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This paper, being a continuation of the preceding one by the same author, “On Kutta-
Merson Process and its Allied Processes?,” gives the development of it.
With the ordinary differential equation

%:f(x, ¥, ¥( @)=y

we try, concerning firstly to the case where f(x, y) is the function of x only and secondly
to the case where f(x, y)is a general function of x, ¥, to make those Runge-Kutta formulae
with the ability of error estimation which compute the function three to five times at each
step.

The basic difference between the methods of Kutta-Merson Process and also of F. Ceschino
and the methods indicated by the author is that the procedure of making integral formula,
which was omitted for the simplification’s sake in the former, is made use of in the latter
in order to obtain the higher accuracy of error estimation and also of the formulae searching
for the numerical solutions.

In addition, for the optimization of the formulae, the author makes use of certain criteria
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used by A. Ralston and some others as well®.
The formulae given by the author, which are concerned with the case where f(z, ) is
a general function of x, y, are especially effective when the function f(x, y) is much

complicated.
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/"30‘20'31‘932+#4(%20"“841')014+’ﬂ5(§2aiﬁ5i>
as=1/8 (3-2-7)

#4azﬁazﬁ4s+/’5{azﬁazﬁss+(ii:zaiﬁn)‘en}
=1/24 (3:2-:8)

izﬂiai4=1/5 3-2:9
Ps

3
(D){ Hzoras®Bas+ #4<i2=‘.2azﬁu)ai
4
-+ l‘s(;zai/ssi)asz: 1/10
3-2-10)
3
H100%B32Bast /‘5{“22532ﬂ58+ (Z ai2.34i>1954}
i=2
—1/60 (3-2-1D)
3 4
ﬂsazzas.ssz'*'M(Z ai2.34i)014+ ﬂs(z 011:2‘851:)
= i=e

as=1/15 (3+2-12)
U5z B33Bs5B50=1/120 (3-2-13)

Ha0r® B+ #4( gf i.34i)2+ /‘5( gza iﬂsi)z
=1/20 (3-2-14)
3 4
H305° sz + /h(igzaiaﬁuz) + #s(§2azaﬂsi)
=1/20 (3-2-15)
taos(as+ a4)ﬂszﬂ43+#s{az(a3+as)ﬁazﬁss
+ (gzaiﬁ4i>(a4+ as)ﬁu} =7/120
3-:2-16)

(FERR D) oFHEowUL, 8 bl
L) :

y2 % 5th order ¥ & T 52 L ORFHEHE—7F 7
bbb, D) BOMOFELLWI E—RDOWTUL,

F. Ceschino 12 L 5EBHA DAY, 2T, =T o

2 3rd order ETH B X 51k (C) HOHERNLD
BHOAREEDE, DWT, 3 A7) BEOR
4th order HE—— 8 WM Bic % h® D — & ~DITYH]
DEEERIEN 0 THhH—nb Lo (D) B
OHBRNDR B-2-D~(B-2-11) HkEHT.
TOLEMBENDEHIWCHERRL 4 HHEY D
DDT, Thb% az as, ag, as BT A~% 11T
BhE, B D 4-4 HoR D~ BITKI
NTHREES.
WE
E(as, as, as, Bs)=as(as—as)
—2 asay(az—ay) s

Flas, as, Bs)=as(as—as)—asBa(3 az—2)
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G(asz, as, a)=as(az—as){2 aaz
—ay)—3 a3+2}
H(as, as, ay, B832) =6 asay(az—ay)(as—as) Sz
LB,
_ G(as, as, a) + H(as, as, ay, B32)
6 ax(as—a3) E (az, as, ay, Bs2)
@3-2-1D

vy = (3 az—Z)E(azy Qgy 4y [932)—2 A4 %
6 as(az—as) ECas, as, as, B32)

* (ars—a)F (as, as, Bs)

Ve

(3-2-18)

— Faz, as 1632) 3.2-.19

Y4 3E(C(z, gy 4y ,632) ( )
4

v1=1—tzzvg (3-2-20)

LEhin T, ERIGEINRIERAS £ -2 (a
as, ag, as) LT, kiK/RLER (1D~A5), (3-
2+17)~B -2 20 %AKHATHZ L X btk
FaiETHE, vk 3rd order B, ye 3T h S
FED X\ 4th order Biicicd. HH 5 4 — 2 (ay
as, ag, as) (X, XER D O 2. CRCTERI AT
Yy BEEOHIEHELXA, BFTEBIC X 5RNAR
BRb ESWTED LR, FROFGEL, £ »
BERBECT 535 2—20/ (az as ai, as) D
BEREEY RS, DWT, FOhTHEREDKEY
BEIRVBRY LB ERBER n ¥ 5L 5504
WREAK. ¥ EEBECT S5 2~ 20055
WA OWTIE, Xk 8) DR BV THRCMbh
T DT, FTORKELAG., B5h-AXKO—fF|
OFRT. thy (ARX) &T5.

