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Dynamically Changing Utility-functions in Max-Sum Algorithm
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Abstract: Distributed Constraint Optimization Problems (DCOPs) have been studied as a fundamental
model of multi-agents cooperation. We address the Max-Sum algorithm that has been proposed as a solution
method for DCOPs. The Max-Sum algorithm generates relatively better approximate solutions when it is
applied to less cyclic factor graphs. However, in the case that the graph contains many cycles and dense
parts, the quality of the solution decreases. The solution quality can be improved by using extended utility
function MS-Stable that additionally evaluates constraints among neighborhood nodes. On the other hand,
the MS-Stable increases the size of the local problem that is computed in each agent. To employ this trade
off, we propose Z-MSS that suitably switches the both types of utility-functions while the solution method is
running. In Z-MSS, each agent switches utility functions based on the estimation values of its utilities. As a
result, MS-Stable is applied to the parts of the problem that need detailed evaluation. The effects of Z-MSS
and its parameters are experimentally evaluated applying it to graph coloring problems and weighted binary
constraint problems.
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IZHD VTR SN BRI Zi () DY 2 (b) & 7o 72
45, B 2(b) TIE, Max-Sum TIEEHIi L 2 &9 il
KXY, b DEDSRE LAY, bhiaer &b, ZDX
9 e¥pAIid, 2 (a) © Max-Sum 12 & %R a OEPUL
B> TWAH I EIZR, ARIT ZEIRTHRETH 5.
ZDE NI, BN L TwAEA1CiE, Max-Sum
Tl =V v M WE-S 72BN E T A0S (, K
B R BOREEMMET 520D 5720, FNEBDYE
A & 1L 5 R4 Tld MS-Stable DO FAE 5N
RFTWVEEZoNL, W, FHEEEE Z;(x;) 5B L Tw
HOBHE, Thbb Z(ane) & Z(zmee’) OfElick & %
DB B EIE, RN GO LS £ ) LB v,
7% 5, Max-Sum CEEHliE N TV AR WKL - T, £
D Zi(xmer ) IREVEE % B E LT, REDBEFUL
b7 K, MES 7ZIREORIRDSEN 26 Th A,
72l 2 IEARWE O E L LT, Max-Sum D X v+ —3
DV TR S N IEEAR 3 (a) o728 T 5.
3(a) THE, aler = q, gmae’ = p T, Zj(amar) &
Z,( mar’y DIEIZKE BN D B, ORI Max-Sum T
KEHEOHIRIIZ L, Z; (2o ) AR EWEE A Y, 1 3 (b)
EbEdh. M3(b) OBITIE, H3()@Z(m“)k
Zi(ae ) DK & BN D o 7272012, Zi(zme') 5d
LREREVHEE > TOIKRE L&*RT% vy Zid
Bbbiw, ZOXHZ, FUMBPAHETHL L9 %
Al BWVTIE, Max-Sum THEI T 5 IREE L MS-Stable
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Z(X ) ab\ Z(Xl) ab‘

) Max-Sum “Caﬂﬁﬁbt e D ) MS-Stable T ?ﬁlﬁ L6

Zi(w;) D Zi(zs)
3 WINOFHMBIE TS BRI R KR & 7 b B L
7\

Fig. 3 The same maximum assignments between Max-Sum
and MS-Stable.

L, BB A PO/ E W Max-Sum 2 BHTRETH 5.

B, FBBEEFPHETLZHETHoTOILTLY
MS-Stable DR DCERREFHE LN L DIFTE R W, 7
7% 51E, Max-Sum THRFHHOHFKIZL > T, LFLD
Zi(@ror Y BREL D LERS WS ThHD, Thb
B, Zi(xmer) R 2 OMDIRRED EBEEOMEARE { 7
56121, Max-Sum & MS-Stable & Tlﬁ?ﬂj—%‘ljﬁuﬁ 1z
AL HN W6 Th L. D F 0 IO
BB DI 2 TiE, BOUCERRY D L6 U)J%’S:

\ZHHH LT MS-Stable #E]) 4T3 2 LIZTERW

7%, MS-Stable DD UEN R AR T & 2T IHT LT
MS-Stable ZE[ ) B TEHZ LIFTE5.

