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Regular Paper

Decidability of Reachability for Right-shallow
Context-sensitive Term Rewriting Systems

YosHiHARU KoJima, ™12 MasAHIKO SAKATLT!
Naoki1 NisHIDA, ! Kencuirou Kusakarit!
and TOSHIKI SAKABE!

The reachability problem for an initial term, a goal term, and a rewrite system
is to decide whether the initial term is reachable to goal one by the rewrite
system or not. The innermost reachability problem is to decide whether the
initial term is reachable to goal one by innermost reductions of the rewrite
system or not. A context-sensitive term rewriting system (CS-TRS) is a pair
of a term rewriting system and a mapping that specifies arguments of function
symbols and determines rewritable positions of terms. In this paper, we show
that both reachability for right-linear right-shallow CS-TRSs and innermost
reachability for shallow CS-TRSs are decidable. We prove these claims by
presenting algorithms to construct a tree automaton accepting the set of terms
reachable from a given term by (innermost) reductions of a given CS-TRS.

1. Introduction

The reachability problem for two given terms s, ¢, and a reduction of a rewrite
system R is to decide whether s is reachable to ¢ by the reduction of R or not.
Decision procedures of the problem for ordinary reductions of term rewriting
systems (TRSs) are applicable to security protocol verification ” and to solving
other problems of TRSs. Since it is known that this problem is undecidable for
general TRSs, efforts have been made to find subclasses of TRSs in which the
reachability is decidable or undecidable +4-2):9:13)-18) " a5 shown in Fig. 1.

A context-sensitive TRS'? (CS-TRS) is a pair of TRSs and a mapping from
a function symbol to a set of natural numbers, where the mapping is used to
specify that arguments are rewritable or not. CS-TRS is used in evaluating if
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Fig.1 Major subclasses of TRS in which reachability is decidable or undecidable.
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then --- else --- or case structures.

We have already shown that reachability is decidable for linear right-shallow
CS-TRSs 9. However, linear right-shallow is not a large enough class to express
practical programs (e.g., multiplication).

In this paper, we show that reachability is decidable for right-linear right-
shallow CS-TRSs. Right-linear right-shallow, however, is still not enough to
express practical programs precisely, but we can express programs closer to the
precise one.

Innermost reduction is a strategy that rewrites innermost redexes, and is known
as good at representing call-by-value computation widely used in most program-
ming languages. Therefore, the languages that adopt call-by-value computation
and if --- then --- else --- structures (e.g., C languages) have computation
models defined by the innermost reduction of CS-TRSs. For innermost reduction
of TRSs and CS-TRSs, some decidable classes of reachability are known #1011
However, these classes do not have a large enoughe similarly to the case of the

ordinary reduction of CS-TRSs.
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13 Decidability of Reachability for Right-shallow Context-sensitive Term Rewriting Systems

In this paper, we also show that reachability for innermost reduction (innermost
reachability) is decidable for shallow CS-TRSs.

We show the results of this paper by presenting two algorithms. The first algo-
rithm constructs a tree automaton (TA) recognizing the set of terms reachable
from a given term and a given right-linear right-shallow CS-TRS. This algorithm
is based on the procedure for linear right-shallow CS-TRSs'?, and we introduce
the idea in Refs. 14) and 17) to adopt the procedure to left-non-linear CS-TRSs
as well. The second algorithm constructs a tree automaton with constraints be-
tween brothers (TACBB) that recognize the set of terms innermost reachable
from a given term and a shallow CS-TRS. The second algorithm is achieved
by introducing the TACBB Anr that accepts the set of normal forms to check

whether each subterm is rewritable or unrewritable

2. Preliminary

We use the usual notations of rewrite systems? and tree automata®. Let F
be a set of function symbols with fixed arity and X be an enumerable set of
variables. The arity of function symbol f is denoted by ar(f). Function symbols
with ar(f) = 0 are constants. The set of terms, defined in the usual way, is
denoted by 7 (F,X). A term is linear if no variable occurs more than once in
the term. The set of variables occurring in ¢ is denoted by Var(t). A term ¢ is
ground if Var(t) = (. The set of ground terms is denoted by 7 (F).

A position in a term ¢ is defined, as usual, as a sequence of positive integers,
and the set of all positions in a term ¢ is denoted by Pos(t), where the empty
sequence ¢ is used to denote root position. The depth of a position p is defined
as the length of p and denoted as |p|. The height |t| of a term ¢ is defined as
max({|p| | p € Pos(t)}). A term t is shallow if the depths of variable occurrences
in ¢t are all 0 or 1. The subterm of t at position p is denoted by t|,, and t[t'],
represents the term obtained from ¢ by replacing the subterm ¢|, by . If a term
s is a subterm of ¢t and s # ¢, s is a proper subterm of t. We denote s <t
(s <0t) such that a term s is a (proper) subterm of t. A context C is a term that
contains the symbol O, and C|[t], represents the term obtained by replacing O in
the position p of C by t.

A substitution o is a mapping from X to 7 (F, X) whose domain Dom(o) =
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{r € X |z # o(x)} is finite. The term obtained by applying a substitution o to
a term t is written as to. The term to is an instance of t.

A rewrite rule is an ordered pair of terms in 7 (F, X), written as [ — 7, such
that | ¢ X and Var(l) D Var(r). We say that variables in Var(l) \ Var(r) are
erasing. A term rewriting system (over F') (TRS) is a finite set of rewrite rules.
Rewrite relation = induced by a TRS R is as follows: s = t if and only if
s = s[lo],, and t = s[ro], for some rule | — r € R, with substitution ¢ and
position p € Pos(s). We call lo a redez. We sometimes write »? by presenting
the position p explicitly.

A rewrite rule | — r is left-linear (vesp. right-linear, linear, right-shallow,
shallow) if 1 is linear (resp. r is linear, | and r are linear, r is shallow, [ and
r are shallow). A TRS R is left-linear (vesp. right-linear, linear, right-shallow,
shallow) if every rule in R is left-linear (resp. right-linear, linear, right-shallow,
shallow).

Let — be a binary relation on a set 7 (F'). We say s € 7 (F) is a normal form
(with respect to —) if there exists no term ¢ € 7 (F) such that s — ¢. If each
proper subterm of redex is a normal form, we say the rewriting is innermost. We
denote the innermost reduction of the relation — as —™. We use o to denote
the composition of two relations. We write = for the reflexive and transitive
closure of —. We also write = for the relation — o---o — composed of n
—’s. The set of reachable terms from a term in T with respect to the relation
— is defined by —[T] = {t | s € T, s = t}. The reachability problem (resp.
innermost reachability problem) with respect to — is the problem that decides
whether s = s’ (resp. s =" §’) or not, for given terms s and s’.

A mapping p : F — P(N) is said to be a replacement map (or F-map) if
w(f) CA{L,...;ar(f)} for all f € F. A context-sensitive term rewriting system
(CS-TRS) is the pair R = (R, ) of a TRS and a replacement map. The set of -
replacing positions Pos (t) (C Pos(t)) is recursively defined: Pos" (t) = {e} if ¢ is
a constant or a variable, otherwise Pos*(f(t1,...,t,)) ={e}U{ip|i € u(f),p €
Pos*(t;)}. The rewrite relation induced by a CS-TRS R is defined: s > ¢ if and
only if s -7 ¢ and p € Pos”(¢). If a term ¢ has no redex at Pos"(t), we say t is a
context-sensitive normal form. We denote the set of a context-sensitive normal
form of R as CS-NFx. If each proper subterm of redex is a context-sensitive
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14 Decidability of Reachability for Right-shallow Context-sensitive Term Rewriting Systems

normal form or not in a p-replacing position, we say the rewriting with CS-TRS

is 1nnermost.

A tree automaton (TA) is a quadruple A = (F,Q,Q7, A) where F is a finite
set of function symbols, @ is a finite set of states, Q7 (C Q) is a set of final states,
1qn) — q OT q1 — q
,qn,q € Q. We sometimes omit F' if it

and A is a finite set of transition rules of the forms f(qs,...
where f € F with ar(f) = n, and ¢, ...
is not necessary to specify explicitly. We can regard A as a (ground) TRS over
F UQ. The rewrite relation induced by A of A is called a transition relation
denoted by > or —. We denote || as the length of a transition sequence o (if
ais s ™ t, then |a| = n). We say that a term s (€ 7 (F)) is accepted by q € Q if
s *f} g, and if ¢ € Q7. we also say that s is accepted by A. The set of all terms
accepted by A is denoted by L£L(A). We say A recognizes L(A). A set of terms T
is regular if there exists a TA that recognizes T'. We use a notation £(A,q) or
L(A,q) to represent the set {s | s - ¢,s € T(F)}. A TA Ais deterministic if
s ¢ g and s — ¢’ implies ¢ = ¢’ for any s € 7(F'). A TA Ais complete if there
exists ¢ € @ such that s *X) q for any s € T(F). A state ¢ € Q of A is accessible
if L(A,q) # 0, and if every state in @ is accessible, A is reduced.

A tree automaton with constraints between brothers (TACBB) is a extended TA

in which transition rules have constraints between brothers. Constraints between

brothers are recursively defined: T, L, equality ¢ = j, and disequality i # j
are constraints between brothers where i, € N, and if ¢; and ¢y are constraints
between brothers, then a conjunction ¢; A ¢3 and a disjunction ¢ V ¢y are also
constraints between brothers. A term f(t1,...,t,) salisfies the constraints be-
tween brothers c if ¢ is true by assigning true to T, equality ¢ = j if ¢; = ¢;, and
disequality i # j if t; # t;, and false to L, equality i = j if ¢; # ¢;, and disequality
() S qor g g
where ¢ is a constraint between brothers. A term f(¢1,...,t,) can reach to a
state ¢ by the transition rule f(qi,...,q.) = ¢ A of a TACBB if t; -> ¢; for
1<i<nand f(ty,...,t,) satisfies c.

The following properties on TA and TACBB are known®.

i # j if t; = t;. Each transition rule is of the form f(qi,...

Theorem 1 All of the following holds for TAs and TACBBs:
(1) For agiven TA (TACBB) A, there exists a deterministic complete reduced
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TA (TACBB) A’ that recognizes £(A).