ki =hf(Zo, Y0)

ky=hf(x,+0.0005 A, y,+0.0005%,)

ky=hf(xo+0.285 h, y,—80.89939470 &,
+81.18439470 k,)

ki=hf(2,+0.992 h, y,+2113.327899 &,
—2117.778035 ky+5.442136522 k3)

ks=hf(2o+h, yo+2249.757677 k,
—2254.489040 ky+5.739991965 ks
—0.008629230728 k,)

Y1=yo0— 131.2823524 &, +131.4998223 &,
+0.4837620276 k4
+0.2987680554 &,

Ya=yo+65.80784286 by —65.94767173 k,
+-0.7959885276 k;
+4.715404915 £y —4.371564570 ks

T =—65.47450953 k;+197.4474940 k,

(AR
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—0.3122264999 k;—4.416636860 &,
+4.371564570 ks

3.3 Kutta-Ceschino Process (< L < iX3Hk
10) & X.)

ARDO—BF B D~B+4) KRBT, Hic m
=5, n=4, v;=8s; (j=1, 2, 3, 4) LHH¥ Kutta-
Ceschino Process D —fR 2\ E bR 5. ZOBEH
EfERDHAR 1%, SEHHOBEEGEOED Y
MELTHLbN, HICIEDBHE L,

KB D~B+4) KFNT, a1=H10=0, az=§y
=0.2, a3=0.8, Bs=—1.9085441, B3;,=2.7085441,
a;=0.58, B,=—0.19998240, B,,=0.72770983, Pis
=0.052272571, a;=1.0, f5;=v,=0.78126170, Ps;=
ve=-1.1191761, Bs3=v3=—0.23706888, Bs;=v,=
1.5749833, p,=0.10483420, £,=0.20115260, pg;=—
0.031342495, £,=0.57264801, #;=0.15270764 & ¥
Wiz DAy Kutta-Ceschino Process ¢, 1962 4 F.
Ceschino iz & » TAIK I NP, Ll, HicX 54
AR T, ARBECHRERELOBREYFELLT
Ligu, FHIX, TORBROBBLMGP, Hick
LB T EEY bl E R BR L.

¥-%, Kutta-Ceschino Process & —&ic k1T %
FHOMRT NERHER L, LOBEITRES. v;=Ps
(G=1,2,3,4) &hhic B:2) XTHEL LR B
g1 75 3rd order AR THBH LW H%H:, LU 3
+3) THAHLNID y: » 4th order AXTH B &\
5&HEnDL, 2EFWRTHERAR G-3:1)~@3-3
c4) BLO 3.2 kT AHIHER B2 D~
3-2-8) 185,

iﬁsj=l B3-3-1
=
J_gzﬁsjaj:l/z (3-3:2)
,_422‘55](1.;2=1/3 (3 «3. 3)
5=
azﬁszﬁss+554(§20iﬂ4i):1/5 (3:3:-4)

Fhho O BEIHBRY as, s, ay 35 2 —2 L
L TR,

pi= A—a){(1-2 az?—4I(as, asy #4) %
4 J(az, as){azas—(az+as)+1}

x(A+as)+4 t(art+a)f(as,a0l
=P(ps) 3-3:5)
fefiL
Ias, as, ) =(1/3)—(as/2)+ puas(as—ay)

vt



iv

4y

(¥

Lt
AE

Vol. 9 No. 5

J(az, a))=a(az—ay)
Thd.
#s={ICaz, as, p)+J(aza)ps}/(1—az)
=R(#4) 3:3:6)
Bss= Cay—ag) P(p) ot asPUp ) K1) «
K(pa)(aspa— asP(p)Z)+ L p10)

x L )P W L2
on ~—‘P{u )Z) @-3 7)

LV

ferEL

K(p)=1-3R(#s), L(p)=3 R(14)~0.75
Thb.