JESBEABDE D RN D NT D BARR 7 551, RHEEIC
BAET 2 LEZoNL. FHEEAEY ) HEOHFIEA
()25 A)ICLYRESLILIITEHLEEZLNLD,
ZDEGDRNOIREZ N 5 Z L IZHETII W ET
MEIND., RIFETIE, 6 BIZBWTRXT XA =% § DfEix
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4.3 EWLGFHMEREBOEE DR

ZITlE, FHMEREEOLTIZL 5T, YO X IEEE
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HEOTZ—Y 2y hOFPHOT -T2 b D5D Xy £ —
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Vv MR ER L -G ONGOMEHBERY, R
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M
Zn(xy) = Z Ri—n(xy) ~ max U (Xm)

meM(n) xm\n )
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SR DI L%, Z,(2,) DEKRE T2 B ™o & 2RIZ
WL % amer’ PSS LR ETHS. Lo THEIEK
DI H IR T 57201218, Zn(z,) DFHEIZH 2 JE P
DI—T 2V M PEDRAyE—Y RDEEIZEE DT B
EhHL, FOAyE—Y R, FHMEBEKU 2L > THE
BENLOT, MR U #ZFEHTH52 L1285 TC, A
=Y ROWEIEHTLH. Tabb, ﬁL%W@Wﬁﬁﬁ
ONhAT—T M TIEFHIBEE U % MS-Stable |2, ¥
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AR SN VWE—T v P TIEEEIE % U % Max-Sum
VA ZEIEoT, FUEBOBESHEINDLZ &
PHIFETE, FHEI A T ZHI L DO KR DR s
CAGERN

Lo L, fjiko & 51 MS-Stable # i\ 252 & ME
Max-Sum [ZHRTEbDOTRE V2D, BIBEEOEE)
ROENLT—Vxy bERTIZBWT, DAl MS-Stable
WA LB TIE R, F2TC, TXARYA%
WEME T 2 b T, RBEAYIC MS-Stable & VA 72012, B
SRYN LB REE O 2 it L, BiiY1C MS-Stable % E )
MCTHITHRERT. BAYIC MS-Stable #E ) M4 THZ ki
£ 5T, DI MS-Stable M SN 25 Z L IZ X AR
ANOWMAKEHLBERRCTELLEEZONS,

4.2 i TRz X 512, Z-MSS T3 LB OHHIC X
), MS-Stable 2% TdH HIRW & Z ) TR IRP & & H]
W5, 2512, BERVICBITHEMEROEEIZBNT
b, FBEBICESWTHRIZT) . $abb, FERAIIC
BOTELEBEOHEN RSN LA 120 M, MK
|2 MS-Stable # fI\: 4. D412 MS-Stable % J\» 5 T-ik
T, DMl Max-Sum THFFHMOHIK b FFiT 25 2 & T
fROKEEDETIIHEME 2B, Lo L, MS-Stable DFHE
DA NPENT LI, 4.2 §i Tl 72 B 0¥
SR S N B MS-Stable DRFAVNE < 7 o 723K
IZBWTH MS-Stable Z il T 4720, FIHEI A MD&
TIEKA L VW EEZHNL. DX DI, MS-Stable ®
fERC &0 BB OWESRON R ot -T2 v
MZBW T, MS-Stable TRIE SN/ X v —Y RVH
EEUEMOI—Y v MU S & 4 ORI
WEEG5.2 TWbOT, FHliEd% % MS-Stable 70 b —FFY
12 Max-Sum IZJRLTH, MOBEIZAIIXE T LEWE
zoNb., LaL, Max-Sum 123D fFETIE, A v
=Y RIFFHIREB U L BAE R VT WSRO X v
=T QILLoTRIME SN LD T, EWHIR Max-Sum 12
ZEHELZFFICLTBL EHUVHLBE W # IR SN
RORBENMETTL2UEEELH L. L L, DRl
MS-Stable Zffi ) & LI13FHHE 2 X P DEEDS L VW EE RS
M55, MS-Stable & RHIRIHib 2 VWA 12 b O KGR 12
MEDH L. 2O enb, FUEEOHE HEREE LT
B ICEFERE 20 0 B 2 TV AR TH L &%
ZAbhb,

