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Abstract

In this paper we describe a method for the calculation of Ka(z) with complex argument.
The z-method proposed by C. Lanczos is applied to the computation of Ka(z). The func-
tion Ki(z) is written

K,(z)=(£)me-'f.(l),
2z z
where fa(¢) satisfies the differential equation
2 Fa7(6)+2(2+1) f,.’(t)—(nz—%) Fa(t)=0.

The polynomial approximation for f.(t) is performed by putting the shifted Ultraspherical
polynomial to the right hand side of this equation. Then it is found from error analysis
that the choice of the shifted Legendre polynomial—a special case of the Ultraspherical polyno-
mial—leads to the most efficient computation of f «2) for Re(z)>0.

Combining this method with the method using the recurrence technique, the value of
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Ki(z) can be obtained efficiently in the whole complex region.
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B 9, |lizid, ¢t BEOEROEAOHEL
T, t=0.5(z=2), m=8 &%, n=0, 1 DT,
o BXU ¢/8 ZEALIEILEXDEXTEE €8 €18
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# 1 HuEZE s XU a5 (¢=0.5)

Table 1 Relative errors €,s and €1,5 (¢=0.5)

‘ n=0 ‘ n=1
a t t/B { Qo,8 l €o,8 Qs 1 €18
0.8 }—6.8515—04 4.18E —09| ~6.69E —04| —4.91E —09
o 0.9 | =7.53E —04| 2.63E —09|—7.02E —04| ~2.93E —09
1.0 |—3.55E—04; 7.39E —10;—3.65E —04; —9.05E —10
1.1| 9.99E-03|—1.29E —08 8.07]-:—03‘ 1.24E —08
0.8 |—5.62E —04] 3.27E —09|—5.03E —04] —3.52E —09
o4] ©° —2.77E—04| 9.24E—10/—2.61E —04 —1.04E —09
: 1.0 |—1.49E—04| 2.97E—10{—1.52E —04 —3.61E —10
1.1| 1.35E—02/~—1.67E—08 1.09}2—04; 1.61E —08
0.8 |—5.92E—04] 2.32E—09]—4.97E ~04 —2.34E —09
019 0.9 |—1.16E—04] 2,61E—10|—1.03E —04 —2.76E —10
) 1.0 [—2.55E —05| 3.42E—11|—2.61E —05|—4.18E —11
11| 2.12E-03,-1.77E—08] 1.73E—02 1.7tE—08
0.8 |—5.84E —04| 2.19E—09|—4.84E —04|—2.19E —09
0.5 0.9 |—8.41E—05 1.81E—10{—7.10E —05/—1.83E —10
' 1.0 |—8.82E —07| 1.14E-12 ~1.11E—06‘—1.71E—12
1.1| 2.22E-02/—1.78E—08] 1.81E—-02 1.72E—08
0.8 | —5.73E—04| 2.07E—09]—4.69E —04|—2.03E —09
o5 | 09|—48E—05 9.98E—11/-3.57E—05 —8.84E —11
"1 10| 2.65E—03{—3.28E—11| 2.66E—05 3.93E-—11
B! 2.33E—02!—1.7QE—08 L9OE~02| 1.73E—08
|
0.8|—3.10E—04] 7.90E—10|~1.56E —04| —4.78E ~10
0.6 0.9 472E-04 —6.89E—10{ 4.76E—04| 8 32E-10
' 1.0| 4.27E—04]/-3.73E—10| 4.32E—04| 4.51E-10
1.1| 3.49E—02|—1.90E —08 2.85E—-02‘ 1.84E —08
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# 2 HAXBEE lesl (1¢]=0.5)
Table 2 Relative error |€o,s| (|¢]=0.5)
| €08l
—arg?
a 10° 20° 30° 50° ] 60° 70° ) 80°
0 7.62E—10 | 8.37E—10 | 1.00E—09 | 1.39E—09 | 2.35E—09 | 4.90E—09 | 1.17E—08 | 3.01E—08
0.4 3.06E—10 | 3.40E—10 | 4.24E—10 | 6.46E—10 | 1.26E—09 | 2.94E—09 | 7.56E—09 2 07E—08
0.49 420E-11 | 741E-11 | 1.62E-10 | 3.89E—10 | 9.74E-10 | 2.52E-09 | 6.78E—09  1.90E—08
0.5 " %2.02E-11 | *5.82E—11 | 148E—10 | 3.73E—10 | 9.51E—10 | 2.48E—09 | 6.70E—09 | 1.88E—08
0.51 3.74E—11 | 6.28E—11 | *1.44E—10 | *3.62E—10 | 9.31E—10 | 2.45E—09 | 6.62E—09 | 1.86E—08
0.55 1L.79E—~10 | 1.91E—10 | 2.33E-10 | 3.89E—10 | *8.92E—10 | 2.32E—09 | 6.32E—09 | 1.79E—08
0.6 3.80E—10 | 4.02E—-10 | 4.47E—10 | 563E—10 | 0.59E—10 | *2.24E—09 | 6.00E—09 = L7IE—08
0.7 844E—10 | 894E~10 | 9.84E—10 | LI14E—09 | L46E—09 | 2.43E—09 | *5.64E—09 | 1Ls7E—08
0.8 L39E—09 | L47E-09 | 1.62E—09 | 186E~09 | 226E—09 | 3.12E—09 | 579E—09 | L47E—08
0.9 2.00E—09 | 2.14E—09 | 2.36E—09 | 2 71E—09 | 3.25E—09 | 4.19E—09 | 6.54E—09 | *1.44E—08
L0 2.72E-09 | 2.89E-09 | 3.19E—09 | 3.67E—09 | 4.39E—09 | 5.54E—09 ] T.86E—090 | 1.48E—08
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ZOMAT, KHIEEEDBITIE, mERESThidk
WS, Ka(z) 2R L RD 3700icid, LA, 3
THR~BEALRE RO ZHEEFR L BL0.

