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Abstract: Ordinal regression is a multiclass classification problem in which classes have an order relation.
One of the sparse approaches for ordinal regression has been proposed by Chang et al., which utilizes auto-
matic relevance determination (ARD) prior. This idea is similar to the one of the relevance vector machines
(RVMs) for regression and classification problems by Tipping, 2001. A fast algorithm for solving RVMs has
also been proposed by Tipping et al. in 2003. This algorithm greatly improves the computational complexity
of RVMs. In this manuscript, we introduce a new model for ordinal regression that is easy to handle and
propose a fast sparse learning method according to that of RVMs. We then illustrate that the proposed
method runs remarkably faster than existing methods with equivalent or better precision rates by numerical
experiments.

Keywords: ordinal regression, Bayesian estimation, automatic relevance determination prior, sparse learn-
ing, Taylor approximation

2013/9/26

Fast Sparse Bayesian Learning Algorithm for Ordinal Regression

A~ T 7 a—FTH DD, 2003 I FERM:Z2F) 4

HZETEERTNTY XANEHTEXEZ LN LMNT

T %, relevance vector machine (RVM) IZ{EH L7z, = TeCIE, X VTN ES T v & Y A Bl A v

AT 4] 2001 A5 Tipping 23252 L 7= (0] A E 04 $8

1
a)
b)

AR RSN JeE B T oA gE R FEA - IR A i

kazuhisa@suou.waseda.jp

5T &Y.

masato.inoue@eb.waseda.ac.jp

(© 2013 Information Processing Society of Japan

52 LT, RVM ERIERICEEZRT LT Y X LANEHTE



IPSJ SIG Technical Report

2. |EFFEFREE

2.1 R

ARETIE, TeERBIEK - e B PR O R AT R D S
MOELIZSNT, ZNPHERERTHNT, | &, R
BRTIHRWEGEIT; 2 TR T. BT o THEREL, b
(THEREE TR WERDOSLE,

p(z | a;b)

RELRAT D, e, MRERCARVER, BRI
ANREERBOMNE, REEEWT S (MICHHRE
HOKIL, BT B & ERIED B 2D EWTE L),
MM x € RN 29F49 p, RO BITH S OB L i
ERAICHED B, Z OB LRI E KO K 5 10K
T%.

N1, 2) = e (= ) 75 )

V27X 2
L, RIZFEHAEREZ, |o | 1T8IX%E, o (FiEEEKT.
AR TIEARY FVIEET D BNENGAIIHEN T MV ERT
DETDH. Fiz, n AT v TEA NEHE, B
BAERD X HICRKLT D,

1

)= o=
L= {1 (if o is true)

0 (otherwise)

Q

¥72, o, o' BENEN o O—FEMS, WMy LT 5.
F7o, EOFEBOELGEZ RT LERRLTDH. 0, 1% (ixj) D
FATH, L% (i x i) OBAATHIE T 5. diag (T52bh
Te_ VSRS & DA Th 2 K.

2.2 |EFFERRIE

ISRHBIMEE L, ADzicstL Tz N THB Y
FATLt € 0,1, K} ZHETHMETHDH. @HE
IEEH D P OPHA T, ATTETELWT T AT 1)
N A {2, t, )0 BERNCEZ 0N TREY, Zhd T4
MOITHEET D, x,, t, FENEN R FBOAHIEZE
T.E, IR TAULEHEE LRT IR B WA
FEEEN+1IFZBEL, ayel, tyyl &R T B, F£72,
t=[t1,...tn]| T 5.

IEFFERRERE & 1, 7 7 AT XANIBFREL/2->T05
Yo7 7 RpBIMETH L. D, 7 7 AT, B
REHKD L 9 72 K/ANBEHR class 0 < class 1 < -+ < class K
BDIFET D, £72, BED _ODY 5 A F~ULIZHONT,
KNBREBATHTH o720, FELWBERIZH 720 LTI
b, —7F, BRRE T2, class 0 & class 1
RO R - FHRUEIL class 1 & class 2 lOZ N & i3 -
TWTHEDR.