The class of recognizable tree languages is closed under union, intersection,
and complementation.

The membership problem and the emptiness problem are decidable.

3. Decidability of Reachability for Right-linear Right-shallow CS-
TRSs

In this section, we prove that reachability for right-linear right-shallow CS-
TRSs is decidable. To this end, we show the algorithm P.¢ that constructs a tree
automaton recognizing the set of terms reachable by a right-linear right-shallow
CS-TRS from an input term.

The algorithm P is based on the algorithm in Ref.9). In Ref.9), if a term
t matches both a rewrite rule and a transition rule, then we produce transition
rules to accept the term obtained by the rewriting. For example, if we have the
rewrite rule @ — b and the transition rule a — ¢, then we produce the transition
rule b — g. However this algorithm can only deal with linear right-shallow TRSs.
Therefore, we introduce the ideas in Refs. 14) and 17) to deal with the left-non-
linear system, and the idea in Ref. 10) to deal with context-sensitive TRSs.

In Refs. 14) and 17), to deal with left-non-linear TRSs, we use subsets of the set
of states of input automata as the set of states of output automata. In Ref. 10),
to deal with context-sensitive TRSs, each state ¢ of input automata is divided
to (g,a) and (g,1)*'. We merge and modify these ideas to deal with right-linear
right-shallow CS-TRSs. We show an example of automata construction in the
following where it can be seen that the automaton obtained by P, recognizes
the set of terms reachable from an input term correctly.

Example 2 Let R = {a — b,b — d,c — d,f(zx,2) — g(x,¢),g9(x,z) —
h)}, w(f) = {1}, ulg) = {12}, p(h) = 0, and A = (Q,Q7,A) where
Q _ {qa,qb7qc’qf(a,b)}’ Qf _ {qf(a,b)}7 A — {CL N qa’b N qb,c N
¢, f(q% q*) — ¢/@}, and hence L(A) = {f(a,b)}. Pe output the automa-
ton A, = (Q.,QI,A,) that recognizes = {f(a,0)}].

*1 In Ref. 10), divided states are denoted as ¢ and q.
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15 Decidability of Reachability for Right-shallow Context-sensitive Term Rewriting Systems

The set of states Q. is the set {(P,a), ({p},1i)} where P C @, P # (), and
peqQ, Qfis {(Pf,a) | Pf € Q,PfNQ # (I} and the set of transition rules A,
is

a — {¢"}x%),
b — ({d'}x),
b — ({¢"}a),
¢ — (¢} %),
A*_ d — <P1,a>,
fl{a )=, {d" 1) — {a "}, %),
g <{qb}7a>’<{qc}7a>) - <{qf(a7b)}7a>7
h({{d"q}a) — ({a/“}a)}
where Pi C  {¢%¢" ¢} and x € {a i} We obtain L(A.) =
{£(a,0), F(5,5), £(d, 1), 9(b,), g(d, ), g(b, ), g(d,d), hd)} = = [£(A)] D

Here we describe Example 2. First, we obtain ), by augmenting parameter a or
i to each state and taking subset of () for the first components of the states. From
the set of transition rules A,, it can be seen that ({¢®},1), ({¢°},1), ({¢°}, 1),
and ({¢/(*®},1) only accept the terms accepted by ¢%, ¢°, ¢¢ and ¢/(*?) and
({q°},a), ({¢*},a), ({¢°},a), and ({g7(*P)} a) accept the terms reachable by R
from the terms accepted by ¢%, ¢°, ¢¢, and ¢/ (*®) that is a, b, ¢, and f(a,b),
respectively. From p(f) = {1}, the state in the second argument of f in the
transition rule must have i as its second component. In this way, A, does not
accepts the terms obtained by rewriting the second argument of f. Moreover, we
have £(Ax, ({¢%,¢°},a)) = (L(A., ({¢®},2)) NL(A., ({¢°},a))). Indeed, the state
{{q®,q°},a) accepts only d, and the term reachable from b and c is only d, too.
Since the term that is reachable from f(a,b) and matches f(z,x) is only f(b,d),
we produce the transition rule g(({q"},a), ({¢°},a)) — ({¢/@Y} a) from the
rewrite rule f(xz,z) — g(x,c). Since the term that is reachable from f(a,b) and
matches g(x,z) is only g(d, d), we produce the transition rule h({{¢%, ¢°},a)) —
({g7(@P} &) from the rewrite rule g(x,z) — h(z).

Concrete definition of the algorithm P is the following.

Algorithm P:
Input A term ¢ and a right-shallow CS-TRS R = (R, p).
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Output The TA A, = (Q.,Q, A.) such that £(A,) = = [{t}], if R is right-

linear.

Step 1 (initialize) (1) Prepare a TA A = (Q,Q’,A) where each state ¢°
accepts s € {t} URS(R), and RS(R) is the set of a proper ground subterm of
the right-hand sides of R. Here we assume @ = {¢° | s<s', s’ € {t} URS(R)},
Q7 = {¢'}, and L(Ags, ¢*) = {s} for all ¢*.

(2) Let
o k:=0,
o Qu:={P(CQ)|P#0} x{a}u{{q} g€ Q} x{i},
e @Y ={PI(CQ)IPINQ!# 0} {a}, and
o Ap:= {f(<{q1}7i>ﬂ SER) <{qn}ﬂ 1>) - <{Q}7i> ‘ f(qh .- '7qn) —qc A}
flar, - an) = q € A,
U f(<{q1}»xi>7"‘v<{qn}7xn>)_> <{Q}7a> x; = a--~ifi€u(f),
i --- otherwise

Step 2 Let Agyq be the set of transition rules produced by augmenting tran-
sition rules of Ay by the following inference rules. Let C' be the context that
has no variable:

(1) If there exists 0 : X — T'(F') such that x;0 —*A—: (P, %) for all 1 <¢ <mn,
we apply the following inference rule:
Clzy, ...,z — g(r1,...;rm) € R,C{(P1,x1), -y (Pnyxn)] Z—k> ({q},2)
g((Pl,x1), - (P x)) — ({a},a) € Apa
Let I; = {i | i = r;}. Each P} and x; is determined as follows:
{q’"f} ifT‘j ¢X,

o P — P; 'if’l"jeX/\EiEIj.Xi:i, and
/ Uf’i---ifrjeX/\Vielj.xi:a.
i€l
o ¥ — i ifjdulg)n(rje X =3eljx; =1i)), and
L=

a - -- otherwise.
(2) TIf there exists 0 : X — T(F) such that x;0 *A—k:> (P;,%;) forall 1 <i <n,
we apply the following inference rule:
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16 Decidability of Reachability for Right-shallow Context-sensitive Term Rewriting Systems

Clzy,...,xy) = x; € R,C[(P1,%1), ..., {Pp,xn)] —*A—: ({q¢},a)
<Pl7a> - <{Q}aa> € Ak-‘rl
Let I = {j | z; = 2;}. P’ is determined as follows:
P --ifdielx; =1, and
UPi o ifVie ILx; = a.

o P =

Step 3 For all statg,[(Pl U P2 a) € Q. where P! # P?, we add new transition
rule to Ay as follows:
(1) fU{(P1,x1)s. o (Pn, %)) — (PYUP? a) € Agyq where

if x) = i for some j € {1,2} and

P

o P = E L(Ag, (PLx})) N L(Ag, (P2, x2)) # (), and
PlUP? . ifxl =x}=a
a--ifx} =x? =a, and

® X;= . . .
i---if otherwise.

if f((PJ,x)),...,(P1,x})) — (P7 a) € Ay for j € {1,2}.
Note that if £(Ag, (P},x})) N L(A, (P?,x2)) = 0 and x] = i for some
j € {1,2}, then the transition rule is not produced.
(2) (P{UPja) — (PLUPy,a) € Agpyy if (Pl,a) — (P1,a) € Ay, and,
(Pj,a) — (Py,a) € A or Py = Ps.
Step 4 If Api1 = Ay then stop and set A, := Ay; Otherwise k := k£ + 1 and
go to Step 2.

Example 3 Let us follow how the algorithm P.s works. We input the right-
linear right-shallow CS-TRS R of Example 2 and the term f(a, b).

In the initializing step, at (1) of Step 1, we construct the automaton A of
Example 2, and at (2) of Step 1, we have Q. = {(P,a), {{p},1i)} where P C @,
P # 0, and p € Q, Qf = {(P,a)} where P; C Q and P; N Qf # 0, and
o = fa— (g}, x),b — ({a"}, ), F({a}x), ({a"}, 1)) — (g @}, x)} where
x € {a,i}.

In the saturation step at & = 0, we produce the transition rules {b —
{a*},a),d — ({¢"},2),d — ({¢°}, ), 9({{d"}, 2), ({a"}, 2) — ({a*"}, )} at
Step 2.
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At k = 1, we produce the transition rules {d — ({q%},a), h({{¢% ¢°},a)) —
({g7(@D} a)} at Step 2 and {b — ({¢%,¢*},a),d — ({¢",q°},a)} at Step 3.

At k = 2, we produce the transition rules {d — ({¢% ¢’},a),d —
({a*,q°},a).d — ({¢", 4", ¢°}, )} at Step 3.
The saturation steps stop at k = 3, and we have A, = As. ]

The algorithm P.s eventually terminates at some k, because rewrite rules in
R and states in @, are finite and hence possible transitions rules are finite.
Apparently Ag C -+ C A =Apqpq =---.

Here we have two remarks.

Our first remark is that the state in which the second parameter is a does
not always occur at rewritable positions. In Example 3, we have both p(h) = ()
and the transition rule h(({¢® ¢¢},a)) — (¢/(*?) a). However, this causes no
problem. Indeed, the rewriting h(b) > h(c) is forbidden but h(c) is reachable
from g(b) as g(b) %> g(c) > h(c).

