(2,2) into these three types. We also propose a new method to prove
draw type because typical methods in the Generalized Tic-Tac-Toe can not apply to GTTT(p,q).

1. 0Ooo

O000000 FrankHarary OO0 O O0D0O0DO 20
goooooopoooOoOooOoOOoOOOoOO 1000
goooooOooOoOoOoOoOoOoOoOoOoOoOoOoOoOoOoOooo
ooooooooooDo L rRLEBL40o0o0o0Doo
goooOoOoOoOoOoOoOoopooOoOooooooooooo
goooOoOoOoOoOoOoOoOopoOooOooooooooooo
oooboooooooooboeobooboobOobooooag
gooooOoOoOoOoOoOoOoOoOoOoOoOoooooooooo
gooOo0o10ooooopooopoooooooooo
OO0O0oo0oDoD TicO ElIOO0O0O0O0OODOOOO0OO0O0
ocooooooooooooooooooooooooo

! Ooooooooooo
Graduate School of Information Science, Tohoku University

goooooobooooobooooooooooboooo
goooo
gooboooooooooooooobooooooog
goboboooooooooboooooooooooooo
goooooobooooooboooooooooboooo
goooooobooooooboooooooooboooo
goboooooooooooocoooooOoobooOooo
oobooooooooooboocoooooooboooo
goooo
O0OOO0OO0O000O0OSnakyOOOOOOOO 6000
oobooooobooooooocooboooooboOooo
gobooooobooooooocooboooooooooo
gobooooobooooooboocoooooooboooo
O00000O0SnakyOOO0OO0O0O0O0O0OODOOOO



The 18th Game Programming Workshop 2013

o @ e O oee DD OO

Elam Domino Tic El

mﬂa_“‘

skinny Knobby Elly Tippy Fatty

on o eeef el T B B

T
e T oo B o

Snaky

e T i o Bl
B8 " B8 8 Bl o
Fro gt
oy B B i T,
B, B i P P B

01 0oooooo

ooooooooo @ELpLeoooooooooooo
cobooooco200000000C0C00C000000
oooooo r,eooocoooooooooocoooo
coooooboooooodoo poboOooOoODOOOOO
UdgUOO0O000C0CO0000O0ODOOCOO00OOOoOoOO
cooobool1ooo0oOoz20000000000000
coooooooooooooooopLpojpmoocon
coooocooooooooboo rOoO0oOboOoobooooo
coooocooooonuoooooobobocooooooo
ooooooooon

2. 00000

OO00O00OFankHarary OO0 O0O0000O0O0O0OOO
toooooboobol1oooooooooboD pobOoODOOO
0000 Generalized Tic-Tac-Toe(p,q)0 00 GTTT(p,q)
cooooooood
001 p>10¢g>10000GTTT(p,gq) 0000000
cobooboooobooooo gooboboooobooooo
ooooooooono pobOobOO0O0ObOOOb0ObOO0n
cOobooOoooooooobOOoobOoocbOOoooooao
ooo

OOoooGTTT(,)Dooooooooooooooo
O0GTTT(l,q)000D0g—10000000000000
000000000000 oooooooooGTTT(1,1)
00000000 Snaky OOGTTT(1,2) 00000000
coooocooooooo [12].

OoooOooooo GTTT(,1)ooooooooooo

000000000000000 GTTT(p,q) 000p,q0
00000000000000000000000000
0000000000000000000000000
ooo
002 GTTT(p,q) 000000 D0O0000DOO0O0O00OO
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
0ooooo
00000000 GTTT(2,1)0 GTTT(2,2)00000
00000D000000000000000000000
00000000000000000000000000
0000000000

3. GTTT(2,1)0 GTTT(2,2)000

31 GTTT(2,1)000

200000 Domno OO O0OOOODOODOODOO
GTTT(2,) 0 0000000000000 UOOOOO
0000000o0o0bO0000o0b000 sooo0maa
oooooooooooooo GITI(L,H)oooooo
ooooobooooooad

GTTT(p,q) UOOODDOOODOOOODOOOOOOOOO
gdoooooooobooboboooooooboooboon
go00dooooooobooooooooooooobooa
go0dooooooooooobooooboooooooa
ooooo