(© 2013 Information Processing Society of Japan

Vol.2013-MPS-95 No.2
2013/9/26

2.3 EEBHK

ARRTIEL, ANOFBEFRE LTHAT L M @0k
JEBIH d(2) €R (m=1,2,.... M) ZH\\5. AS i
A CIEERZE L Cflibh, FEBEU: LICEBE DR
DT EERV. fEo T, WURRERESHE TENT,
AD o DNEETHINERTHDD, FHEFALT—Th
DIRT MV TH DD, IR EIIEHKNEN. £, FE
ErROZHSOR7 LI HWS.

¢n = [d)l(xn)» () ng(:En)}T € ]RM (1)

3. BIFEFE

3.1 AEBEH

BETFET IV 3] OMELZFHIT 5. ZIVUTEEBEE O
RN L CIER ) A X Mbo=b o0, K HoBE
b= [by,by,....bx]T €ERE (HL by < by < ... <bg) %M
WT, 7 2HBISND 6D THD. KT, EH /4
ADGrE 1 &5,

p(tn | €n,w;b) = lbtn5¢zw+en<btn+1 (2)

plen) = N(en;0,1) (3)

22T, w=[w, ., wy] € RYIIBREMOELRS K
NTH5H. £7-, HEHE by = —o0, bK+1 =400 ZEAL
2. A XEEEBRET S &, DERK

p(tn | w;b)
—+o00
/ P(tn | € w;b) plen)der

= cum(by, 41— ¢, w) — cum(b, —p,w)  (4)

2135, AL, cum [FAFEERSMO RO MELTH
5. ZOEFETME, K =177 2#2) ORFIZ7 vy |
Al & RS2 5.

FIERRLETFALELT, BYVRT 4 v IV TEA N
BaelHGDOEETAVEET D (4. ZUx, Az,
WCHIET D7 T AT b t, ORFEMERFERZ

pltn <k [ wib) =0 (brr1—¢, w) (5)
LEETALOTHD. T5L, LEMEK
p(tn | wib) = o(by, 41—, W) — (b, —p,w)  (6)

215, Zihud (4) LRICBICZR->TEY, kDETFT LT
JARDGHi R AT 4 v VT EA NSRRI
BB RO & 5 e s (P90, DT OuP AT 1 v
A ELTEbDLFETHB.

— e
p(en) = (

ey @



IPSJ SIG Technical Report

3.2 Epintk
B (4) R0 (6) I2BWT, EAw OFEFIHMZ, KES
FA—H a=[ay,..,ay]T € RH)M ZHNT

M
pwia) = [[ N(wn;0,a,,") ®)
m=1

LEFT DH. ZHT automatic relevance determination
(ARD) @i & MEiX4L, Tipping 723 relevance vector
machine (RVM) THWZbD &R L TH S [6].
ELHNREZ BN T TR, SEAHIMERITMSLTHD &
ERTD. 758, BTOMRELII SN TORIEARIE
KA TH2LND.
N+1

p(tni1,t, wib,a) = (H p(tn | W;b)) p(w;a) (9)
n=1

RIRES AR5 DAUE, T, TR £ DRTOMR
A, SPEHATE T B 2 LS TR B,

3.3 HE-HFE

ZIBIE, BTV (6) IZOWTORIERT. (4) 1K L
TlX, o % cum ICE XX TEZIULRV. Bayes HEED
Pt Clx, HEETRE 7 T AT bty OFFE LT
HKEDOHLDIITHIHTHS.

p(tnt1 | D", %) (10)

B, SEREROAT A= FEETHETHZ L
WTEIRNTD, B RRLHEEIC LV kDD,
{b*,a*} = ar%maxp(t;b,a) (11)

KETIAZOWTIE, BHENL OO0 of, PERKIZHE
T5. 20X RGE, HIST DESR w, OFFISAMAN
Dirac ®T7 )V ZBEIZ/725 Z EIZHS L, w, =0 5Bk
T5. T5&, T 2REREK ¢, () IZFELRN &
ERIZEIZZR Y, FERCERRMBREOND.

—J7, Wbt EL w A HEE (BHEE) Loz e
bbb, ZOHE, BREMEOEAETHE - TIZRV, &
WCESAHWLNRE OO DTk KFEEMEE (maximum
a posteriori: MAP) HEENZFEIT H 5.

w* = argmax p(w | t;b*, a*) (12)
Flo, TNERBL Tty OOMEHET 2 7ELH 5.
Pty | W) (13)

ZOGAMT T RS ARD EREMTH DA, RIS
FOMBHERFETREDLZENEL, ZHEND.

tnt1 BRHEE LI2WEATE, ERRo TRIGHS w* 2470
LAz MAP HEE T 2 HER EN D 5.