Our second remark is that the former part of the input for P, is a term while
it is an arbitrary tree automaton in Refs. 14), 17), and 10). Otherwise, P.s may
output an incorrect automaton as shown in the following example:

Example 4 Let R be {a — b,a — d,c — d, f(z,z) — g(x)}, p(f) = ulg) =
{1}, and A = (Q,Q7,A) where Q = {q1,92,¢'}, Q7 = {¢'}, A={a — q1,b —
q2,¢ — G2, f(q1,q2) — ¢}, and hence L(A) = {f(a,b), f(a,c)}. Thus, %[C(A)]
is the set {f(a’ b)7 f(b7 b)7 f(d, b)a f(avc)7 f(b’ C)7 f(d7 C),g(b)}.

Then, P. output the automaton A, of which transition rules in A,
are {a — ({a}x),b — ({e}i)b — (Pa)c — ({ghx),d —
(Poa), f({arh ), Hah i) — (e hxho(({aaha) — ({a'}a)} where P
a1}, {2}, {1, 42}} and x € {a,i}. Hence, A, accepts the terms g(d) that is

not in %[E(A)] O

As for Example 4, preparing another state that accepts only b to construct
a correct automaton is enough. However, guaranteeing the termination of a
procedure if a new state is added in the procedure is difficult.

In the following, we show the correctness of Pg.

First, we show several propositions that are trivially derived from the definition
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17 Decidability of Reachability for Right-shallow Context-sensitive Term Rewriting Systems

of Pes.

Proposition 5 Let t € T(F). For ¢* € Q, ¢ *A—o) ({e'}, 1) iff t =0 ¢

Proof: Direct consequence of the construction of A, and Ay. a

Proposition 6 Lett e 7(F). For any k, if ¢ LA: (P,i) € Q., thent LA: (P,1).
Moreover, P is of the form {q}.

Proof: The first claim follows from the fact that the transition rules in which
right-hand-sides is the state having i are not added at Step 2 or Step 3. The

second claim follows from the construction of states. O

Proposition 7 Let t € T(F). Then, t *A_o) (P,i) € Q. iff t *A—O> (P,a) € Q..

Proof: Direct consequence of the construction of Ag. O

Proposition 8 Let ¢t € 7(F). For any k, If ¢ *A_k> (P,1), then ¢ *A—k) (P, a).

Proof: Let t *A—k-) (P, i), then t *A—o) (P, i) from Proposition 6. This proposition
follows from Proposition 7 and Ag C Ag. O
Next we show several technical lemmas. Lemmas 9, 10, 12, and 14 below are
necessary to prove Lemmas 15 and 19 that are key lemmas to prove completeness
and soundness. Lemmas 11 and 13 are auxiliary lemmas for Lemmas 12 and 14,
respectively.

Lemma 9 Let s,t € T(F), s *A—o) (P,x), and t *A—0> (P',x"). Then, P = P’ iff

s =1.

Proof: First we have s *A_o) (P,i), t *A—O> (P’ i), P = {q}, and P’ = {¢'} for

some ¢, ¢ € Q from Proposition 6 and Proposition 7. Then, we have s *K) q° =q
and ¢ if q* = ¢’ from Proposition 5 and the construction of A. Thus, we have

P=Piff s=t. ]

Lemma 10 If « : t[t'], *A—*> (P,a) and p € Pos”(t), then there exists (P’,a)

such that ¢ = (P’,a) and t[(P", a)], > (P.a).
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Proof: 'We show this lemma by induction on |a|. Let p € Pos”(t).
(1) Ifp=e, then ¢t =1t and hence t’ T~ (P, a) follows.

(2) Consider the case p = ip’ for some i € N. Then « can be represented
as tft'], = (Pha) 7 (Pa)or tft'], = f(.. timn, Gt ] tivn, .- ) R
FOo o (Pic1,%i21), (P %)y (Pig1, Xig1)y -+ -) e (P, a).

In the former case, this lemma holds from the induction hypothesis.

In the latter case, since ip’ = p € Pos”(t), we have i € u(f). Hence x; = a
follows from the construction of A,.

From the induction hypothesis, there exists (P’,a) € @, such that
" <7 (Pa) and t;[(P',a)ly  (Pi,a). Thus we have t[(F’,a)], =
fCtimn (P ) tigas ) LA:) (oo (Pim1,%i-1), (P, a), (Pit1,
Xit1);---) - (Pra). O

Lemma 11 If (P[,a) - (P1,2) and (P, a) 5 (P, a), then we have (P] U
P2’,a> —*Z—> <P1UP2,8.>.

Proof:  We can assume (P[,a) %= (P1,a) and (P,2a) = (P, a) = (P,2)
without loss of generality.

First, we prove the claim that (P{UP;, a) - (P1UPy,a). If n = 0, the claim
trivially holds. If n = 1, the claim holds from (2) of Step 3 of Pes. If n > 1, the
claim holds by repeating the process for n = 1.

Moreover, we can show the claim that (P; U Py, a) *A—*> (Py U Py, a) similarly
to the previous claim. O

Lemma 12 If t 5~ (P7,a) for 1 < j < m, then we have ¢ = ( U P7a).
1<j<m

Proof: The proof for m = 1 is trivial. We show the proof for m = 2 by induction

on [t|. By applying the proof for m = 2 repeatedly, we can show this lemma.
Let t = f(t1,...,t,). Then, each transition sequence is represented as

fltr, ... tn) *A—*> FUPLxd), ... (P xl)) = (PJ,a) *A—*> (P7,a) for j € {1,2}.

From Lemma 11, we have (P} U P?,a) =— (P'U P? a). Therefore, we show
that f(t1,...,t,) 5 (PHUP?,a).
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18 Decidability of Reachability for Right-shallow Context-sensitive Term Rewriting Systems

From (1) of Step 3 of P, we have the transition rule f({(Py,x1),...,(Pn,%n)) —
(P}U P2 a) € A, where

. P — P/ .- if ) =i for some j € {1,2}, and
") PluP?--ifxl =x}=a
a---if x} =x? = a, and
® X, —

i---otherwise.

Here we show that ¢; Z—*> (P;,%;) for 1 <i <n.
e For i such that x; = i, P, is P! or P? and hence we have t; LA*—) (P, %;).

e For i such that x; = a, P; is P! U P? and hence we have t; LA? (P;, %;) from
the induction hypothesis.

Thus, we have the transition f(ti,...,tn) 5= f((P1,x1),..., (P, %)) R

(Pr,a) 57 (Pa). 0

Lemma 13 If (P,a) - (P a), then there exists | C P such that (P, a) ——
(P',a) for all P’ C P where P’ # ().

Proof: By the induction on |P| + |P;|, we show the proof for the case of
(Py,a) = (P,a). If (P;,a) = (P,a), then this lemma holds trivially. If
[(Py,a) *A—*> (P,a)| > 1, then we can prove this lemma by applying the proof
for (Py, a) = (P, a).

Let P’ = P\P”. We show that if P exists such that (P/,a) =—

(P, a)
where P{ C P;. If |P| = 1, then the claim holds trivially. If |P| >Ai, we can
assume that the transition rule (Py,a) — (P,a) € A, is produced by the rules
(P} a) — (P7,a) € A, where j € {1,2}, P'UP2 = P, and P} UP2 = P, by (2)
of Step 3 of P.s. Note that we have |P7|+|P/| < |P|+|Py| for j € {1,2} because
if |P7| +|P}| = |P| + |P,| then we have P! = P? and P} = P2, and hence the
rule (Pp,a) — (P,a) € A, is the same as (P}, a) — (P7,a) € A, for j € {1,2}.
For each j, we also have the transition rule (PJ,a) — (P/\P", a) € A, for
some P C PJ from the induction hypothesis.

Thus, we obtain (P{*UP;?, a) = ((P*UP?)\P" a) = (P’ a) where PJ'UP{?> C
Pl U P? = P, by (2) of Step 3 of Pes. |

Lemma 14 If ¢ *A—*> (P, a), then ¢ *A—*> (P',a) for any P’ C P.
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Proof: ~ We can assume that the transition ¢ = (P,a) is represented
as t = f(ty,...,tn) x> fUPLx1), o (Poxn)) Rz (Pra) z (Pa).
From Lemma 13, there exists P, C Pp such that (Pj,a) 5~ (FP',a) for
all P C P. Therefore, we show that we have t = f(t1,...,t,) S

FUPLxL). - (Pooxa)) 5 (Ploa). Let P, = P,\P/. We show the claim by
induction on X7 ;| P;| 4+ |P;| and [¢|. If |P;| = 1, then the claim holds trivially. If
|P:| > 1, the transition rule f({(P1,x1),...,{Pn,xn)) — (P, a) is produced from
the transition rules f((P!,x1),...,(PJ,x,)) — (PJ, a) where j € {1,2} by (1) of
Step 3 of Pes and Py, P;’s, and x;’s are represented as follows:
e P,=PlUP?
{ P -+ if x/ = i for some j € {1,2}, and
e P={ Z
! PluP? ...

a--if x} =x? =a, and
.Xi_

el L2
if x; =% =a.

2=
i---otherwise.

Here, we show that ¢ — (P! x?) for j € {1,2} and 1 < i < n.

Rt
e For i such that x; = a, we have x} = a and P/ C P,. Thus, we have

7

e For i such that x; = i, we have L(A,, (P}, x})) N L(A., (P?,x3)) # 0, and,

i 4 4
1 2

x; =1 or x; = i. From Lemma 9, t; is the only term accepted by (P/,1)

where j is 1 or 2, and from L£(A,, (P}, x})) N L(A,, (P?,%2)) # 0, we have
t; *A—*> <Pij,xi> for both j =1 and j = 2.
Thus, we have f(t1,... (P, x),... (Pl xi)) —
j=1and j=2.

Moreover, we have X7 |P/| + |PJ| < £, |P;| + | P;| for both j =1 and j = 2
because if it does not hold, then the rule for j = 1 or j = 2 become the same one
as the rule f((P1,x1),..., (P, xn)) — (P, a). Hence, we have ¢t — (PI\P") for
both j =1 and j = 2 from the induction hypothesis.

Thus, we have ¢ <= (P; U P?\P/’,a) from Lemma 12. O

The following lemma is a key lemma for completeness of P .

t i (P7, %) from the induction hypothesis.