GTTT(2,H) 0000000000000 OO0oOoOO
ooooo
OO0 1. GTTT(2,1) 000000000000 0OOOOO
O0d000ooo0ooob0oooboooooooooooa
Oo0oo00o0o0o0oooooooo00oooooooon
00.0000 270> 1000000000000000
0OGTTT(2,1)0 0000000000000 10000
0000oobobooO200000020000000000
godooo220000000000000000 3000
0000400000000 0000000O0O0O0O0RO
goo0odooooobOo2n—10000000 22000
god00ooboooobooooooooooooooooa
good00obo0ooooooooboooooooon O

0010000000 GTTT(2,1))000o0o0ooooa
gooooooooo
OO0 1. GTTT(2,H)00000000O000O0O0O0O0
oooooooo
oOo. GTTT(2,) 000000000 O0oOoooooo
god0oo0oobo0o0ooooooobooooobooo 14



The 18th Game Programming Workshop 2013

coboobooooobocoooooooooooobooooo
oooooooooooboooooo2000000000
cooooooooocooobol1ooooooobooooo
cobobobooooooooooooooboooooooo
coboboooooooooooooooboooooooo
oooooooooocoobooooooboooooooo
coboboooooooooboooooboooooooo
cooooooooooobooooooboooobooooo
coboobooooooooboooooooooooooo
cooooooboooobooobooooooon O

32 GTTT(2,2) 000
00 GTTT(2,2) 00000000GTTT(2,2) 00
GTTT(1,1)0000000000000000000
00000000000000000000000000
000
002 GTTT(2,2)00000000000000000
0oooo
00.00000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000GTTT(2,2) 0000000
0000 O
00000000000000000Op=¢0000
00000000000000000000
00 3. GTTT(p,p) 0000000000000 O0000
0oooo

33 GTTT(2,1)0 GTTT(2,2)000
OO0O0O0GTTT(2,1)0 GTTT(2,2) 000000000
00000000000 ¢000000000000000
000000GTTT(2,1)00000000000GTTT(2,2)
00000000000000000 100000000
00000000000000000000000000
00000000000000
004 00000000D00O0GTTT(2,1)000000
0000000000000 GTTT(2,2) 0000000
0oo
00.00000000000GTTT(2,1)0000000
00000O0GTTT(2,2)000000000000000
OD0OGTTT(2,1)000000000000000000
0000000000001 0000000000000
000000000000000000000000000
000000000000000000000000000
GTTT(2,2)000000000000000000000
000000000000000000000GTTT(2,1)
0000000000000GTTT(2,2)00000000

9 B3 FH
@y |¥ #% Bl| % % 3
/" 1
@2 |% ¥ 5% ¥ 3

02 GTTT(2,1)000 GTTT(2,2) 0000000

0oo

00000000000 GTTT(2,2) 00000000
O0O0O0O0GTTT(2,1)0000000000000000
OO0GTTT(2,2)0000000000000000000
00000000000000000000000000
00000000000000000000GTTT(2,1)0
00000000000000000000000000
000 GTTT(2,1)000000000000000000
00000000000000000000000000
000000000000000000 O

00 10000020004000000000000
0oooon
005 00000000000GTTT(2,1)000000
000000000000000 GTTT(2,2)00000
ooooo

020 GTTT(2,1)0 GTTT(2,2) 0000000000
00000000000000000010000000
00000000000000000000000000
ooooooon

4. GTTT(p,g)0 000000

41 O0OO0OOOOOOOOO
cobobooooobooooooooboooooooa
ubobooool1oboobooooobooooooobooon
gobooooobooooooboocoooooooboooo
ubooooocooobooooobooboooboOooao
goboooooooooobooooooOooboooo
oobobooooooocoobol1oobobcoooooooo
gblooooooooooooooooobooooooon
gobooooobooooooboocoooooOooboooo
goboooooobooocooboOoooooOooboooo
ooboooooood
03005000L0000000000 GTTT(2,1)
uoboooooooooooboocoooooOooboOooo
oobO30 de0dosobobooooocooooon
uobooOooooooooboocoooooooboOooo
ooooooooocbooOooooOoOoooooooooon
ooboooooobooz2b0o00o0oo0o0cOobooooooo
oobooooooooooboocoooooooboooo
ooboooooooocooooooooboocooo200
ooooooooooocoobooooooLoooooo