(© 2013 Information Processing Society of Japan

Vol.2013-MPS-95 No.2

2013/9/26
thy1 = argmax p(tyy | t;b*, ) (14)
tN+1
thyr = argmaxp(ty1 | w") (15)
tN+1

ZHORENED th 2N D S X D72 dME— TR,
Lol —RRICHEHEE Lo b ODBERRE A B D5 A1,
MFREREZRRICT DLV EKRT, MAP #EERIZRW
HEREThHD.

3.4 m#EE

2T, wr ERBRTAHFIBICEREY T, EEIC
b*, o*, w* ZRHDH. A7) AL, WY RYGHE
b, a©® Z@E L%, UTFOwd & (b ad} oz
Aigfba i=0,1,... LEVIETLICEY, ZnHBE
DOEEE D", a*, w* ~ENKTHZ LEE2HHFTIHIHOT
bb.

F9, b, a DEAEE L9 2T, w DL KL 5

w1 = argmax p(w | t; b, a?) (16)

Z ORGECIIENIAIINEE TS 5728, FEBITITIEN 72
fEfl, i zx1E Newton-Raphson &% HW 5. BARESIZIZ,
MEE w0 = wld L LT, OEHAE §j=0,1,...
E D SR K.

wIth = w — H(W;b,a)_lh(w;b,a)|.

o:w=wi) b=b" a=a® (17)
h(w;b,a) = —Inp(t,w; b, @) (18)
) _ Oh(w;b,a) Y s
h(w;b, a) = —ow 7; %(bn +Aw  (19)
_ &h(w;b,a)
H(w;b,a) = S (20)

N 2
:;(Ej—z%mba.(m
s0 = o(be, 41 —¢;W) —o(by, —(bIW) (22)
s1=0'(by,+1 —¢IW) — o' (b, _¢IW) (23)
sy =" (by, 11 fd)IW) —o" (b, *d);rw) (24)

AL, HHREE RS2 (18) ICE & #x . RIZEHRL
oD ) A XET N BEEERSIMER VAT 4 v 75
i) 122V T, Hesse T8I H(w; b, ) i3 w ORIKIZH -
CTERETHBT=D (AL, [y, by DT 2775 M B
FEWSIEEHY), DY K LI X0 R
I wlith) sk n Z LinTE 5.

WIZ, p(t;b, ) % Laplace IEIC LV EEI L2, b, a &
k{9 %. Laplace £ & 1%, —fRICBIEK f(w), we RM
BT DR DR % e/ N RJE Y D 2 kD Taylor Lk 0
fE< L OTHD (I ZTHW=E4, B4 M L Bf%
20N



IPSJ SIG Technical Report

/ eff(W)dW:/ o P = w—p] TFlw 4] gy
]RM ]RI\J

e—f(m)
|5+ F|
n= argvf,ninf(w), F= 82{(2‘\);)—'— s

HAERIZI3RO XS ISEUT 52 & Th, a zikiE(bd 2.

p(t;b,a):/ p(t, w; b, a)dw

RM

~ s(b, ) (25)
p(t, w1 b, a)

s(b, @)
VIZH D )

(26)

Z 2 CTHWEIT B, =R 7R Laplace i TlikZew. filx
X, Taylor TPl T~ BRI KR ETHONRAREKD S
HETHLHN, EREIC wit) TRELTWS. 72, Zh
12 &Y Taylor IEELIC L5 1 IROER—HIZ 0 T 725
N, ZTOEHEHEL TS, 22 CThb & a KifblER &
WZOWTIHIRE SN LT iﬁﬁﬂ%ﬂfwm\t&) T
FLIIATE DI ER TIT o 1o HIETH 5.

ol = = argmax s(b . o) (27)

bV = argmax s(b, al 1) (28)
b

Z 2 CORBAL b BTANIIM T W2, ol T
WX E RS SRR LA EH RS (B CERE
BROEY FIZ—F TR,

L— ol [H(w(+D,bD, a®)-1,,

2
Wi,

altD) = (20)

b IZOWTIE, AR KREDOAREEZ WD, FIHE

b0 =b® & LT, kOEHXE j=0,1,.. LI

HiE .