) A

N (P?,a) for both

Lemma 15 Let R be right-shallow CS-TRS. Then s -—

~ (Pa) and s < ¢

R
implies t -— (P, a).
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19 Decidability of Reachability for Right-shallow Context-sensitive Term Rewriting Systems

Proof: We present the proof in the case of s <> ¢ because the proof in the case
of s =t is trivial and in the case of s % t/ % t, we can prove it by applying the
proof for s <> t repeatedly. Let s 1~ (P,a) and s = s[lo], %> s[ro], =t for
some rewrite rule [ — r € R, where p € Pos"(s). We have a transition sequence
sllolp = s[(P', )], = (P, a) for some (P, a) € Q. by Lemma 10.

From Lemma 14, we have lo *A—*> ({g},a) for all ¢ € P. Therefore, we prove
that ro <= ({q},a) for all ¢ € P, because if we can prove this, we have
p i Sl(Pa)], S (P

Consider the case where the rewrite rule is of the form Cfzq,...,

s[ro] a) from Lemma 12.

(1)

Tn] —

g(r1,...,7m) where C has no variable. The diagram of this case is
shown in Fig.2. Here, Cla1,...,anJ0c 5~ ({q},a) is represented
in Clay,...,anlo 5= C{Pr,x1)s. .., (Po,%n))] ({q},a) for some
(Pi,x;) € Qy for 1 <i < n. Since we have Clz1,...,2,] — g(r1,...,7m) €
R, C[(P1,x1),...,(Pn,xn)] ({¢},a), and ¢ : X — T(F) such
that z;0 A—> (P;,%;) for all 1 < i < n, A, has the transition rule

g(<PI7X/1>7 <P7/7n ;n>) - <{q}7a> € A* SUCh that

{qTJ} lf’f’ng
o P — P; ifr;e XANJieljx; =1, and
! UP “ifr; e XAVieljx; =a.
i€l
. ¥ = i---ifjgu(g)AN(r;je X =3ieljx,=1)), and

a --- otherwise.

where I; = {i | x; = r;}.

Here, we show that rjo —— (P}, x}) for 1 <j <m.

(a) For j such that r; §Z X, we have P; = {¢'/}. From the shallowness
of R, we have rjo = r;. Moreover, we have 7; *X) q" from the

construction of A and hence we have r; *A—o) (¢"7,x%) for x € {a,i}

from Proposition 5 and Proposition 7.

For j such that r; € X and there exists ¢ € I; such that x; = i,

we have ;0 = x;0 and hence r;o T (P;,1). If j & u(g), we have

x’i = i and hence rjo - (P},x}) = (P;,1). If j € u(g), we have
xj; = a and hence ;0 — = (P},x}) = (P;,a) from Proposition 8.

(c) For j such that r; € X and there exists no i € I; such that x; = i,
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Clry, ..., x5)0 #cupl,xl), o (Pun)] —= ({a}2)
901, r)o ——= g((Plx), o (P ;mJ
Fig.2 The diagram of the proof of lemma 15.
since we have TJO' = zy0 *A—k> (Pyr,xy) = (Py,a) for all i/ € I,
;o *A—> X)) U Py, a) follows from Lemma 12.
i€l
Therefore we have g(rh...,rm)a o 9WPLEY), - (Praxn)) R

({q},2).
By applying the above statement for all ¢ € P, this lemma holds.
(2)

In the case where the rewrite rule is of the form Clxy, ..., x,] — x;, we can

prove this lemma similarly to the previous case.

(|
The following lemma shows completeness of Pg.
Lemma 16 If R is right-shallow CS-TRS, then £(A.) 2 <> [L(A)].
Proof:  Let s % tand s g € Q’. Since we have s *ﬂ ({q},1) from

Proposition 5, we also have s *ﬁ ({q},
{q},a) € Q! follows by Lemma 15. O
To prove the soundness of P, we define the following measures of transition

a) from Proposition 7 Hence ¢ %

and order. These are necessary to prove soundness of P.

Definition 17 Let ||t Z— P|| be the sequence of integers defined as follows**

*1 Sometimes we have k — 1 < 0 in this definition. Ay for £ < 0 is undefined but we assume
it as an empty set.

© 2011 Information Processing Society of Japan



20 Decidability of Reachability for Right-shallow Context-sensitive Term Rewriting Systems

It 2 (P =
k‘”t *A_*) <P’,x/>|| ceeif e Z—*> <P)I,XI>7 and m <P,X>,
ift:f(tlw-wtn)iAjf(<P1»X1>v"'ﬂ<men>)
Rt 2 (Prxi)l] - ——— (P.x) and

Vi # it 5 (P xa)ll Ziex 1t 57 (P %)l

Definition 18 Let O and O be the order for transition sequences as follows:

0 p iff (1) B occurs in «,or .
(2) a does not occur in B and ||| >1ex |5]]-
0 iff (1) B oceurs in « and.a does not occur in 3, or
(2) a does not occur in 8 and ||| >1ex |5]]-

Note that 7 is well-founded, o 3 8 implies @« 3 3, and if @« 3 3 then § 21 a. The
minimal components in the order 7 are the transitions of the form a < (P, %)
where a is a constant.

The following lemma is a key lemma for soundness of Pg.

Lemma 19 Let R be a right-linear right-shallow CS-TRS. Then, a : t S—

(P, a) implies that there exists s and ¢ € P such that s % t and s le_) ({q},2).

Proof: We show this lemma by induction on « with respect to 2. Since we have
t *A—*> ({q}, ) for all ¢ € P from Lemma 14, we show the proof in the case where
P is of the form {q}.

(1) Consider the case where « is represented as ¢ = g(t1,...,tm) -

9((PLEL). . (P ) s ({a}.a).
(a) Ifk= 0, the transition rule g({(Pf,a),..., (P ,a)) — ({¢},a) is pro-
duced at Step 1, and hence each PJ’» is of the form {g¢;} and we have

!

J € plg) iff xi = a. For j € u(g), we have x
there exists s; such that s; % t; and s; *A—o) (Pj,a) = ({gj},2)
from the induction hypothesis. For j ¢ u(g), we have x; = i

and t; —— (Pj,i) from Proposition 6. We take s; = t; for

Ao
J & u(g). Finally, we obtain g(s1,...,sm) 7> g(t1,...,tm) =t and

= a and hence
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951, r5m) A 9UPLEL oy (Phsin)) 5= ({a},2). Thus, this
lemma holds in the case & = 0.

If k& > 0, the transition rule g((P{,x}),..., (P, .x..)) — ({q},a) €
AR\Ag_; is produced at (1) of Step 2. The diagram of this case
is shown in Fig.3. From the production of the transition rule, we
have Clzy,...,z,] — g(r1,...,7m) € R where C has no variable
and C(Pr,x1),- . (Puxa)] 5 ({a}a), and o : X — T(F)
such that ;0" — *A (Pi,x;) for all 1 <4 < n, and each (P}, x}) is
represented as follows.

{¢7} ---ifr; € X,
'if’l"jEX/\E'iEIj.Xi:i, and

. Pl ) ..
/ UlefrjeX/\VzEI]xz:a
icl,
. ¥ — i ifjdulg)n(r;e X =3ieljx; =1i)), and
J a --- otherwise.

where I; = {i¢ | z; = r;}. In the following, we show that there ex-

ists the substitution o such that g(r1,...,rm)o <z g(t1,. .., tm) and

0"t gy t)o A 9P (Proit)) g (aha)

where o/ C o.

(i) For j ¢ pu(g) such that r; ¢ X, we have P} = {¢"} and x; = i.
Since t; _?ZO_} ({¢"7},1) is from Proposition 7, we have t; = r;
from Proposition 5 and the construction of A.

(ii) For j € u(g) such that r; ¢ X, we have P} = {¢'/} and x; = a.

* *
Hence, we have s; =

tj and s; - (Pj,xj) = ({¢"}, a) from

Ao
the induction hypothesis. Since we have s; *A_o) ({¢"},1) from
Proposition 7, we have s; = r; from Proposition 5 and the

construction of A.
(iii) For j such that r; € X, j & u(g), and there exists ¢ € I; such
that x; = i, we have t; 7— (P},x}) = (P;,i). Hence, we have
P/

t; A ( "y from Prop051t10n 7, and let rj0 = t;.

i Xj
(iv) For j such that r; € X, j € p(g), and there exists i € I,
such that x; = i, we have t; “— (P],x}) = (P;,a). Since

we have (P;,i) = (P;,%;) where P; is of the form {¢;} from

© 2011 Information Processing Society of Japan



21 Decidability of Reachability for Right-shallow Context-sensitive Term Rewriting Systems

Proposition 6, there exists a s; such that s; ‘*—> t; and s; LA:

(P}, x}) from the induction hypothesis. Let s; be rio

(v) For j such that r; € X and there exists no i € I, such that
x; = i, we take rjo =t;.

Note that o is well defined from the right-linearity of R and we

have o/ C «a because a does not occur in o/, and we have (rjo -~
.

(P}, %)) C (t; = (Pj,x})) forall 1 <j <m.
Next, we deﬁne a substitution o Var(f(l1,...,ln)) — T(F) as
follows:
o' — xo .-+ if there exists r; such that r; =
xo’ -+ otherwise.
Here, we show that we have z;0"” *A—*> (P, %;) for all 1 < i <n.

(i) For i such that there exists j such that z; = r; and ¢’ € I,

such that x; = i, we have zy0’ —> <Pl/7 i) = (P}, 1) from
Proposition 5. Thus we have x;0’ = at " from Lemma 9 and
hence z;0" =— Zk - (P, %;).

(ii) For ¢ such that there exists j such that z; = r; and no ¢’ € I,
such that x;; = i, we have P; C PJ’» and hence z;0"” *A—*> (P, %)
from Lemma 12.

(iii) For i such that there exists no j such that z; = r;, we have
x;0" = x;0' =— (P;,%;) from the construction of the rule.

Ak
Thus, we have 5 : C [xl,l...,xn]o” o ClUPL=x1), - (P xn)] ﬁ

{a}.a).

Note that 8 C o because transition rules in Ag\Ay_; are not applied

at (3 except for the transitions x;o” *A—*> (P;,%x;) where there exists

j such that x; = r;. However, since z;0” is a proper subterm of

g(ri,...,rm)o”, o does not occur in S.

