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Performance Optimization for the Blocked Householder
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QR Decomposition Using the Dynamic Programming
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TAKESHI FUKAYA,! Yusaku Yamamorof?
and SHAO-LIANG ZHANG!

Blocking techniques are widely used in high performance matrix computa-
tions. When using them, it is important to optimize a blocking way, which
influences the performance of computations. However, because of the high de-
gree of freedom in blocking techniques, such optimization is generally done in a
limited class of blocking ways. In this paper, we propose a framework to deter-
mine the efficient blocking way for the algorithm of QR decomposition. In our
framework, various kinds of blocking ways are represented systematically with
binary trees and an optimal one is determined by dynamic programming. Re-
sults of numerical experiments show that our framework has good possibilities
in the view of the automatic performance tuning.
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Fig.1 QR decomposition using the Householder transformations.
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Fig.3 Representation with a binary tree.
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Fig.6 Binary trees which represents a conventional blocking ways.
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Algorithm 1 Dynamic Programming (DP)

Input: m,n
Output: Bqgr|,], Bwyl[,]
for h=1to m do
Tqrlh, 1] = Twy|h, 1] < House(h)
end for
for k =2 ton do
for h = k to m do
Tqorlh, k] = Twy[h, k] — +o0
fori=1tok—1do
tor — Twy [h, l] + Tapp (h, ik — 7,)
+Tqrlh — i,k — 1.
twy — Twy [h i + Tapp (b, i,k — i)
+Twy[h — i,k — 4] + Tage(h, i,k —1).
if tqr < Tqrlh, k] then
Tqrlh, k] < tqr, Bqrlh, k] < i
end if
if twy < Twy [h, k} then
Twylh, k] — twy, Bwyl[h, k] — 4
end if
end for
end for

end for
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01 0000000O0o0Oo0oooo 02 000000000000
Table 1 Computational environments used in experiments. Table 2 Time for optimization (sec.).
No. oo oo oo ooo ooooooD goooo oo
CPU Intel Xeon X5670 (2.93GHz) 1000000 model 1 - 1.95 x 10° 1.95 x 10°
ooo 24 GB 1 model 2 5.81 374 380
1 OS Yellow Dog Enterprise Linux model 3 2.73 373 376
goooo gee ver. 4.1.20 00000 -030 model 1 _ 2.68 x 10° 2.68 x 10°
BLAS ATLAS ver. 3.8.0 2 model 2 11.6 208 220
CPU Intel Xeon X5355 (2.66GHz) 1000000 model 3 5.04 192 197
ooo 16 GB
2 oS Red Hat Linux
ooood Intel icc ver. 9.1000000 -O30 00O0f0 hOOODODODOOO 10000000000000000000000o0ooo
BLAS Intel MKL ver. 9.0
ggdo
godooooooboboooooboooboboooo
5.1 O0O0O0OO e J0OODOO [-05,05 000000
gooooOoooooo110 2000000 e QRUODOOOODO 1I00DODODODO
5.2 0000 e J00DDOODDDOOODDOOOD 5120000
JooQrOOCOOOODOODOO000D0OO0ODOODOOOO0DO 300000000000 e JO0D0OODODOONOAlgorithm 100 m =n = 5120
gdooooooboooobooooo e I000IOOOOBer BwyOOOODODODODOOOOQROOOOOOODODODODO
model 1000000000000 0D00DODODOOOOOOODOODO 0d0oDboOooooooboboooooooa
model 200 0000000000000 BLASOOOOODOODODOOOODOODOOO e dl0d20d300000000DODOODOODOODODODODOODOOODOO
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0000000000000 0oo0 QRUODOOODODOOO0OOO0O0DOoOoOoooOoOog 00000000 00ooo0oooo0oo fO0 hODOO0O0OO0O00DoOO0o0oooooooo
b0 recursive bisection m=n=512000000000 hOOOOODOOO 1000000000000QRO
fO fixed-size blocking 0oo0dbooboooooooooOoboooDoboo0OooDOo YOO 8OUOUOOODOOOD
h0O hybrid blockingO f O bO 000 f0 hOOOOOODODOOOOODDODOOOOOOO0OO0OoDooOooooooooo
dlmodel 100000000000 DOODOODODOODO goobooooom
d20model 200 0000000000000 DOODOOO
d30model 300 0000000D0OO0OOOOODOOOO *1 model 1 000000000000000000000000000000
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Table 3 Execution time and estiamted time for computing QR decomposition on the environment 1 (msec.). O Parenthetic number

means the optimal block length.