_ ni (Lt 412k — Lo, =) 0" (b — b, W)

— (bt 41— @, W) — (b, — W) .
o:w=wlt) p= bléd) (30)

bg’j+1) = bk

n >0 IXAREDOAT v 7IET, FIZIE1074 LT 5.
4. REFE

4.1 EEE#%
BEMFE T AT T BT DSBS e B & E&RT 5.

(© 2013 Information Processing Society of Japan

Vol.2013-MPS-95 No.2
2013/9/26

1 tn K
p(tn | w,b) = —— Hynk:| II G=wr) 1)
n k=t,+1
K
tn,=0 Lk=1 k=t,+1
Ynk = U((bIW—Fbk) (33)
2T Z, FEHIERERT. Z, TEAL w =
[U)l,...,u)]w]T < RM '?3/\/], 7T ADb = [bl,.. K]T c RK
WARIET A, N T 2O b, NENT 3 FREEREIL TV
WRTF L e dlzd, DBFICL EERIT 5.
4.2 BHISH
ZITE, [7] By, ARD ST (8) 2 HAT S, E
w Iz ﬁ?‘éﬁf/\7f Y a=ag,..,ay] € RHM
03771& 59, RATADbIZOWVWTHLHEENRT A —X
B = [51,...,,8K}T S (R+)K AT D.
w=[w',b'T =[wy,.,wnyx]  (34)
X = [aTaBT]T = [le "'7XM+K]T (35)
M+K
pwix)= [[ Nwmi0x") (36)
m=1

7, MEITHE LT C = diag(x) 25
BEHPEZORED LT, FAHAERIMITHS
LEFUET B, THE, 2TORRERIZ SV TORE
eRilE:

N—+1

p(tN+1,t7w;x)—<Hp n|w> (wix) (37

THEADLND. RN UL, F&ROA, TR
R EOETORANA, FMNIMEZERT S ENT
5.

4.3 BE-HF=S

T T, w O MAP HEEE N L Bk 217 5.
BARIITIE, DA ETRV ST A — 2 |35 T iR L HEE
L, 2O %ﬂ%b\fw O MAP HEEZ1TV, ZOfER%H
WTCtngr O MAP HEEZIT S .

x* = argmax p(t; x) (38)
X
w* = argmax p(w | t;x*) (39)
thy1 = artgmaxp(tzwl | ") (40)
N+1

4.4 wEE

AT AT Y XL, EE22E x (O ZRE Lz, U
T w® & xO omHE A i =0,1,... LIRS
LIZLY, INOREOKEMRE x*, wr ~EWNRTHZ &



IPSJ SIG Technical Report

2T b0 TH .
Y, x OEZEELZ D AT, w DEZRELTS.
Wit = argmaxp(w |t x™) (41)

Z DFEEAIIAATHIZ XN EE T & % 729, Newton-Raphson
EERAVD. BRI, IEZ 0G0 =w® L LT,
WOEHNE j=0,1,... L0 REFEI 0.

W™ = o — H(w;x) " h(w; x)|,

o w=w®) y=x (42)
h(w;x) = —Inp(t, w; x) (43)
h(w;X) = W —¢7d + Cw (44)

0%h(w;

{Zf:l Yn,k — tn:| :}(

d= N (46)
[Zn:1(yn,k - 1k3tn)} _
o o o1
v = R P N )
Ox v Ik -
N
D D
D= TN NK (48)
DN,K Dy
DNkl = Y i = 0 (p, wtby) (49)

X N
Dy = diag ([Z Ynk ) (50)
k=1 n=1

N K
Dyg = diag ([Z y;,k} ) (51)
n=1 k=1

BL, BB Z RSN (43) ICE &}, £, 22
IR L7=Afd, Hesse 1780 EREY 2L, ypp B2
AT 4w 7T EA FEBRORHIO LRSI D RIS >
TSz, THEBIOEEBICE S 2RHIERE SN
Vo R, d, Dy oyngs Y T w IEFLTERT S D
(NREF= T W AN