2.1.2 Re(2)<0 0igS

(AN OAHDFE 2513, Re(2)=0 @ & FiTiIFHL,
FREERE €am 12 (18) DK S EMEIREE LTEDY
TEDTEIN., LIch-T, Re(z)>0 v:x ok
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\V2m P, ;
"zx(’z‘) F=i(p+ayed
Pm*(j)

(j+Dajn

L3, 1L, A BENMCRINCERTH B,
R, EARGECEZbOLHBLT, RUER
AT, 2~4KENEL, ChidksaEEoX

*RBETHS.
3. #tXEBEWBHFEEOBA

WitRE AV Z LR, BERERAVS L(z) 0
HENPIC LD, L(z) (n=0,2,4-) &R,
X In(z)

— Z 2ne)
Ko(z)= (log2+7)fo(z)+2k§1 :

(24)
dy=2

(2%)

7: Euler O,

Io(2)Ki(=z)+1(2)Ko(2)=1/2 (26)
kv, Kiz), Kiz) %5ET5LDTH5. TOM
[ERAERVZHER, Re(z)>0 oE#fa, BXU,
Re(2)<0 OAHEERT, Ko(z) ZADREE DF|ETR

Or

Im(z)
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£ 3 (B)ROFH ;s BLU 4, O (HEE)
Table 3 Coefficients ¢; and &, in Eq. (23)
" (single precision)

B
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£ 4 B)ROHK ¢; BIU d; OE(EHRE)
Table 4 Coefficients ¢; and d; in Eq. (23)

(double precision)

Ko=)
J cj dj
0 1.0000000E 00 3.0094208E 00
1 1.1284751E 02 1.4980228E 02
2 1.2853403E 03 1.2942917E 03
3 3.9445368E 03 3.5218822E 03
4 4.5406188E 03 3.8262424E 03
5 2.2266165E 03 1.8214178E 03
6 4.6410607E 02 3.7362417E 02
7 3.3299090E 01 2.6568830E 01
K(z)
J cj T dj
0 1.0000000E 00 7.0924498E —02
1 2,5551605E 01 6.3548351E 00
2 1.5087998E 02 6.5364018E 01
3 3.3339671E 02 1.9367116E 02
4 3,2547067E 02 2.2133847E 02
5 1.4708600E 02 1.0896663E 02
6 2.9472379E 01 2.2894000E 01
7 2,0773483E 00 1.6574841E 00

HEENTES. (ThSoFEERTIE, ((25)0%F
BOFIFLB2HOAE IHMIFELL, TOME
KEBWTH®R L 2 H95.) EEic, Ko(z) 208
BOBRETHETXIHEBERD B L, HRLLT,
B3 icrghicdboB o, ((25) @ k iz X#R 6)
O METEUILN.)

L7chi-T, 2 Tii~fz t-method & T @ #{LR
ZROVEHEAERIC L > TEODINIY, ERER
2T, Ko(z), Ki(z) #ADEBEOBRETRDBCT
EMTE BT Ehbh 3.

WANAIE m IZ LT, (28) OBBEH NI 4
£, Re(z)>0 pigAicid, BUEE (8D) TR,

Ia(2)=—2.25 Re(z)+4.5 @7)
T, (23) © m=7 & L%, 5% (18D) <id,
In(2)=—4 Re(z)+8 (28)

T, (23) @ m=19 & LREHO, £hATR,
AR ERAVC A IFEERAVAIE, ADEBOERET,
Ko(z), Ki(z) ZHEEHNCRDON B Edbh 1.
EIbXUuFLiTR, ThEh, m=T7T BXU m=19
DEED (23) D ¢, d; DEWREINTHE. (I
B, (29) OHIEICE VTR, ELOWMELEETS
DT, B ;5 d; ZEREITHRD B1DIC, 4EHEKE
(42D) THEZTRE-72.)