The 18th Game Programming Workshop 2013

©

®
ol - ]G]

()
ol -]i
ll-J(C)

(-]

o

©

2|0©
o
2|®

2O
(-]
2o

2@
00

(c) (d) (e)

03 LO0O0OS0000000000 GTTT(2,1)00000

ooooogo

42 00000
421 GTTT(1,1)00000000
0O000O0GTTT(1,1)000000000000000
00000000000000000000000000
0003x300000000020000000000
0 [11, 310
000000000000 2000 100000000
00000000000000000000000000
000000000000000000000000 10
00000000000000000000000000
00000000000000 100000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000000000
0000000000
0000000000004000000600000
00000 GTTT(1,1)00000000000ooon
00000000000000000000000000
000000@OOO0O0000000000000000
000000000000000000000MO000
00000000000000000000000000
000000000000 10000000000000
0000000 GTTT(1,1)0000000000000
00000000
3x300000000000000000000000
00000000000000000000000000
0000000000000000003x3000000
00000000000000000000000000
00000500000000000000000000
0000000000000

HHEH
£
LILLILILIL

—
ESCaES
(a) (b)

04 00O00O0OO0O0OOOOOO GTTT(,1)00000000O

0S5 3x3000000

050000000000000000000 3x30
000 1000000000000000000000°5
000000000000000000003%x3000
00300000000000000000000000
3x3000000000000000000000000
00000000000000000000000000
0020000000 GTTT(1,1)000000000
OO0DOGTTT(2,1) 000 GTTT(2,2) 000000000
00000000000000000000000000
00 100000000000000 100000000
0000D00O0GTTT(2,1)00000000000000
0000D0200000000000000000000
00000000000000000000000000
00000000000000000 100000000
00000000020000000000000000
000000D03x300000000000000000
00000O0O0GTTT(2,1) 000 GTTT(2,2) 00000
000000000000000000
422 GTTT(2,HOGTTT(2,2)00000000
O0D0O0O0GTTT(2,1)000 GTTT(2,2) 000000
00000000000000000000000000
000D0D0000000003x30000000000
4x40000000000



The 18th Game Programming Workshop 2013

|

|
th
(e

#

—
——

#
—

|

|

06 3x300000900000000000CODOOOOOO30
goooooooo ie0O0O0O0O0OO0OO0O0OO

4221 300000000000

goboboboooboooooooooooooobooogon
oo30000000300000000000000O0
ooO0O3000000000000 TieOO LOOO EIO
oooooos3b0oooooooboooooooooon
ooooooooooobooobooooooon

jgoooooboooboooboocoooooboooood
oobo2000000000 2000000000011
ooooooz2000000C00000000DOO0000
otobooboooobooooooobo 20000000
coooooooooboi1boooooocoooobooooo
l00obooboocooooobooo200000000
ooooboooooooobooboooo 1ooooooa
coboboboooooooooooooooOooooooo
cobooooooooooooooOo3boooooao
coboobooooooocooboooooooOooboooo
cooboboooooooobooooooboOooobooooo
cooooooooooon

30000000000 Tie00O0O0O0O0OOOOOOO
OoOeO0O0O0O0O0O0O0OOOO3OOOOOODOOOOO
OoOO0oo0O00oo0oo0ooo0ooo0o003000 TicOO
coobooooboooobooooooOooooa

jgoboooooobooo3sgoooboooooona
coooboooooocoobooooooboOooobooooo
cooooObooooooOoobooocOooooos3oooo
coooOoooooooobooooooocOoobooooo
cobooboooooOo3sooboooboocoooboOooooo
coooooooocoooo
4222 000 400000000000

200 30000020000000000000O0A0
cobob040000C0C0004000000000040
coooboooooooobooooooooobooooo
coboocobooooocoooOoooooobooboooboogon 2