4.4 7Z-MSS OFEE

Z-MSS 3B RAE I HD W TEHMiES X Max-Sum & MS-
Stable # 8 Y) ¥z CTHWA. #D72%, Max-Sum (23D
CIRETORA v =Y ROFHE, Avt—T Q OFtHE,
B OFHHED 3 OOWMITINZ, Z-MSS T3 2%
OB, B O¥E 2R T A0 4T . B
ORI (15) 129> TEHE S 5. LB O i %
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if Z;(x[*") < Zi(x*** ) + 6 then
use MS-Stable as U;(x;)
keepFuncCycle < A
else if keepFuncCycle < 0 then
use Max-Sum as U;(x;)
else
keepFuncCycle < keepFuncCycle —1
end if

4 JEBBBIHED R RO U)F: 2 Tk Z-MSS
Fig. 4 Z-MSS that dynamically changes utility-functions based

on marginal-function.

L, SR AY ) Bz 2 AR 4 12", 22T
keepFuncCyecle & 1%, Max-Sum 7* 5 MS-Stable (28] ) %
bofzb &, MS-Stable IZX DEIHE SN2 A Y £ — T D5
P T ai SN B ETICTIED Max-Sum (25 2 & 2[5 <
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RAZI, B Frb o 725HmBI RIS & o TEHmEASEHE S
NBZECZT YA RNENE, A0 LD HREVH,
$ 725 MS-Stable (2 & ) A [AI X v & — Y DOEEATDN
5 F T Max-Sum [R5 WX ) I2T 5.

4.5 Z-MSS DINT X —%

Z-MSS TI3fFDOAEE LEIH O X b OFi# %, FHliRA% D
TP EbLYRT LK 587 X =% § &, MS-Stable
TOFENBERT NG A=FND2DD/357 A —5 %
WTAT) . Thbbioix REL{T5L, HABEKOMH
P L TR EHET LIV 2y "SR, 70
WL LT LD —Y =¥ MHEHIE % MS-Stable |2
POEZLOT, MOKBERZINEL, SHEIX FATKEL
LBHEEZOLND, T2, NOEEKRELT AL, Ml
% MS-Stable (28] ) #z /22— = &~ hAY Max-Sum (2
RAHFEFTIHMEZEST S, 20720, »AHEIZBWT,
SEHRE 4% % MS-Stable & L CWA L —Y = ¥ b ARz
DEEEHNEL b, TNCE Y BoRE RN EL, B
TIAMIKEL LS.

AL, 6 & XN DfEIFRKE (T 513 L MS-Stable ®
RS E, BWRORBELHVEIEIA ML RS, i
IZEZ/NE T 54138 Max-Sum OIS &, KW
DIFELERVEIEIA N, L2 L, BOROKEE
CWETE I A M EMYV.EEE-0121E, ChHDEE
YT 0B H L. 72k 21F, MS-Stable 1281
BRATWLEHMEZERT NDOEEZ /NS LT ELLAI2E,
MS-Stable QAR AT ICELEL T, MOREIMET
THEEZONLD, HIZNDEEZREL LT ELLAEIS
&, BB O AR S /21212 b MS-Stable % il ]
LTLE)Z-OERANL L s, F26 12T, HilY
DFFMED A — VR 75 7 OREEIZ & > THEBEEAKA
ST A LEZONL 20, BIBEICEDE T2 HE
T4 2L TEYRIEMIC MS-Stable Z W5 2 EHTE 5
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EEZOND.

