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Enumeration and Uniqueness for Optimal Cost Vertex Colorings
of Trees

Kizaka Kento1 Matsui Yasuko2,a)

Abstract: In this paper, we propose an algorithm for enumerating all the optimal cost vertex colorings of
given trees without repetitions if the optimal cost vertex coloring is not unique. The optimal cost vertex
coloring problem is NP-hard for arbitrary graphs. In 1997, Kroon et. al. showed the problem can be solved
in a linear time for trees. However, there is no algorithm for enumerating all optimal cost vertex colorings of
trees. We first give an enumeration algorithm for the problem. For a given tree, our algorithm can enumerate
all optimal vertex colorings in O(nd2) time for each where n is the number of vertices of T , d is the number of
maximum degree of T . Moreover, we characterize trees which use an arbitrary number of colors for optimal
cost vertex coloring.
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G = (V,E)

C(|C| = |V | = n) w : C → R

v ∈ V c ∈ C

{0, 1} xv,c(v, c = 1, 2, · · · , n)
G

c < c′ w(c) < w(c′)

min
∑

v∈V

n∑

c=1

w(c)xv,c, (1)

subject to

n∑

c=1

xv,c = 1, v = 1, 2, · · · , n, (2)

xv,c + xv′c ≤ 1, (v, v′) ∈ E; c = 1, 2, · · · , n, (3)

xv,c ∈ {0, 1}, v, c = 1, 2, · · · , n. (4)
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v vi K1(vi) 2

K2(vi) v

v K1(v) 2 K2(v)

C∗(v) v T
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C = {c1, c2, · · · , cn} w : C → R (∀i, j(i <

j); w(ci) < w(cj))

T w∗

1: P1(T, v)

2: w∗ := K1(v);

3: w∗ .

Procedure P1(T, v)

1: v (1-1) (1-3)

(1-1) K1(v) := c1

(1-2) C∗(v) := c1

(1-3) K2(v) := c2

2: T − v Ti vi P1(Ti, vi)

(i = 1, 2, · · · , d)
3: P2(T, v, vi,K1, C

∗,K2) (i = 1, 2, · · · , d)

Procedure P2(T, v, vi,K1, C
∗,K2)

1: S :=
∑d

i=1 K1(vi)

2: L(c) := S (c = 1, 2, · · · , d+ 1)

3: i = 1, 2, · · · , d C(vi) ≤ d+ 1

L(C(vi)) := L(C(vi)) +K2(vi)−K1(vi)

4: K(v, c) := w(c) + L(c) (c = 1, 2, · · · , d+ 1)

5: K1(v) := min{K(v, c) | c = 1, 2, · · · , d+ 1}
C∗(v) := {argmin{K(v, c) | c = 1, 2, · · · , d+ 1}
K2(v) := min{K(v, c) | c = 1, 2, · · · , d+ 1; c �= C(v)}

T

K1(v),K2(v), C
∗(v)
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1 (L.G. Kroon, A. Sen, H. Deng, and A. Roy [4])

T = (V,E) C(|C| = n)

w : C → R T

O(n) n T
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Fig. 1 Example of T
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Fig. 2 Example of optimal cost vertex coloring algorithm
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Fig. 3 Optimal cost vertex coloring of T

(The optimal value: 20)

T T v (T )

C = {c1, c2, · · · , cn} w : C → R

T

1: P1(T, v)

2: T v

(2-1) CS1(v) := {}, CS2(v) := {}.
(2-2) K(v, c)

(2-3) CS1(v) := v

(2-4) v |CS1(v)| = 1

CS2(v) := v 2

3: v CL(v) := CS1(v).

4: P3(T, v, CS1, CS2, CL(v))

5: 4 v CL(v)

Procedure P3(T, v, CS1, CS2, CL(v))

1: v

2: c′ ∈ CL(v) v vi

(2-1) CL(vi) := {}
(2-2)Case 1) |CS1(vi)| = 1

CS1(vi) = c′ CL(vi) := CS2(vi),

CL(vi) := CS1(vi)

Case 2) |CS1(vi)| > 1

CL(vi) := CS1(vi) \ c′
(2-3)CL(v) c′ CL(vi)

(2-4) P3(T, vi, CS1, CS2, CL(vi))
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Fig. 4 Tree structure for enumerating all

optimal cost vertex colorings of T

2 T = (V,E) C =

{c1, c2, · · · , cn} w : C → R

O(nd log d)

T 1 O(nd2)

O(nd log d +Knd2)

O(nd2)

n T d v K
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3 T = (V,E) C = {c1, c2, · · · , cn}
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Fig. 5 All optimal cost vertex colorings of T
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Fig. 6 Tree has the unique optimal

cost vertex coloring
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