execution time (msec.) estimeted time (msec.)
in model 1 in model 2 in model 3
m n b f h d1 d2 d3 b f h d1 d2 d3 b f h d1 d2 d3 b f h d1 d2 d3
128 128 1.42 1.13 (12) 1.12 (12) 1.10 1.53 1.41 2.75 2.60 2.49 1.77 2.42 2.54 8.78 5.16 6.94 5.73 4.00 4.23 6.39 5.34 5.85 5.29 4.74 4.68
256 128 | 2.48 2.05(12) 2.04 (12) 2.03 235 2.66 | 3.24 3.03 288 233 284 3.14 | 9.11 549 7.24 576 454 477 | 6.14 508 586 4.85 4.59 4.47
256 256 6.97 5.58 (12) 5.47 (48) 5.32 6.66 7.28 9.01 7.92 7.57 6.23 8.10 8.78 21.1 13.6 17.2 14.5 11.5 12.0 16.5 14.8 15.5 14.0 13.5 12.9
384 128 | 3.59 3.01 (12) 2.96 (12) 2.92 3.29 4.00 | 4.42 391 3.86 3.20 3.75 4.49 10.2 6.59 839 721 586 644 | 742 6.39 7.20 6.20 6.03 5.83
384 256 10.4 8.61 (12) 8.29 (48) 820 9.16 11.1 119 103 10.1 875 102 121 23.8 16.3 200 174 144 156 189 183 184 163 17.1 15.4
384 384 17.8 15.5 (18) 14.5 (48) 14.4 16.9 20.2 20.7 18.5 17.4 15.4 18.7 22.0 35.4 27.1 32.6 29.1 24.6 25.9 32.9 32.9 32.8 30.3 29.3 28.1
512 128 | 4.77 3.93 (16) 3.89 (12) 3.77 4.15 5.08 | 5.71 4.83 496 4.10 4.76 5.70 114 7.26 948 831 6.88 745 | 868 7.52 842 7.54 7.38 7.08
512 256 13.8 11.8 (12) 11.3 (48) 11.1 12.2  14.7 156 13.6 13.3 11.7 134 159 | 275 19.8 236 21.1 18.0 19.7 | 23.0 23.3 225 21.0 222 19.6
512 384 24.1 21.8 (18) 20.4 (48) 20.2 22.3 28.9 26.8 24.8 23.1 21.0 24.0 30.5 42.0 33.2 38.8 35.5 30.8 32.8 39.1 42.1 40.2 37.7 37.3 34.8
512 512 | 39.8 33.3(18) 30.6 (48) 30.8 34.6 426 | 43.2 374 346 31.8 36.8 444 | 67.6 49.6 56.8 52.0 455 49.8 | 59.8 65.9 61.7 585 559 525
04 0000020000 QROUOODOOOOODOODOOODOODOOOOOOO oooooooooobooooo
Table 4 Execution time and estiamted time for computing QR decomposition on the environment 2 (msec.). 0O Parenthetic number
means the optimal block length.
execution time (msec.) estimeted time (msec.)
in model 1 in model 2 in model 3
m n b f h d1 d2 d3 b f h d1l d2 d3 b f h d1 d2 d3 b f h d1 d2 d3
128 128 1.81 1.56 (12) 1.63 (16) 1.67 1.85 2.01 2.00 1.80 1.80 1.49 1.98 2.07 18.4 4.20 18.2 7.34 2.54 2.54 20.4 5.18 20.2 9.00 3.02 2.92
256 128 2.70 2.38 (16) 2.48 (16) 2.49 2.78 2.99 2.62 2.50 2.41 2.19 2.78 2.87 19.3 4.22 19.1 9.58 3.41 3.49 21.3 5.16 21.1 11.7 4.11 3.96
256 256 | 7.73  6.40 (16) 6.57 (16) 6.54 7.03 7.68 7.47 6.55 6.36 5.73 6.96 7.47 | 409 102 39.8 19.0 846 860 | 454 13.1 449 235 104 10.2
384 128 | 3.57 3.13 (12) 3.26 (12) 3.17 3.69 3.93 | 3.48 3.25 3.28 2.890 3.62 3.81 20.0 5.70 13.5 9.83 431 4.41 223 699 165 11.9 5.14 5.09
384 256 10.7  9.01 (16) 9.11 (24) 9.04 9.67 10.2 | 998 9.00 881 812 953 9.81 | 43.5 128 29.8 233 11.2 115 | 485 164 36.3 286 13.7 134
384 384 | 20.3 16.7 (20) 16.6 (24) 16.7 183 19.5 19.0 16.3 159 147 174 182 | 499 222 471 36.8 200 20.5 | 59.7 28.2 581 452 24.3 238
512 128 | 4.35 3.89 (16) 4.01 (12) 3.89 4.44 4.57 | 4.23 4.05 4.10 3.61 4.43 458 | 209 573 143 11.3 519 519 | 231 6.89 173 13.6 582 5.80
512 256 13.7 11.6 (20) 11.6 (24) 11.5 12.5 13.0 12.7 11.7 11.3 10.6 12.3 12.6 46.3 14.9 32.4 26.1 14.0 14.3 51.5 18.1 39.2 31.6 16.5 16.5
512 384 | 26.2 223 (20) 22.1(24) 219 247 257 | 243 21.7 21.0 19.7 23.2 243 | 55.7 28.0 52.6 44.1 256 26.5 | 65.8 34.8 64.3 53.8 30.5 29.8
512 512 | 43.3 35.0 (24) 34.6 (32) 34.6 37.1 399 | 393 333 32.0 30.3 344 370 107 43.9 103 63.5 39.9 40.6 119 52.5 116 76.6  46.8 45.7
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