4.6 BLHIFHMEREABZAVIEEIIOVTDEER
Z-MSS Tl Max-Sum & MS-Stable @ 2 -2 @ 3 %%k
FUVEZ CHWA 20, £ —Y 2~ b Tld Max-Sum
& MS-Stable ®EFAMiERIC X > CTEHEEN A v =T
RPXFENTIZZE S NS, Max-Sum & MS-Stable T
&, Avt—Y REFBETLHICHCLHIK25E) 720,
Ayt —Y ROZEDAr — VTR LB, bbb, R
(5) ® Max-Sum DA%t &, X (8) » MS-Stable
FHRA% R AR A L, K (8) ICEEND f; OARMEL
X G) IXBITLEFMELE ERZS5ERIY D L. TOk
I RS &, K (5) OFFEAS (3) D Ry, DEET
BV ® B EGIIHXF NS 2 b, 2O L) RIRRDS
fkfe 3 AU, g ORI BIESBEE SN L EFEZOND.
L2 L, Max-Sum [Z&ED T, £T—-Y 2V b T
XD BLOQ) I TAY =T Q ZFIMET HBIZIE
HALZAT). ZOEHLICE D, Max-Sum & MS-Stable
ETRME SN Ay =Y RDAT — )V DE VDRI X
N5, ZO#E, Max-Sum & MS-Stable & TEIME &7z
S D EOEBIIREINEL hbEEZLNL. b
b & Max-Sum CIXIEBRILL7ZzA vy =T % W TRIE
R 720, EMERFHEfE T LEE LTB 5T, FFHlifEo
VEAME % Fl o CHERGEIR & 7 BIRAER BIRT 5. k)
|2, Max-Sum & MS-Stable & #) ) Bz THWTH, FF
il D JEAUE % F v CHERER A 3 L) TV ) A4
DRFOBEIZ TR % 5.2 70\,

5. &4
5.1 TBAMERETOHE

2 TlE, PERTHETH S Max-Sum & MS-Stable, F2
FTHED Z-MSS 122\ T 3O THEEAREZ v CEF
filid 5. #%IELK 10, 15, 20 DRMEZ K& 100 GIET >~ 5
LR L, RBIREIZEB VT 10 [T L2, SRR A
O TEEE) O3 T340k L. $4abb,
KIHEEROB n OFERIEE Lz, 2ok s, ZEOBD
BEhnE & B2, 2THEOMARDH ,Co I2HT 5, Hk
DDA T 5. ool biz, 77970
7)) = 71 OBASHF IR L, 7 ) — 212k
WER I e HERE 120 L CARD & # 2 5L A MS-Stable D%}
Bd, HWITNSL b EZON5, DIETIE, Lid
DO &% HAZ [HIFOBEE] MR, HilF2I3H—d
WO E B EHICT T LIER L.

FFECBT 2 FHOER R EFHHEEZ B L 72, EK
B L oW O 4 As [ DIRREZ # IR L 2B Ek &£ L,
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A7 IVEBEAE LCHEB L2, Z-MSS 2B\, Wi
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Fig. 5 Results of graph coloring (3n constraints).
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Fig. 6 Results of graph coloring (4n constraints).
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Fig. 7 Results of minimization problems (3n constraints).

ave. amount of computation

2
S m DSA M Max-Sum B MS-Stable O Z-MSS
20

15
10
5
o
10 15 20

num. of vertices

(a) P38 SR

ave. amount of costs

=]
¥

6
B Max-Sum B MS-Stable [ Z-MSS

1E+5
1E+4
1E+3
1E+2
1E+1
1E+o
10 15 20

num. of vertices
(b) TRy
8 HfilK OR/MEREIZ B B 5l (OB D 4 fEOHIFIED)

Fig. 8 Results of minimization problems (4n constraints).
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7(a), M 8 (a) Tl&, [ 5 (a) DRI BT A5G E
B0, $RTOHELEBIZBWT Max-Sum & MS-Stable
DENNEL Y, MOBEOYHFEEN/NE L RoTz.
ZD—J7T, Z-MSS & MS-Stable (31 (Z[[]% 0 Ml &
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Table 1 Cost values for different graph structures and cost functions.