Finally, we have the term s such that s ‘% Clzy,...,xzy)0" ‘% t and

s LA: ({q},a) from the induction hypothesis.

(2) If the last transition rule is of the form (P’,a) — (P, a), this lemma holds

similarly to the previous case. O

The following lemma shows soundness of Pg.
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gltr o tn) == g (P, x1), - (Pr %)) = ({a) @)

A, oy IR AN AT
*| R 1.H
*
901, )0 A .
R Ak_
! * AO

C[l’17f..7$n]0' C[<P1,X1>7...7<Pn,xn>]

* R LH.

5

Fig.3 The diagram of the proof of Lemma 19.

Lemma 20 If R be right-linear and right-shallow, then L£(A.) C < [L(A)].

Proof: Let t bet LA:) (P,x) € Q! where P contains the state ¢/ € Q. Then,

we have ¢ —— {{¢’},%) from Lemma 14. If x = i, we have ¢ o {q'},1) € Qf

from Proposition 6. If x = a, there exists the term s such that S ‘? t and

s *ﬁ ({¢’}, a) from Lemma 19 and we have s *ﬁ {{¢'}, 1) from Proposition 7.
Thus we have s = ¢/ from Proposition 5. O
The following theorem is proved by Lemma 16 and 20.

Theorem 21 For any right-linear right-shallow CS-TRS R, we can construct a
TA recognizing the set of terms that is reachable from a term. Thus, context-
sensitive reachability is decidable for right-linear right-shallow TRSs.

4. Decidability of Innermost Reachability for Shallow CS-TRSs

In this section, we show that innermost reachability for shallow CS-TRSs is
decidable. Similarly to the previous section, we show the algorithm Py, that
constructs the tree automaton accepting the set of terms reachable by innermost
reduction of a shallow CS-TRS from an input term. The algorithm P, is
a modification of the algorithm P.s by the idea in Ref.11). States of output
automata obtained by Py, have three components, while the one by P has
two components. Since we must check whether each proper subterm of redex
is a context-sensitive normal form or not in the innermost case, we augment
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22 Decidability of Reachability for Right-shallow Context-sensitive Term Rewriting Systems

the parameter that shows whether the state accepts the context-sensitive normal
form or not. Therefore, first we show the construction of a deterministic complete
reduced tree automata accepting the set of context-sensitive normal forms, and
then we show Pgip.

4.1 Tree Automata Accepting Context-sensitive Normal Forms

In this subsection, we give an algorithm to construct a deterministic complete
reduced tree automata recognizing the set of context-sensitive normal forms for
shallow CS-TRS R. However, in general, ordinary tree automata cannot recog-
nize the set of context-normal forms for shallow CS-TRS. Therefore we use tree
automata with constraints between brothers (TACBB)%.

The procedure is similar to the ones for TRSs®. The steps of the algorithm to
construct TACBB Anr are as follows:
(1) Construct the TACBB A; that recognizes the set of terms having a redex

lo at a p-replacing position for each | — r € R and determinize it.
(2) Construct the union of all A;’s and convert the TA into complete and
reduced TA A.

(3) We output a TA recognizing the complement of £(A) as Anr.
The steps (2) and (3) are obviously possible from Theorem 1. Now we show
the details of step (1).

Each component of A; is as follows.

o Qu={uur}U{u|t<ltg X},

o Qf ={u}
e /\; consists of the following transition rules:
(i) fluy,...,ur) -5 u, foreach f € F,
(i) flug,,... u,) = Uf(ty,...t,) for each f € F and state uysq,, . 1,)-
(i) f(usy,-..,us,) > u® where f(sq,...,8,) is the term obtained by re-

placing all variables in I = f(ly,...,l,) by L, and ¢ is the conjunction of
all equalities ¢ = j where I; =1; € X.

(iv) f(ui,...,u,) — u® for each f € F' if exactly one u; such that j € u(f)
is u® and the other u;’s are u .

Each state wu; is associated with a proper non-variable subterm ¢ of . From

the shallowness of R, t in u; has no variable.

We obtain the following lemmas for A;.
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Lemma 22 L(A;,u;) is equal to the singleton set that consists of t <11, (that is,
L(A,u) ={teT(F)}.)

Proof:

(2) By induction on the height |¢| of ¢, we prove the claim that ¢ ?Tl> uy for
the proper non-variable subterm ¢ of I. We can represent ¢t as f(t1,...,1,)
where n > 0. From the construction of (ii) of A;, we have the transition rule
f(utl g ,utn) -5 Uf(ty,...\tn)

From the induction hypothesis, we have ¢; ?Tl) uy, for all 1 <4 <n. Thus, we
have to = f(t1,...,tn)0 LA? flugy,..u,) a7 Ut

(€) We show that if o : ¢ ?Tf Uf(s,..t,) then we have t = f(ti,...,t,) by
induction on |a|. From the construction of A, the last transition rule applied
in « is represented as f(us,, ..., us,) = Upy, . 1))

From the induction hypothesis, we have ¢; ?Tf ug,;, for all 1 < i <mn.
Thus, we have f(t1,...,t,) = f(l1,...,l,)0. |

Lemma 23 L(A;) = {t[s], |t € T(F), s is a ground instance of [, p € Pos*(¢)}.

Proof:

(2) Let !l = f(ly,...,l,). First, we show that s = f(l1,...,l,)0 ?Tl) u®. For
l; ¢ X,l; is ground from shallowness of [ and [; ?Tz) uy,. For l; € X, we
have ;o iA? uy . From (iii) of construction of A;, we have the transition rule
flusy,...,us,) = u® where s, =1; for i ¢ X and s; = L for ¢ € X, and ¢
is the conjunction of all equalities i = j where l; = [; € X. Since we have
lic = ljo for [; = l; € X, s satisfies c. Thus, we have s ?Tf u® and from (i)

and (iv) of construction of A;, we have t[s], —— t[u°], —— u°.

p A A
(©) Let I = f(l4,...,l,) and ¢ ?Tz) u®, then we have ¢ ?Tl>
tf (usys ey us,)lp = t{ue], ?Tz) u® where s; = I; for l; ¢ X, s; =

for [; € X, and p €Pos*(t) from (iii) and (iv) of the construction of A;.
From Lemma 22, we have t|,; = I; ¢ X. Moreover, since the transition
L (Usy sy us,)p = t[u°], has the constraint ¢ that is the conjunction of
all equalities ¢ = j where [; = [; € X, we have t|,; = t|,; for [; =[; € X.
Hence t|, is a ground substitution of I. Thus we have ¢t = t[s], for some
ground instance s of [. O
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23 Decidability of Reachability for Right-shallow Context-sensitive Term Rewriting Systems

The method of determinization is the so called “subset construction.” The
claim “t iAy Siff §={q|t - q}” holds where A% is determinized from A by

subset construction.

Therefore, the following lemma holds.

Lemma 24 Let s be a proper subterm of [, us and S” be a state and a subset
of the set of states of TACBB A; respectively, and Af be a determinized TACBB
from A; by subset construction. Then, ¢ ? {usyUS"iff t = s.

1

Proof: From Lemma 22 and shallowness of [, ¢ *717 qs iff t = s.

Thus, this lemma holds from the above claim. (Il
As shown in Lemma 23, the TACBB A; recognizes the set of terms having a
redex [o at a p-replacing position. Now we obtain the following lemma.

Lemma 25 For a CS-TRS R, we can construct a deterministic complete reduced
TACBB Ay that recognizes CS-NFx.

Proof: By step (1) of the algorithm, we obtain a TACBB A4, for each | — r € R,
and we can determinize them. Let the determinized TACBB from A; be Af =
(., Af).

We can obtain a TACBB A’ = (F,Q’,Q', A’) that recognizes the following

set:

U ).
I—r€R
Let R = {l; — r; | 1 < i < m}. The concrete construction of the TACBB
A =1(Q",Q'T,A") is as follows:
o Q ={(ur,...,un) |u; €Qf},
o Q7 ={{ur,...,un)(€ Q)| Fiu; € QY}

o f((urty- sUim)yeeos (Uniyen oy Unm)) = (ug,...
flutiy ooy tmi) <5 u; € AZ and c=cy A+ Acp,.
This is the construction of the union of all Aj’s. Since this construction preserves

determinacy of TACBB, the constructed TACBB A’ is deterministic.
Converting A’ to complete one is not so difficult. By adding the new state

JUm) € A where
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qn € Q'
,qn), which does not occur in any transition rule of A’,
Jqn) 25 q € A/ for

¢e and new transition rules such that f(q1,...,qn) = ¢e where q,...
and ¢ = T if f(qu,...
otherwise ¢ is equivalent to —(c; V -+ V ¢;) where f(q1,...
some q € Q’.

Since the emptiness problem of TACBB is decidable from Theorem 1, we can
check whether each state is accessible or not and hence we can construct a reduced
TACBB A” by erasing the inaccessible state of A’

Finally, since A" is deterministic and complete, we can easily obtain the TA
A’ that accepts complementation of A” by replacing the final state.

From Lemma 23, L£(A”) is the set of terms having redex at a p-replacing
position. Thus we can obtain the deterministic, complete, and reduced TACBB
Anr recognizing CS-NFx by the algorithm. O

We show an example of Axp in Appendix A.1.1.

For the constructed TA Any, the following proposition holds from Lemmas 24
and 25.

Proposition 26 Lett e 7(F), u € Qnr, and ¢ LAN—; u. If ¢ is a proper subterm
of some [ of | — r € R where R = (R, 1) is a shallow CS-TRS, then u accepts
no term other than ¢.

Proof: Let A¢ be the deterministic TACBB obtained in step ( 1) of the algorithm.
From Lemma 22, Lemma 24, and shallowness of R, we have t ?Tz) S e Qf where
S contains u; € Q) and there exists no term other than ¢ accepted by w;. Thus,

from the construction of Anp, there exists no term accepted by u other than .
O

Proposition 27 If f(uq,...
implies u; € Q{IF.