Bss=W+ZB353=Q(8s3)

ZZT

(3-3+8)

2—'3 ag

_ ag(az—as) 5
6 a(as—az) » 2= TH3.

a(ay—az)
Bra=— JCaz, ag)R(p4)Bss+J(az, as) &
JCaz, as)py

Q(Bs3) R(p¢s) + 1—12-(1—2 as)

3:3:9
5 Boo— Pt~ RC1Bss
P aK(Bsay p10)
x_— AaPas K(Bsa, t4) (3-3-10)

Z 2T K(Bss, ) =8sstta—P(2)Q(Bs3) TH 5,
1-2(usas+ paas+ p25)

He= 2 as (3'3'11)
1 3
= =B 3 ;B4
e R
1—2 i aiﬂs
fuu= %—i G-3-13)
Bs1=1 (l};ﬁsi (3-3:14)
m=1—(Zm) (3-3-15)
a=1 (3-3-16)

fei2l, EOFEREZBITD p i3, 2¥FOHBERD
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BThB,
4 J(as, as)R(#4)ﬁsa+{4](azy @) BsuR (1)

5 (1=2 @) (= ot KCe))— JCaz, @)l

4 Bsapts RCp2) — Bsstta+ P(p) Bsas(1—4 R(1))}
=0 B3-3-17)
BAAROAY Y BE ¥, X 1 o 2.

CEWTERIRICREYAYV, AT#HEREC I VE
BoORELERARL., LirL, CORILEBLIREE
TOERCETiL, Kutta-Ceschino Process DFR
ERBBIRTMELBbhic, COFRCL->THEDL
i, F. Ceschino iz X % 8137 » BT
ZHOo/REL, TSI OBREDEEULHREGLD
D+oickED diciowz ersmbhicz L TH B,
WREAABC X D AHHF 10 eidbht, E
L\ &E#% 3> Kutta-Ceschino Process #, &z
7.
Kutta-Ceschino Process
Ry=hf(xo, Yo)

ke=hf(2o+0.2 b, yo+0.2 k)

Ea=hf(2o+0.8 b, yo—1.908543733 &,

+2.708543733 k3)

ky=hf(2,+0.58 h, ;—0.1999824887 k;

+0.7277099168 k:+0.05227257188 k;)

Y1=Y0+0.7812626965 &, —1.119177885 &,
—0.2370692383 k31 1.574984427 &,

ks=hf(xo+h, y1)

Y2=170+0.1048342712 &k, +0.2011525848 kz
—0.03134250489 k3 +0.5726480043 &,
+0.1527076443 k5

T=y—

wE, EAEX @3- 1D)~@+3+4) L G-
2:-1D)~(3:2:8) TE\WT, FROEL AL LD
Ex 100 fELILDETRER &1, Xy - y L1,
Ly 3. Dk %, F. Ceschino &t %870
#35, EFKw X HE process D 8Tk LU0}

Table 3. # & M o N x

7i;(x.Totzésése&c£ln; ) ’ Xt l X2 xs x4 x5 xe x7 2;7 xe x:‘ x11 7 X1z
§e%shino =X % | | —i0 —734{ 9| —w0| w | M| 19| % -l - ‘ —67
FHCISRR (BT | 0| —200| -108| -31 0| —s0 | o1 | 54 | =54 | —m | -1 l 54
ﬁefg:;:xa%ﬁ (o | 0 0 0 0 ’ -10| -3 -1 l -1 l -1 | (0 l -1 l -2




270 B #% £ =®H

DRFEOBDORBDIITD 21, gy ooooe- y Xy L1z D
{EiZ, Table 3. DX 515,

3.4 AKXiERE L HER

Sz, v) 25z, y O—BBEARTHHHEDHEARD
thEgE, Y BECHEEE UK 1. 0 2fivk
YD) =0T h i XY, BEEEONLZ L
MNTED, LT, B0k, 3k iHEIh
THARCHTH b OESR, —&EFIc L Table
4. W,

Table 4. AR OITH HKE

Kutta-Ces-
(A& D (AR XD | chino
Process
Bs 6.895x 1074 —_— —_
Cs 4.754%1077 —_— —_
%1 As 3.074x1072 | 3.221x107! | 3.506x 107!
By 7.488%107% | 8.389x10°3 | 7.693x1072
Ca 1.573x1075 | 1.959x10°® | 3.386x1078
As 2.58x107 | 2.575x1077 | 2.890x107%
Y2 Bs 5.176x107% | 8.567x107® | 6.169x 1073
Cs 6.524x1074 | 3.642x10715| 6.536x107®
BRI « | 5 | s
dy 1
Table 5. =L =——_-x%* 2)=1 o z=2-1
iz 3TV y(2)
TR D RAEMR
108 x (F | 108 x (H#
& = BB pmey | ERE) |T/TE
0 TE T
B R WD 0.8772275929 118.8 120.1 | 0.99
@ R 0.8771340986 26.6 26.9 | 1.01
Kutta-Ceschino
Process (10 Gic)| 0-8771164490 9.0 8.6 | 0.96