\

%%

¥ 3 3 ¥ ¥ A 4

1 U

07 300000000000 4000

qn

ot

LT

08 0000000000000 0000O0O0OO0OO TippyoOOO
oooogod

oooooooooOOooOO04000000070000e60
ooooooo
goobooooooobo400000000000000
uobobooooooocdobo40000C0000O0CO000
gobo3d0ooooooooooooboo2000000
uboooobooocoo20000002000000
oobooooooboooobocOoz20000000030
oobobooooooooooobooooobooo2000
gobooooobooooobooOoooooOooboooo
gooobooooooooboooooooOooboooo
goo
cooboooooboooooOooOoobooooooa
oooobobooos3ooooocoooobooono4000o
gobooooobooooooocooboooOooobooooo
uoboooooooooo
ooo400000C000O0COOO0DOCOOOO0O8O
0000000000000000000000 Tippy O
uoboooooboocooooocooboooooboOooo
oboooooo0Odo EODO30000000000000
oobooooooooooon
4223 4x40000
O0O3x300000000o0o00000004x400
uboooooooboooooooboooobocobobooon



The 18th Game Programming Workshop 2013

00004x400000000000000000000
0ooo

003(@D04000) 4x40000000000000
00000000000000 100000000100
00200000000000000000000000
00000D00D0000000000000000 400
0000000000000000

004000000000000000000

006 0040000000000000000000
000000000000
00.09000000000000000000000
0000000000000000000000000
00000000000000000000000000
00000000000000000000000000
00000000000000000000

00 (1)000 (7)000000200(09)00000
01000000000()0000000000000
00000000000000000000000000
000000000000 (2000000000000
00000000 (3)0(5)00000000000000
00000000000000000 (4)0(6)00000
0000000000000 00000000000
0000000D0300000000000000000
00200000000000000000000000
00000000000000000000000000
000000 O000000000000000000
0000D00000000D000000000000(7)
00000000000000000000000000
00()0000000(D00000000000000
0000000000000 0000000000000
afufalulufslaln

0000 100090 (10)00000000000000
0000000000000010000000090 (1)
000 (7)0000000200000000000000
010000000000 (14)0(18)00 90 (6)000
00000000000 (16)0(200(22)00 100 (12)
000000000000

000000 4x40000000000000000
0000000000 O

00 4x400000000000000000000
00000000000000000070000000
00000000000000000000000000
00 4x4000100000000000000000
7000000000000000000000 4x40
0000D0004000000000000000000
06004x40000000000000000000
0000000000000000

Qlo

[ )]
(@)
e 00
o
oe
L1 )]

C)
)

00 _
o

00 _
o

(0)

o S

4 =

2 =
®
°
ole

(9) (10)

09 004000000000DC0OGODO

: @) ol [: O
eC[ | _ [ |eO Dok ®0
Oe — [O]®[ [i] — " [Ole] [O
0 olel--lo e/eOCle
(11) (12) (13) (14)
i e [©) [©)
Leo | [i]e[o oo | _ [ [e[o]o
® ele O Ole| |@ Ole[ |@
: / i : ol--lo eOl®
L)) (15) (16) ) (18)
: \ I @)
(10) @[O0 . )6
1 [ J[®)
°
(19) (20)
‘oo _ [ |e[O
[ 1o
: 0 olil e

(21) (22)

010 090 qooooooooooo

5. 0bOogobooo

GTTT(2,H 000 GTTT(2,2)00000000000
gobooooooooooboooooooOooboooo
gobooooobooooooocoOoboooooooooo
U[3joooboooboobooboooobooooooo
gobooooobooooooocoOooooOoooboooo
gobooooobooooooocooooooooboooo
ooodooo 40000000000 4x4000000
goboooooooooboobooooao

coobOooboooooboono 120000 1300
O000oO0oOo0ooooooooo GTTT(L,)yooo
oobooocoobooo 11oooon

GTTT(2,) 000000000 4000000000
oobOoOosoooobooobooc 40000000000
uobooooobooocoobooOoooooooboooo
ooooGTTT(,)oooooooooooooooo
OoOGTTT(2,H)007000000000000000O
000000000000 0000OGTTT(2,2) 0000
obooOOosoooobooocosoboboooboooboooao
000000000000 ooooooGTTT(,HOooo