Jup) = u € Anrp and u € QﬁF, then i € u(f)

Proof: Let f(uy,...,up) % u € ANp, u € Qf:IF, and assume u; ¢ QQF for some
i € pu(f). Since Anr is a reduced TACBB from Lemma 25, there exists ground

terms ti,...,t, such that t; “— wu; for each j (1 < j < n). Hence we have

. ANF
f(tl,...,tn) m f(ul,...7un) KN‘: U.

Here f(t1,...,t,) € CS-NFg and t; ¢ CS-NFg is from Lemma 25. Since t; is
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not a context-sensitive normal form and ¢ € u(f), the term f(¢1,...,¢,) is not a
context-sensitive normal form, which contradicts f(¢1,...,t,) € CS-NFxg. O
4.2 An Algorithm to Construct the Set of Reachable Terms by
Context-Sensitive Innermost Reduction
In this section, we show the concrete definition of P, to construct a TACBB
that recognizes the set of reachable terms by innermost reduction of a shallow
CS-TRS. Pgsin is a modification of P.s. The main difference between P, and
Pes is the number of components of each state of output automata. States of
output TA by P, have an extra component that is a state of Axg. Since Ang
is TACBB, output automata by P, are also TACBB.
Algorithm P g,:
Input A term ¢ and a shallow CS-TRS R = (R, i) that has no erasing variable.
Output A TA A, = (Q,,Q],A,) such that £L(A,) = = inlL(A)].
Step 1 (initialize) (1) Prepare a TACBB Anp obtained by the algorithm
in previous section and a TA A = (Q,Qf,A) where each state ¢° accepts
s € {t} URS(R), RS(R) is the set of the proper ground subterm of the
right-hand sides of R. Here we assume Q = {¢° | s <¢',s" € {t} URS(R)},
Q' = {q'}, and L(Ags, q°*) = {s} for all ¢°.

(2) Let
o k:=0,
o Q.= {P(CQ)}x {a} x Qur U{{a} | 4 € Q} x {a} x Qur,
e QI ={P(CQ)| PNQF #0} x {a} x Qnr, and
e /g as follows:

(a) f(<{q1}viﬂu1>7‘"v<{QH}7ivun>) - <{Q}viau> € Ag where
flar, . yqn) — g€ Aand f(ug,...,u,) = u € Anr, and
(b) f({a}hixi,w), s {antixnsun)) = ({g}2,u) € Ao where
Flq, - vaqn) — q €A, flur,...,uy) % u € Anr, and if i € u(f)
then x; = a, otherwise x; = i.
Step 2 Let Agy1 be the set of transition rules produced by augmenting transi-
tion rules of Ay by the following inference rules.
(1) If there exists o X — T(F) such that f(l1,...,l,)o LA:
FUPLx1, U1, oy (P X, U ) a7 ({q},a,u) and we have u; € QﬁF orx; =1
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for all 1 <14 < n, then we apply the following inference rules:

f(lla' . 7ln) - g(rla "'771”"’1) € Ra f(<P1,X1,'LL1>, ) <Pn,Xn,Un>) = <{q}aa7u> € Ak
IUPL ) Py X, i) <5 ({0}, 2,0') € Ap

Let I; = {i | l; =r;}. Each P}, x}, u}, ¢, and «’ is determined as follows:

{qu} if?"j gX’

e _ Pl — P; "'iijEXAE'iEIj.Xi:i, and
/ UlefT’JEX/\VZEIjXZZa
iel;
o i--ifjEu(g)AN(r; e X = 3Jieljx;=1i)), and
J a --- if otherwise.
= U; lfT]EX/\(]E,LL(Q)ﬁVZGIJXl:a)
J

v € QnF - - - otherwise
e ¢ =y Acy Acs that is a satisfiable constraint, where
— o= A i=j
ri=r;€X,m3Ik€l;.xp=1i
— ¢o is obtained from c¢ by replacing equality and disequality between 14
and j in ¢ as follows. Let i’ and j" be as l; = r and [; = 1,/
* If u; # uj, we replace i = jin c by L and @ # j by T.
* Ifuy =wu; € QNF\QQF, we consider the following two cases:
- In the subcase of P; = Pj, we replace i = jincby T and ¢ # j
by L.
- In the subcase of P; # P;, we replace i = jin ¢ by L and i # j
by T.
* Ifu, =u; € Q{IF, we consider the following two cases:
- In the subcase of I; # [; and I;,1; € X, we replace i = j in ¢ by
i =4 and i # j by i’ # j'.
Otherwise, we replace ¢ = j in ¢ by T and i # j by L.
x If ¢ > n or j > n, then replace i = j and i # j by L.
— g(uy,...,ul,) 2 u € Axr.
Note that ¢ is not unique because we may choose more than one constraint
for c3, and also that the role of ¢s is to preserve the constraints for variables
in the rewrite rule applied at the inference rule.
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(2) If there exists o X — T(F) such that f(l1,...,l,)o iA?
FUP, 1, u1), o (P, X, U )) *A—k> ({q},a,u) and u; € QﬁF or x; = i for

all 1 <7 < n, we apply the following inference rule:
f(ll, 7ZTL) — T E Ra f(<P17X17U1>7 KRS <Pnaxn7un>) - <{Q}ﬂ a’u> € Ak
(P a,u) - ({q},a,u) € Appy
Let I ={i|l; =x}. P’ is determined as the follows:

P; le'ZGIXZ:l, and
e P'=3 P ifVielx=a
el

Step 3 For all states (P! U P?,a,u) € Q. where P! # P? we add the new
transition rules to Ay as follows:*!
(1) fUPL,x,uL), oy (P X, up)) <= (PYU P2 a) € Agyq where
pi if x) = 1 for some j € {1,2} and
L] Plz v E(Ak,<Pi1,X11,’LL7;>)QE(A]C,<PZ»2,X1<2,UZ'>) 75(2)
PZ-IUPZ»2 ifx% :x?:a
{ a~~~ifxl1 :x?:a
® X, =

i---otherwise
o ¢/ =c'ACP.
if F((P] %l un), .. (P1xd u)) 5 (P9 a,u) € Ay, for j € {1,2}.
Note that if £(Ag, (P}, x},u;)) 0 L(Ay, (P?,x2,u;)) = 0 and x] = i for
some j € {1,2}, then the transition rule is not produced.
(2) (P]UPya,u) 1 (PLUPy,a,u) € Apyy if (P,a,u) = (P, a,u) € Ay,
and, (P, a,u) > (Py,a,u) € Ay or P} = Ps.

Step 4 If Ax1 = Ay then stop and set A, = Ag. Otherwise, k := k + 1, and
go to Step 2. |
We show an example that shows how P, works in Appendix A.1.2. This

procedure Py, eventually terminates at some k and apparently Ag C --- C

A =App1 =+~
In the following, we show the correctness of P gip.

similarly to Pes.

*1 This step is almost the same as the step of Pcs because we do not need to be concerned

J

about third components of states in each transition rule f((Plj, X, UL, <P£, le, Un)) <,

<P]7 a7 u>'
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First, we show several propositions. Since Propositions 28-31 below are similar
to the case of P.s, we abbreviate their proofs.

Proposition 28 Let s € 7(F), Then s 0 ¢° € Qiff s LA: ({¢°}, 1, u) for some
U € QNF-

Proposition 29 Lett € 7(F). For any k, if t LA: (P,i,u), thent LA(? (P, i,u).
Moreover, P is of the form {q}.

Proposition 30 Let ¢ € 7(F). Then, for any k, ¢ LA: (P,a,uy iff ¢ LA:
(P, i,u).

Proposition 31 Let t € 7(F). Then, ¢ *A—k> (P, 1,u) implies ¢ *A—k> (P,a,u).

Proposition 32 If the rule f((Py,x1,u1),...,(Py,Xpn, uy)) = (P,i,u) is in A,
then it is also in Ag. Moreover, x; = i for all 1 <i <n.

Proof: Such rules are introduced at Step 1 and hence the claim follows from the
construction of Ag. O

Proposition 33 If the rule f((Py,x1,u1), ..., (Pn,Xn, Un)) <= (P,a,u) is in A,
then i € p(f) implies x; = a.

Proof: From the construction of the transition rule. O

Next we show several technical lemmas. These are necessary to prove com-
pleteness and soundness of P.,. We abbreviate the proofs of Lemma 35 and
39-40 since their proofs are similar to the case of Pg.

Lemma 34 For any k, if a: ¢ *A—k> (P, x,u), then ¢ *A—NF> u.

Proof: We show the proof by induction on |«|. If the last transition rule applied
in « is of the form (P’,x,u) & (P,x,u), then we have t Ao u from the
induction hypothesis. Otherwise, let the last transition rule applied in |a] is
FUPLx1,ur), ooy (P, Xy un)) = (P x, u).

If f((Pr,x1,u1),.. s (PnyXn,un)) = (Px,u) € Ayg, then we have

© 2011 Information Processing Society of Japan



26 Decidability of Reachability for Right-shallow Context-sensitive Term Rewriting Systems

flur, ... up) L ue Anr where ¢ is of the form ¢ = ¢’ A ¢’ for some ¢. Thus, if
t satisfies ¢ then ¢ is also satisfied. Since we have t|; LA;: u; from the induction
hypothesis, we have ¢ LA;: flur, ... up) A U O

Lemma 35 Let s,t € T(F), s *A—O> (P,x,u), and t *A—O> (P',x',u’). Then,
P=P iff s=t.

Proof: Similar to the proof of Lemma 9. (]

Lemma 36 Let o : ¢ = t[(Pa,u)l,

A
u' e Qf:IF implies u € Qf:IF.

(P’,a,u’) and p € Pos*(s). Then

Proof: 'We show this lemma by induction on |a|(> 0).

(1) Consider the case where the last transition rule applied in « is (of the form)
FUPr,x1,u1)y oy (P, X, un)) = (Pya,u') € Ay Then a can be represented
as t 7= tl(Pa,u)lp = f((Prxn,u), - (Poy X, ug)) = (Prasu).

In this case, the position p can be represented as ip’ for 1 < i < m. From the

Py xn, un)) = (Pra,u),

Up) < € Anr for /. Therefore, from

construction of the transition rule f({(Pr, %1, u1),...
we have the transition rule f(uq,...,
i € u(g) and Proposition 27, we have u; € Qf and hence we also have u € QL
from the induction hypothesis.