Table 6. 9L —5Y  4)=1 p 2=0.1

dr 1+x
BT BB
108 x (E | 108X (§
& e R @) | wme) |7/TE
v TE T
(& R WD 1.610011268 —498.7 | —445.6 | 0.89
% R X 1.610923240 45.2| 4229 | 1.02
K““abcff%im 1.610932634 122.6| 463.7 | 1.10

28, SERCTARDOFENELL fTbhicz
LR VET B, —OOKIEGIRZRES. Table
5. 13, (AR, (ARX) # XUt Kutta-Ceschino
Process T, WG FHER
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%Z—=——;_—x2y2, y(2)=1
%, HBIE0.1T 2=2.0 b1 X7 » 7EHF LI L
X OHEMR, EOBERL IOHEREY T, Table
6. 1x, HHSHER

%, £=0.0 1HHXAE0.1T1AT v FEBH LD
DEDOWT, FARERAERZRAARCLOTHS.

(ARIX) & Kutta-Ceschino Process i, [§] U 5 |
DB ER AT HETH DD, HFCIIEER
BOTRRETH » L BERLRD AR ELFHR
EhMb%. LiLl, ZoREELT v KNEBEC
b, HEEREORKEN LS, Table 4, 5 X106
DEENLTOERIIFEDORD,

3:-5 X E

DERRTARIL, Kutta’s 3rd order rule (Sim-
pson’s one-third rule) & classical Runge-Kutta
Method LZ#AHLEILD DT, v BIV ¥ 1%
WFh 3rd X0t 4th order ZETH B, Thi
ABRX) &35,
ky=hf(xo, Yo)
ke=hf(@o+h/2, yot+ki/2)
ks=hf(xo+h/2, Yot+ka/2)
ky=hf(Zot+hy Yo—Rs+2k2)
ks=hf(xo+h, yYotks)
Y11=+ (1/6)(ky+4 ks+ky)
Ye=vo+ (1/6) (%1 +2 ko +2 ks+k5)
T=|y1—v:l

FReBs T, % vy 0T BE O HE
Ex 5% 550 THBHN, TR v OITFHEE
OREYVFERAING, 20X, BEELRDX
5T HROIWVEEORE I, X VEXRDOAR
DFYIY BERFE - T 5O, filic Kutta-Mers-
on Process 2B 5. FEEH, Tk D BLIOzZ03
MBS WTREL L#ARL, v R BERLRDS
AR, TZoNUVBEEORBIV 252530 &
BT T, AERBEOAR LS. chboR
HE, 4EB DL 5 EOBKETER X b 4th order
BB\ LIZE 5th order DARDITYI v EX D BE
Y RBLRS.

B-4-1

(3-4-2)

€ =-9.9)

4. ¥ ¥ ©

TER D) BIV AR BT EEShR #HAR
1%, TRCZODBEORLIBEITAR v v DE
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LT, EBBEOAR v oYY BEOKER, »
ZVINEREDOARN v OTYEEOREY B 5
FETHD. WThoOBETENTh, ¥ OFTEY
BENR, v OV BECHELTELLRE W

ERREEIN TS, LTAR, ZoREE—BICIT
HYETA», ik, B A, ) ©d, s
AEFHECT2ERBCLEETHLDOTH S, EH
2, ZOFRENR DL ARHEC I - TR T3 &
5 y: DITHIVBELXTRERB Y &%, un 0y
BE*DHHIBERI 2. o CREERRECLED
57, EREREOKRFHLZ OBOARDERCHE b
HMETH . :

BN 3R TRET 5 AR, B (=, v) 28
BT, step ¥ hiwowT, HEOARBIELTER
FOEHBERCTEENNI W EEFRCESTH
5. .

o, COWMREE LDHY - TR IHE
BrBHONRRAERNE—HE, Besaled-
TEE LT LB RFILTREC O D REEK L ¥
T, FR2HBIV3HO—Fi T, EEZEOWRE
BRRFHFEAA, BN, BE, £8E, Bk 8
DEBCHB I W& L, —SENSLTHE
kbbb TRETT.
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