problem stucture DSA | Max-Sum | Z-MSS Z-MSS | Z-MSS | Z-MSS | MS-Stable
a=0001a=001l|a=01|a=1

graph- complete 12.00 17.21 16.61 15.80 12.14| 12.14 12.00

coloring 4clique 5.12 7.85 7.81 5.06 5.06 5.06 5.09

4cliq.-rand. m = 60| 7.03 8.69 6.88 6.12 6.02 5.99 6.05

4cligq.-rand. m = 80 11.03 12.50 10.60 9.90 9.84 9.83 10.00

weighted complete 2.00 3.13 2.99 2.80 2.28 2.04 2.01

graph- 4clique 0.66 1.56 1.44 1.08 0.71 0.62 0.63

coloring 4clig.-rand. m =60 | 1.14 1.26 1.03 0.97 0.95 0.96 0.96

4clig.-rand. m = 80| 1.84 1.99 1.69 1.63 1.62 1.66 1.63

minimization- complete 15.35 14.05 13.66 13.48 13.17| 12.73 12.51

problem 4clique 10.16 10.15 9.42 9.25 9.10 8.67 8.65

4clig.-rand. m = 60| 16.12 16.15 15.58 15.18 15.11| 15.11 15.02

4clig.-rand. m = 80 | 21.90 22.40 21.79 21.18 20.86| 20.86 20.45

DT UYL TR MERZRERE L7ZHEIZE, bThrid
5 MS-Stable D/ e iR E R o7z, Thida X ME
DEALH, Z-MSS DY KT /NT X =5 § ITEEE G
A2 THBLEEZLNSL., ZOHIIOVWTIE, § 21
A MEDAr = VIHB) S5 7% EOWROFRMDEH 5.
X 7(b), X 8(b) T, M 5(b) DRMEEIZBIT L5
& ARROMEMAT L Sz, F/MEME T OO EEA
INEVEIZDOWTIE, R/MEBECIIROaEEE R
FTRTOEBMEOIZH LTI A MEDHEESNT WA
®, MS-Stable TEXH SN A DB WH &L Max-Sum T
BEXHESNLHEEOBIIEDPEFNIL L o7 EEZS
L., ZOZEh»b, MS-Stable B & OF Z-MSS % [H3#H 12
WHT BB, MEOELH LHREZEST 52 LW
BECThHhbLEEZLND.

6. Z-MSS DEY)L/INT A —%

Z-MSS ($JE D% Z(x) % FREECREmE B A AT 5.
ZORBEE Z(x) DEEL, FEORER ST 7 Ok
BEWCESoTENTHEEZOND. 2070, L 0EY
LEHMBBEOWE R 2479 720121%, 7T 7 Ok ME
REICAEDE, BYRNTA—FERET LI ENY
FLWEEZOND, F2TZ-MSS D8F % — 5 DIAL
12X B2 L 5.2 HiTik_7: MS-Stable & Z-MSS 2SH %)
HREERRDL 02, 7T 7 O & REZ 2L s,
Z-MSS D/8T A — ¥ Z RS & TFATL, FFfi L 7.

Z-MSS DI85 XA =513 5 L XD 2MHTH L. TV
FEERIIBWT, T E L TRAZSOEZFHEL, XD
EZEE LT, ZORE, WIho § DfETDH, MS-Stable
DNEAGE SN D 720120, N TEH A 7 VAR IZLET
Hotz, T, SHITANOMEEMMLTY, BOKEEIZH
ERUEEA SN o7, FIEEEZIHT LI L2 EE
FHUL, A DfiEId MS-Stable DRI FEAE: S N5 HPHT/H S
CTRETH DD, ZOEIRO LR 70 & FIIEH A

© 2012 Information Processing Society of Japan

JIVHIRETER LN Ens, KREERTIE, 5 BEDHE
BREFMIZAN=3 L L7z, 2O—FT, § DEIIREDET
MR EAELS & 22 LA IR E VW EEFEZ SN L 7z20, /3
TA—=5 § AL S THEEET 7.