(2) In the case where the last transition rule applied in « is (in the form of)
(P a,u') =
the second inference rule of Step 2. Hence this lemma holds by the induction

(P,a,u) € Ay, we have ' = u from the construction of Ay or
hypothesis. (I

Lemma 37 If j € u(g) and g(..., (P!, %/, ul),.

Jr 5

o) 2 (Pxu) € Ay, then
uj; € Q@F or xj = i.

Proof:

(1) If k=0, then x; = i from the construction of Ag
(2) Consider the case of k& > 0. We can assume g(..., (P, x},u}),...) =
(P,x',u') € Ap\Ak_1 without loss of generality. This rule is introduced by

(1) of Step 2 or (1) of Step 3. In the latter case, if x; = a, then we have
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gl (P a,u}),...) = ({q},%',u') € Ay for any ¢ € P where this rule is
in AO or produced by (1) of Step 2. Therefore, if we prove the former case,
we can also prove the latter case. In the former case, x;- = a implies ¥’ = a
An) = g(ri,...,mm) € R and

(P a,u) € Ag_q where u; € Q{:IF or x; =i

from Proposition 32, and there exist f(l1,...
f(<P1a X1,U1>, R <anxn7un>) -
forall1 <i<n. Ifj¢ u( ) and x; = a, then there exists some i such that
u; = u] and x;; = a for all + such that ;7 = rj. Hence we have u; = u € QNF

O

Lemma 38 Let o : t[t'], 5~ [(P a,u)lp 7 (Phaw) Ifue Qnr\ QL
and p € Pos/(t), then there exists v’ € @nr such that t[t'], = t[(P a,v)],
(P',a,v') for any v € QnF.

Proof: 'We prove this lemma by induction on |a|(> 0).
(1) Consider the case where the last transition rule applied in « is (of the
form) g((P1, %, un), - s (P, X ) 5 (Px ) € A

p a” P xw)]p o g((PLx,uh), - (B X, un) 30

(P, %', uy. Let p=jp' where 1 <j <n.

If the rule g((P{,xy,u}),....(P., x,,ul)) = (Px,u) is in Ay, the

rule is produced at (2) of Step 1 of Pegn.
"

uf € Qnr, there exists the constraints ¢’ and u”

Then o can be
represented as t[t']

Therefore, for any
€ @nr such that

gU(Pl,xh,ul), o (Pl X ), (P xg, ) <= (Pox,u”’) € Ag where ¢ sat-

isfies ¢’ from the completeness of Axr. Hence this lemma holds from the

induction hypothesis.

Consider the case where the rule g((Pj,x},u}), ..., (P}, %, u..)) <= (P,x',u)

is in Ap\Ak_1 for k& > 0. In this case, j € u(g) from p € Post(s), and

we have x) = a from x = a and Proposition 33. For oy : (¢|;)[t'], 5~
() [(Pya,w)lp 5 <PJ’7XJ>U]) we have (];)[t'], 5= (t;)[(Pa,v)ly

(Pj,a,v}) for some v} € QNF from the induction hypothesis. Note that we

have g_i QL from u ¢ Qf and Lemma 36. Thus, we prove there exists the
(Pl,a,v%), ..., (P, %, up,) < (P x,0") €

nn?

transition rule g((Pj,x},u}),...,
A,.

Here, there are two cases in which the rule g((P{, x}, u), ..., (P}, a,u}), ..., (P,
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x,ul)) <, (P',x,u) € A, is produced in (1) of Step 2 or (1) of Step 3
of Pesin. In the former case, there exist f(li,...,ln) — g(r1,...,7m) € R
and f((Pr,x1,u1), ..., (Pn,Xn, uy)) <= (P a,u) € Ag_1 where u; € Q{;F or
x; = i for all 1 < i < n, and the constraint ¢ is of the form c¢; A ¢y where
g(...,ul ) = u € Ang.

In the subcase r; ¢ X, we have g(..., (P},a,v}),...) = (P',a,v") € Ap\ Ay
for any v’ and ¢’ is of the form ¢; A ¢ where g(...,v},...,) 2, o/ € Axy.
Moreover, from the completeness of Ay, we have ¢, that is satisfied by ¢[t'],.
In the remaining subcase 7; € X, we have [; = r; such that x; = i for some ¢;
otherwise we have u; = u; from j € u(g) and x; = a for any ¢ such that [; = r;.
Hence we have u; € QﬁF. This contradicts u; = u; and u; & QﬁF. Thus, we
(Pf,a,v}),...) =
satisfies ¢’ by the same reason in the case of ; ¢ X.

have the transition rule g(.. ., (P',a,v") for any v} and ss'],,
If the transition rule is produced at (1) of Step 3, we have
gl (P a,u5),...) <= ({q},a,u’) where c is of the form ¢” A ¢ for any
q € P and some ¢”’. From the former case, we have g(..., (P, a,v;),...) <,
({q},a,v") for each ¢ and ¢ that is satisfied by ¢t[t'],. Thus, we have
9o (PLayuy), ) <> (Pa,o).

(2) In the case where the last transition rule applied in « is (of the form)
(P, %', u'y — (P,x,u) € Ay, we have v/ = u from the construction of any of
Ay, (2) of Step 2, or (2) of Step 3. Hence this lemma holds from the induction
hypothesis. O

Lemma 39 If o : t[t'], 5— (P,a,u) and p € Pos”(t), then there exists

Ag
(P',a,u’) such that t' -— (P' a,u) and t[(P’,a,u")], o= (P a,u).

Proof: Similar to the proof of Lemma 10. ]
Proofs of the following Lemmas 40— 43 are similar to the ones of Lemma 11—
14, because we do not need to consider the third components of the states.

Lemma 40 If (Pl,a u)y == (Pp,a,u) and (Pj,a,u) =— (P, a,u), then we

A Ay
have (P/ U P;,a,u) —— ~ (PLU Py, a,u).
Proof: Similar to Lemma 11. |
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Lemma 41 If (P;,a,u) 2— (P,a,u), then there exists P C P; such that

A,
(P{,a,u) = (P',a,u) for all P’ C P.

Proof: Similar to of Lemma 13. ]

Lemma 42 If t “— (P/,a,u) for 1 < j < m, then we have t “—
U P a u).

1<j<m

Proof: Since the proof of this lemma is similar to the proof of Lemma 12, we
describe a concrete proof in Appendix A.2.1. The difference between proofs of
this lemma and Lemma 12 is in the constraints. However, since the constraint
of the transition rule produced at (1) of Step 3 of Py, is simple, the difference
does not cause difficulty. O

Lemma 43 If t 5— (P, a,u), then t — (P’,a,u) for any P’ C P.

Proof:  Since the proof of this lemma is similar to the proof of Lemma 14, we

describe a concrete proof in Appendix A.2.2. The difference between proofs of

this lemma and Lemma 14 is in the constraints. However, since the constraint

of the transition rule produced at (1) of Step 3 of Py is simple, the difference

does not cause difficulty. O
The following lemma is a key lemma to prove completeness of Pgp.

Lemma 44 Let R be shallow CS-TRS. Then s -~ (P, a,u) and s ?m t imply
~— (P, a,u’) for some v’ € QNF.

Proof: Since the proof of this lemma is similar to the proof of Lemma 15 and
the proof of this lemma is long, here we show the outline of this proof and the
detail about constraints of transition rules which is the most important point.
We the other points at Appendix A.3.

Similarly to Lemma 15, we show the proof in the case where s “=in b and
from Lemmas 39, 42, and 43. This proof is sufficient to prove the transition
[y, ln)o = f((Prx,u), - (Poy X, un) =
rule f(ly,...,0n) — g(r1,...,7m) € R, we have the transition g(rq, ...,

{{q},a,u) and the rewrite

T )O *A—*>
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Similarly to the proof of Lemma 15,

g({P1, %1, uy), ..
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({a},a ).
we have the transition rules

APz ul)) = ({g),a,u’) (see (1) of Appendix A.3) and

m) m7 m

each component of states is determined as the definition of P.g,. Moreover, we

have r;o
However, we must show that the term g(rq,...,

d,

which is the point that the proof of Lemma 15 does not have.
we show that if f(I1,...
F(Pryx1,u), ...,
g(ri, ...,

TN

(Pl %}, u}) for each j similarly to the proof of Lemma 15.

Tm )0 satisfies the constraint
Here,
,ln)o satisfies the constraint ¢ of the transition rule
(P, Zn,un)) —— ({q},a,u), then there exists ¢’ satisfied by
rm)o. In the following, we assume the constraints c;, cq, and c3 are the

same as the definition of Py

(1)
(2)

g(r1,...,rm)o trivially satisfies ¢; because we have r;jo = ;0 for r; =r; €
X obviously.
Here, we show the claim that if f(l4,...
satisfies c¢s.
or L.

e For ¢ and j such that u; # u;, we have [;0 # ljo from Lemma 34 and

R ln)O',

,1n)o satisfies ¢ then g(ry,...,rm)0

We describe the constraints replaced by equality, disequality,

the determinacy of Anxp. Thus, i = j is not satisfied by f(ly,..

and hence, there is no problem replacing ¢ = j in ¢ by L in cs.

e For i and j such that u; = u; € QNF\Q{IF, we have x; = x; = 1 and

hence ;0 T (P, %i,u;) and ljo *ﬁ (Pj,%j,u;) from Proposition 29.