W x haifbd 5. BAEMIZIE, 97 -Inpt |w) &
W 2P L T wtD J8 1 T 2 %D Taylor B A4T 5 .

g(w) =—Inp(t | w) (52)
g(w) = 8%7:)”) =w'd (53)
G(w) = P9w) _ _gTpy (54)

+ %[w—d’}TG(d))[w—w} (55)
—InN(7; Pw, ]jfl) + const (56)
F=0o-D 'd (57)

(© 2013 Information Processing Society of Japan

Vol.2013-MPS-95 No.2
2013/9/26

ZIT, e HHTEERIY, wil oD ofEERFERTS
LHEFRT. F/2, const T w, x T L TEE. EiiEM
REHNT p(t;x) ZERNEWRICERT 5.

p(t;x) = /wa p(t | w)p(w; x)dw

~ N (F; \Ilw,f)il)./\/’(w;O,Cfl)dw

RM+K

—N(#0,D " +wC w7 (58)

INERKETD x ZRDD. x X7 MR E—EC
LT 2DIIREHETHDLDOT, FRILI L uﬁiL'ﬂfﬁ—%}\_
W7 5.

D = argmax N (7; 0, D+ vCe)  (59)
Xom

ZAVTFRATHNC AR T T, ROFEFHAXEGS.

52 2
. m > m
XD = am—sm (qm ‘9 ) (60)
o0 (otherwise)
T -1
E
S = %m_l Ym (61)
1- (ngl)) w;Eil"pm
T—1
E T
m = —— g T (62)
1= (&) wnE 'y,
L 3\ 1
E=D '+ @ (C(”) o’ (63)

ZIT, Y, T OmBFROINY MRS, £,
(61) L (62) 1Z E OFEHE (63) 25, & ickirTaL51c
RA50, BETEWESNS I LICEESAEZN. £
7, D, CHRZRTR Wi, xO (i fiT 570, T
ATy THICE #HE LETLERD L. £, EEE
R (58) 1L EA w IHRIE L THRE BT, X BEL LT
BEIEFF O w OFEHAAT 5 BER B 5.

4.5 HE=E

FEEE o DIERRRD & &, RIST DEA w, 120 &2,
FEIE ¢y () ITTT M BEE L 2720, (6o T, FHRICH
WEE XN LD, BEHAT vy /I8N, &
BNFEEOEEFZOES SO 2EHETS.

SO ={me{t, - K+Mp|xQ) Ao} (64)

Rk, SO FHD x 16D %A1TH% Cs, STERD
FEED SR 5 IEEITH % s, SEHOEHLN LK D~V
P& ws, Ms=|SW] L35, ZhbidaTsh gk
T 570, AT v 7 ILICRARD D LICEE ST,

NT A = F D E R (42) X, — &
O((M+K)3+(M+K)N2) ODHERELE LT

B8, BEERIITS & O ((Mg>)3 n Mg>N2) <4
ThB. BT, (12) 12,



IPSJ SIG Technical Report

wg’jﬂ) :(‘I’:SFD‘I’S + Cg)il(‘I’gD‘Pgd)s + ‘I’ga)
(65)

D, ZIT, TN LT Wl LIz L, #
NUSNIFHAT » 7T i IS L TR LT 5 Z LICER SN
720,

ZZETIE, EEHFAT v AICEBNT, Ms IS U TE
BEAET DL AR L. iU, BEFETEA] B
WTHRERTH B, BETFEOBGFIEICRT 2 RE &
W, BEOBMARRER Z L TH D, BARMICE, BEF
FIETIE—ERBLIREENRT A—ZITARICED Z &%
MWD, BEFECTITEIVES. ZUCkY, Dk
DOREOHEGTREBEYHME L LT, MEEML TN T
NI X BEHNDZENATREICR D, £ DA, &<
DILEZ FTIRIEZ Y L T 25G12HT, D0t
RS TR Te.