77 7 DL complete, 4clique, 4clique-random @ 3
DOFEENZ DV THINTZ. complete (X, TXTOTHMAIZ
HiKBBH 5 7T 7T, b HIFEESE <, MS-Stable
TSN AR DL L 5B 7T 7THAD. dclique 1, 4
HEPO R 55277 7THEEME 2 IEE L7275 7
T, BOBEPERT LR TV ) =7 oD 7T
7 CTHA. 4clique-random 13 4clique DREIZHT LTT ~
FLICHRZ BN L7277 7 CTh A, THREUL complite %
10, 4clique & 4clique-random Tl 20 TH 5. #llFE m
I& complite 2% 45, 4clique %% 34, 4clique-random (& 60 33
L8O & L7z, Ihbid, WD THEED 3B LU 45
OFEmEMELZ &S, BEOMEE L L CIBal#E (graph-
coloring), HEAfF EHMEMHE (weighted graph-coloring),
3 A M HMERTE (minimization-problem) @ 3 2% Hw
7z, HAAT S HAARMEE, DO O ZEBAEAE L
FIZOH, 01775 0.3 DEREEHELIZODTHL. B
gL 2 2 M/MERTEIZOW T, 5 LA TH 5.
T3 Max-Sum, Z-MSS, MS-Stable & H vy, Z-MSS
IZDOWTIE/NT XA =% § % 0.000 26 1 I2&fbEE7. 7
T 7 Ok L MEA LSS AORORE YR 112,
FHEELR 2 IO, ENTIELGHIOVIOFEITLE, &ff
I2B1F % MS-Stable DEED L b, FHIINNTA—=F D
AU X BIRDOREEE D ALK & o 7o EAM S EARME
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Table 2 Amount of computation for different graph structures and cost functions.

problem stucture Max-Sum | Z-MSS Z-MSS | Z-MSS | Z-MSS | MS-Stable
a=0.001|a=00l|a=01| a=1

graph- complete 81 4,893 15,448 | 57,870 | 57,870 59,049
coloring 4clique 31 42 141 143 143 146
4clig.-rand. m = 60 54 525 1,009 1,239 1,495 10,326
4clig.-rand. m = 80 72 8,482 17,739 | 20,664 | 23,878 159,477
weighted complete 81 4,916 16,462 | 39,920 | 44,177 59,049
graph- 4clique 31 41 63 86 106 146
coloring 4clig.-rand. m = 60 54 487 909 1,175 | 3,127 10,326
4cliqg.-rand. m = 80 72 8,050 15,833 | 18,276 | 43,292 159,477
minimization- complete 81 2,440 5,648 | 14,269 | 21,982 59,049
problem 4clique 31 33 40 49 70 146
4clig.-rand. m = 60 54 159 370 521 | 1,084 10,326
4clig.-rand. m = 80 72 1,931 6,020 9,440 | 16,224 159,477

» Wcost M computation [ B cost H computaition oo cost [ computation o

1.6
3 6E+4 140 12 1E+4
L4 120
2.5 5E+4 1
12 8E+3
100
2 4E+4 1 0.8
8o 6E+3
15 3E+4 0.8 0.6
60
0.6 4E+3
1 2E+4 0.4
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05 1E+4 0.2 2E+3
: 0.2 20 i
o oE+o o o o oE+o
8=0.001 8=01 MS-Stable 8=0.001 8=0.1 MS-Stable §=0.001 d=01 MS-Stable
Max-Sum §=0.01 8=1 Max-Sum 8=0.01 =1 Max-Sum  §=o0.01 =1

(a) complete DG

(b) 4clique DIH

(¢) 4clique-random D6

9 HAFEIHEMEIZBIT2MONELFIHE

Fig. 9 Solution quality and amount of computation in weighted graph-coloring.
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