The 18th Game Programming Workshop 2013

st ﬁ
I’JZM ﬂ %
7 |7

777
g

1588 288k
4ilAz ’2 7/, ” Z

siRa |

TN Eik 5 (R R B

offifa

wrupy B evopn Bl [ #meen

011 GTTT(1,1)000C000D0O0O0OO

GTTT(2,2)000000000000700000000
000900000000000000000 4x4000
000000000000000000000000000

OO0OGTTT(1,1)000000000000GTTT(2,2)
0000000000000000000000GTTT(2,2)
0000D0002000000000000000000
00000000000000 GTTT(L,H)00 11000
00000000 600000 Snaky OOGTTT(2,1) 0
000000O0GTTT(2,2)00000000000000
oooo

6. DO0O0OO0OODOO

00000000000000000000000000
00000 ¢00000000000 p000 GTTT(p,q)
00000000 GTTT(2,1)000 GTTT(2,2) 0000
00000000000000000020000000
00000000O0O0GTTT(p,q) 000000 DOO00
00000D000000000000GTTT(2,1)000
GTTT(2,2)000000000000000000000
00003000000000000000000000
00000000000000000000000000
000 4x40000000000
0000000000000000000000000
000000000000000000 p=200000

7 @ga oa 7 %Z
m B Y tem Bz

offifa

ey R ELk S TEE FEEH R B |

sftifa

wropy B ceTopn Bl [ #meA

012

GTTT(2,1)D00000O0DOOOO

7%

18R 2ifife A
77 1 B A
w0 D YAA [/ A
7 KA
siifa Ay A
A |75 7575 A /
A ? W'/ /
/4“ _A P ,1/ A 1 A
I A | |
A A -
Az
652 f'}m
san EEEEREELS

offbfa

wrupy B eTomw Aoz [ wesn

013 GTTT(2,2)000000000oo



The 18th Game Programming Workshop 2013

O000o0o0o0ooooooo GTTT(p,gq) DOOOO
ooobooooooooboooboooo

oooo

[1]  Frank Harary. Achievement and avoidance games for graphs.
In Conference on Graph Theory, Vol. 62, pp. 111-119, 1982.

[2]  Harary Frank and Harborth Heiko. Achievement and avoid-
ance games with triangular animals. Recreational Math,
Vol. 18, pp. 110-115, 1986.

[3] OOCOC.0000000000O0O0bO:cocooogg.
oooo,2010.

[4]  Frank Harary. Achieving the skinny animal. Eureka, Vol. 42,
pp. 8-14, 1982.

[5] Heiko Harborth and Markus Seemann. Snaky is an edge-to-
edge looser. Institute fiir Mathematik, Techn. Univ., 1996.

[6] Heiko Harborth and Markus Seemann. Snaky is a paving
winner. Institute fiir Mathematik, Techn. Univ., 1996.

[77 OOOO,0000,000.00000D0000:000
0000oooooo?0 40000000000000
Oooooo, pp. 3542, 2009.

[§] OCOOO,0C00O0,0C000,000.000U0O0DOoO
0:0000000.0 300000000000 0O0
gooooo, pp. 94-100, 2010.

[91 Nandor Sieben. Hexagonal polyomino weak (1, 2)-
achievement games. Acta Cybern., Vol. 16, No. 4, pp. 579—
585, 2004.

[10] Edgar Fisher and Nandor Sieben. Rectangular polyomino set
weak (1, 2)-achievement games. Theoretical Computer Sci-
ence, Vol. 409, No. 3, pp. 333-340, 2008.

[11] I-Chen Wu and Dei-Yen Huang. A new family of k-in-a-row
games. In Advances in Computer Games, pp. 180-194, 2006.

[12] Hiro Ito and Hiromitsu Miyagawa. Snaky is a winner with
one handicap. In HERCMA 2007, pp. 25-26, 2007.

[13] L.Victor Allis, Maarten van der Meulen, and H.Jaap van jden
Herik. Proof-number search. Artificial Intelligence, Vol. 66,
pp- 91-124, 1994.