—F, Re(z)S0 D&, WREH WV 35
T, Ko(z), Ki(z) 2O BEOBRETRDZ T &

AN Kofz)

j\ ci dj

0 | 1.00000000000000000D 00 | 6.30712524957247507D 00
1 | 9.05424879193518607D 02 | 2.13040675096670269D 03
2 | 8.26595780388865165D 04 | 1.28847000298466179D 05
3 | 2.11461570482790715D 06 | 2.62251853668714834D 06
4 | 2.21138097639685782D 07 | 2.38293042345893973D 07
5 | 1.15304418497927946D 08 | 1.13435365612590850D 08
6 | 3.38414423189949094D 08 | 3.13233751198475720D 08
7 | 6.05821612246759435D 08 | 5.37767659200430696D 08
8 | 6.99367414203444102D 08 | 6.02895230383873860D 08
9 | 5.41557476393325808D 08 | 4.57228023288970511D 08
10 | 2,89222683934275594D 08 | 2.40537191390116006D 08
11 | 1.08549647107259574D 08 | 8.92868763365957334D 07
12 | 2,89509995664119662D 07 | 2.36193550202407913D 07
13 | 5.50806234911773473D 06 | 4.46616906154600592D 06
14 | 7.44480973200955287D 05 | 6.00850330685312840D 05
15 | 7.04899117228808499D 04 | 5.66879257531755437D 04
16 | 4.54352350930749062D 03 | 3.64385197678814330D 03
17 | 1.88908277388261226D 02 | 1.51178300501558502D 02
18 | 4.54504011818692272D 00 | 3.63191112316056462D 00
19 | 4.78835035490393440D —02 ! 3. 82055081989277015 D — 02

Ky(z)

j ¢j dj

0 | 1.00000000000000000D 00 | 2.72781164650679092D 02
1 | 1.69554971144461453D 02 | 1.65850948107612888D 01
2 | 6.50752679054324770D 03 | 1.19412682637481279D 03
3 | 0.57058004638479476D 04 | 2.64653886260254806D 04
4 | 6.85752724138577843D 05 | 2.52967870503308490D 05
5 | 2.74341311754439489D 06 | 1.24538028555474949D 06
6 | 6.67500833592968437D 06 | 3.52228767631646320D 06
7 | 1.04574308668198609D 07 | 6.15660366952793567D 06
8 | 1.09758863605723719D 07 | 6.99908627603702161D 06
9 | 7.93865147138095634D 06 | 5.36749100104974206D 06
10 | 4.03646324097507703D 06 | 2.84956043991656787D 06
11 | 1.46206097639341452D 06 | 1.06580961908567733D 06
12 | 3.80005306422589643D 05 | 2.83758223868221126D 05
13 | 7.00500134853749928D 04 | 5.39516962516554119D 04
14 | 9.45885391340128715D 03 | 7.29300963156017856D 03
15 | 8.86653188811316031D 02 | 6.90943441234541473D 02
16 | 5.67345435238516206D Ol | d.45769962086800950D Ol
17 | 2.34646178190303923D 00 | 1.85549572309580393D 00
18 | 5.62536580556620644D—02 | 4.47071008576603958 D —02
19 | 5.90977366310304025D —04 | d.71531716362931004D —04

T3, |z] ODREVWEZATHE, 25 0 kol
Rosk& 78D, ERNTLEL, £2T, |z] Ok
WEZ AT, HLEREER

X I\ kg,
w(z)= e X — (29)

2z i=02°}
KBNT, BHEDE XK k=9 L L2bD%E | 2|
=10 T, EBEDOEEICIE F=36 L LbD% 2|
=18 THOWHE, HDEEDERE T & - T Ko(z),

«

— 4
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Pllic# T, t-method Itk 2 Ka(z) OFED:
K2OWTBN. 20K, #AHER (6) oHLD
shifted Ultraspherical £IHR, Ca*‘*(¢/8) %, shift-
ed Legendre £EA LRY, BONAELRcHENT
B=t L L1 &E&it, Re(2)>0 @ |z| O/RZ TN
L Z AT, Kio(z),Ki(z) 2RI RHONBT &%
AR A B U TR L. £, O t-method i3,
FREAVIHEENAT I LiIE T, HEFP
HERT Ki(z) #ADEREORE THREMIZRD S
EMTEBRTEEARLE.

58, KFER, BEBRRFABHERL4—-T
TiE -7z,
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