5. EER

I ITE, REFEORKELFEREICOWT, BEF
FIEE B LU CGHET 5. HBRFIEE LT, E7V (1) I
kL CHESBOELEZFHISME Lz E (GPOR)[3],
ARD #1454 & fIV 7= BE 7 7L (ORSB), 7 5 ARD
NEFFBfR 2 B EET, 7T AMICRR-T-EHRZERL,
ARD FHiIAMZFIN L CREFE LU OME Sz L-E
7/ (SoftMax) & DI &7 > 7. H#E, 10-fold cross
validation Z1TV>, TR T bIEROE N -T2 T A
DEDY T AL —F LRGN

51 AILT—%
ANLT—ZOAERFEEZHRATS. £9, NEO MR
TERY MV EEREIERSAHENER LAST —2 &
5. FDHE Mg HORITCIZOVWTELEZ 003D 1 DO—FE
DAATERT D, ANT—XDOBERFTEFTEZSATIOA 2
TEL, AT OR/MENDRKEETE K+ 1%L,
T—HMMABZERIZ A= Rs 7 AL L=,

M 1IZA LT —ZIZOWTORER LR, UbiEE (£
X), #EEE FX) £ICHBEFELID BRVEERLE
ol

52 RUFIT—7

JEFFEIF~D R F~v—27 & LT, [3] THEHASILTWY
57—V, FEOWKTH A0, BEMIZHRIED
HIEEBEEHWLZEEL, ZODITATINELTHD
F— B OB AT T2, £, T—Z K-> Tk F
EOFENET Lishhotz. Z 2T, —EREMMIC
FEO I L =2 ERFHEKRT LT — X220V TOARE
5. BT —FOWRERZEE R 1 TRT. BEDEER
EEREFDDLE, MEFIENZE LU CBFEFRELY LE D &I

(© 2013 Information Processing Society of Japan

Vol.2013-MPS-95 No.2
2013/9/26

validation error learning time(sec)

=

=N

proposed  GPOR ~ ORSB  SoftMax

0.8
L

0.6
L

—

—a

==

04
L

0.2

00 05 10 15 20 25 3.0

0.0
L

proposed  GPOR  ORSB  SoftMax

1 N=100, M =10, Ms =3, K =3 O75—4%% 50 {4
L, #hEh 10-fold 7 0 AN F— 3 U Z4T> =56 HR. 1L
{LRazE (ZEK) &S8R (F1X).

RERND, RE<HLTF—RTALRL.

Diabetes pyrimidines | traiazines | wisconsin

proposed | 0.4940.10 0.5140.09 0.5640.04 | 0.6940.05

GPOR 0.86+0.19 0.6010.23 0.814+0.26 | 0.6840.05

ORSB 0.5740.24 0.814+0.17 0.7040.04 | 0.8840.07
SoftMax | 0.4940.04 -

£ 1 NrFv—7ORfEE

ZOHT, ORSBIZE&THORIENHISNIGENH -
7=. 72, thooF—% Tl GPOR & SoftMax @ 13
NS T LW Lo T,

S A,
6. &im

FEAEDERT, HEFEOFETRIIIEFFEEL K
X< FTHEZERICR 512, ZOFRERITEHI T — 2 BN L 0
BICHHEICEN, hOFESEIEM#E D T — 21265 LT
BRRECINIR L. FBER TH TR D 2 F%
BET, EHIZELTOTSICAHRTIETHDLZ &N
fi#t~7-.

SEH

[1] Peter McCullagh, Regression Models for Ordinal Data,
Journal of the Royal Statistical Society. Series B (Method-
ological), pp 109-142; 1980.

[2] Cande V Ananth and David G Kleinbaum, Regression
models for ordinal responses: a review of methods and
applications, International journal of epidemiology, 1997.

[3] Wei Chu and Zoubin Ghahramani, Gaussian Processes for
Ordinal Regression, Technical Report, UCL, UK, 2004.

[4] Xiao Chang, Qinghua Zheng and Peng Lin, Ordinal Re-
gression with Sparse Bayesian, Emerging Intelligent Com-
puting Technology and Applications. With Aspects of Ar-
tificial Intelligence, Lecture Notes in Computer Science
Volume 5755, 2009, pp 591-599

[5) C.M.Bishop, Pattern Recognition and Machine Learning,
Springer, 2006.

[6] Michael E Tipping,Sparse bayesian learning and the rele-
vance vector machine, The Journal of Machine Learning
Research archive Volume 1, 2001

[7] Michael E. Tipping and Anita C. Faul, Fast marginal
likelihood maximisation for sparse Bayesian models, Mi-
crosoft Research,Cambridge,U,K.,2003