Therefore, we have P; = P; iff ;o = l io from Lemma 35. Thus, i # j

is not satisfied by f(l1,...,1,)o if P; = P; and ¢ = j is not satisfied by

f(lh,...,ln)o if P, # Pj, and therefore there is no problem replacing
i#jincby Lincyif P, =Pjandi=jincby Lincyif P; # P;.

e For i and j such that u; = u; € Q@F, we consider the following three

cases. Let i’ and 5’ be as ; =ry and [; = ;.
— Ifl; #1jand [;,l; € X, then we have [;o = o iff ryo = 0. Thus,
we have f(l1,...,

l,)o satisfies ¢ = j in c iff g(r1,. ..,y )0 satisfies

i’ =j in co, and f(ly,...,l,)o satisfies i # j in ¢ iff g(r1,...,rm)o
satisfies i’ # j' in cs.
— If l; = l; € X, then we have [;0 = [jo0 and ryo = rj 0. Thus, there

is no problem to replace i # j in ¢ by L in ¢s.
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— Ifl; ¢ X, then we have l; = [0 from Lemma 34 and Proposition 26.
Thus, there is no problem replacing i # j in ¢ by L in cs.
e For i and j such that i > 0 or j > 0, the constraints i = j or i # j is not
satisfied by f(l1,...,l,)o and therefore, there is no problem replacing
these constraints by L.

Moreover, we have a constraint cs that is satisfied by g¢(rq,...,7,)o from

the completeness of Anp. Thus, we have a constraint ¢ that is satis-
fied by g(r1,...,m7m)o and hence we have the transition g(ri,...,rm)o ——
gUPL = uh), - (B X un ) 3 (dd ). 0

The following lemma shows the completeness of Pgin.

Lemma 45 Let R be shallow. Then £(A,) 2 “Fin

[£(A)].

Proof:  Let s <z, Since s “— ({q},1,u) € Q! from
Proposition 28, we have s —> {q},a,u) € Q! by Prop051t1on 30. Hence t -—
{q},a, ') € QL for some v’ 6 Qnr by Lemma 44. D

Next we define the measure and order of transition in order to prove the sound-

tandsiﬁquf

ness. These definitions are similar to the case of Pg.

Definition 46 Let ||t = (P,x,u)|| be the sequence of integer defined as fol-

lows: .
£ (Pox )] =

k.Ht*A—*><P/7X/,U/>H ~ift*A—*><P’,x',u'>m><P,x,u>
lft:f(tl,,tn)z—: (...,(Pi,xi,ui>,...)
———F (P, x,u), and
kAt =52 (Pioxpul| - O : >
. Vi jllti " (Pis i wa)l|

>leth 4_)<P Xjauj>‘|

The order J and 1 for transition sequences is defined similarly to Definition 18.
The following lemma is the key lemma to prove soundness of P g, .

Lemma 47 Let A, be generated from a shallow CS-TRS R. Then a : t =
(P, x,u’) implies that both s <> R mtand B: s LA; ({q}, %, u) for some term s,

q € P,and u € Qnr.
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Proof: Similarly to Lemma 44, we describe some points of the proof in Ap-
pendix A.3.2. Here we show the proof in the case of the last transition rule in «
is in Ag\Ag_1 for & > 0 and |P| = 1. We abbreviate the proof in the case for
k =0 or |P| > 0 because it is similar to the proof of Lemma 19.

Assume that ¢ = g(t1,...,t,) and the last transition rule in « is
g((P], ), ul), .. (Pl .z ul)) = ({q},x,u) € Ap\Agp1. Since this rule
is introduced at (1) of Step 2, there exist f(l1,...,l,) — g(r1,...,7m) € R,
FUPLx1,u1), oy (P X, un)) == ({¢},2,u) € Ap_y where u; € Q@F orx; =1
for all 1 < i < n, o X — T(F) such that l;0’ T (P;, %, u;), and
(P]' , xj7 uj) ¢, and v’ are given as the definition of Pgg,. Then, we have the sub-
stitution o such that g(ry,...,7r)0 % g(ty,. ..
(P, v1)s o (P X '/m>) N
larly to the proof of Lemma 19 (see Appendix A.3.2).

Note that the substitution o is well-defined because for all r; € X such that

there exists ¢ such that {; = r; and x; = i, we have the term s, (= t; for j & u(g))

stm)and o’ 1 g(ry, ... rm)o

({q},a,v") for some v', where o/ C « simi-

such that s; <> t; and s, Y (P]’,xj,u]) Since there is no term other than
s; that transits to (P}, x},u}), all s;’s are the same for such j. For all 7; € X
such that there is no ¢ such that I; = r; and x; = i, the constraint ¢ (¢; in the
procedure) has the equality that implies all ¢;’s are the same for such j.

Next we show that g(r1,...,r,)o satisfies ¢; and ¢y of ¢’ defined as the defini-
tion of Pegin-

Obviously, g(r1,...,mm)o satisfies ¢; because rjo = rjo for all r; = r; € X.
Moreover, it is not so difficult to show that g(r1,...,r,,)o satisfies ¢co. This is
because for all rjo # t;, there exists ¢ such that [; = r; and x; = 1 and we have
u; = u; from Lemma 34 and the determinacy of Axp. In this case, we have
u; = u; & QﬂF and hence there is no equality or disequality that contain such

j. From the completeness of Axp, we have ¢ that is satisfied by g(v:l, cey )0
Thus we have the transition rule g((P/,x},v}), ..., (P, x, ,vl.)) “= ({q},a,v)

where g(r1,...,rm)o satisfies ¢”.

On the other hand, we have f(ly,...,1, )or — g(ry, ..
that we can construct 8: f(l1,...,ln)o0 f((Pl,xl,m} APy, Xy U )) o
({q},a,v) and hence § C «a. For l; & X lioc =1; —> <Pl,xl,ul> from Step 2

.,Tm)o. Here, we show
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of Pesin. For [; € X and there exists h such that [, = [; and x;, = i, since there
is no term other than I, that transits to (P, xp, up) from Lemma 35, we have
l;o = l;0" and hence ;0 A—> (P;,%;,u;). Forl; € X such that there is no k such
that I, =[; and x;, =1, we have [;o —> (P;, %4, u;) from Lemma 42. In the fol-

lowing, we show that if g(rq, .. rm)a satisfies ¢’ then fly,... 1,0 satisfies c.
For an T in ¢o, the constraint ¢ has an equality or disequality. We consider the
following three cases:
e Consider the case where T in co is obtained by replacing ¢ # j in ¢ where
l,)o satisfies i # j.

e Consider the case where T in ¢y is obtained by replacing i = j or i # j in

u; 7# uj. In this case, we have l; # [;0 and hence f(ly,...,

¢ where u; = u; € QNF\Q{]F Then, we have x; = x; = 1. In this case, if
P; = P; then we have ¢ = j but f(l1,...,[,)o satisfies it from Proposition 29
and Lemma 35, and if P; # P; then we have ¢ # j but f(ly,...
it.
e Consider the case where T in ¢y is obtained by replacing ¢ = j in ¢ where
Ui = Uj € QQF
— Ifl;=1; € X, we have i = j in ¢ but f(l4,...
— If l; # l; and [;,l; € X, then ¢ does not have equality or disequality

,1n)o satisfies

,1n)o satisfies it trivially.

replaced by T in cs.
— Ifl; ¢ X, we have ¢ = j in ¢ but we have ; = [0 from Lemma 34 and
Proposition 26.
Moreover, we have i = j or i # j in ¢ for i’ = j' or i’ # j’ in ¢o. These kinds of
constraints are satisfied by f(ly,...,[,)o similarly to the statement in Lemma 44.

Since u; € QI{IF orx; = i for all ¢, ;0 is a normal form or i ¢ u(f) for each i from

Lemma 34 and the procedure. Hence we have f(ly,...,l,)o =i g(r1, ..., rm)o.
Here « J o 3 f follows. Thus, we have s ‘%in (1,5 ln)o Fin
g(ri,...,rm)o ‘%in g(ti,... tm) =t and s iA: ({q},a,u) for some u by the
induction hypothesis. O

If a CS-TRS has an erasing variable, we cannot prove Lemma 47 as the
s (Bl K )

iln) — 9(7"1,~-~,7’m) € R and
({q},a,u) € Ag_q1. If we have the equality

above proof. Assume that the transition rule g((Py, x},u}), ..
({q},a,v') € Ay is produced from f(ly,...
f(<P17X17u1>7 ceey <Pm; Xmaum>) -
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or the disequality between i and j such that [;,[; € X, [; is the erasing variable,
and there exists j’ such that [; = r;/, then the equality or the disequality is not
preserved to the produced rule.

The following lemma shows soundness of Pgin.

Lemma 48 If R be shallow, then £(A) C >, [L(A)].

Proof: Lett = (P,x,u) € Q! then we have s %in tand s *A—O> Hat,x,u) € Qf
for some ¢ € P from Lemma 47. Since s LA: ({q},1,u) from Proposition 30, we
have s 7= g € Q7 from Proposition 28. O

Finally we obtain the following theorems from Lemma 45 and 48.

Theorem 49 For any shallow CS-TRS R, we can construct a TACBB recog-
nizing the set of terms that is innermost reachable from a term. Thus, innermost
reachability is decidable for shallow CS-TRSs.

However, in general, we cannot always construct a TACBB recognizing the
innermost reachable set from a regular set of terms for a CS-TRS, while we can
construct a TACBB in the case of the ordinary TRS®.

Theorem 50 There exists a regular set L and a shallow CS-TRS R such that

‘%[L] cannot be recognized by any TACBB.

Proof: Let ar(a) = 0, ar(f) = ar(h) = ar(i) = 1, ar(g) = 2, L = {f(¢) |
t e T({hva})}v R = (Rvﬂ) where R = {f(:C) - g(x,x),h(:c) - Z(‘r)}a and
p(f) = ph) = p(@) =0, p(g) = {1,2}. Then, we have >[L] N T (g, h,i,a) =
{g(t1,t2) | t1,t2 € T({h,i,a}),|t1] = |t2|}. Since ‘%[L] N7 (g,h,i,a) cannot be
recognized by any TACBB, 7 (g, h,,a) is regular, and TACBB is closed under

intersection, there exists no TACBB that recognizes %[L} O

5. Conclusion

In this paper, we proved that both reachability for right-linear right-shallow
CS-TRSs and innermost reachability for shallow CS-TRSs are decidable.
One of our future works is to construct a TA that recognizes the set of reachable
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terms from a regular set for a right-linear right-shallow CS-TRS. We described
this problem in Section 3, but that does not mean that it is impossible to con-
struct a correct TA. Since we have not found a TA and right-linear right-shallow
CS-TRSs of which reachable sets cannot be recognized by any TA, this problem
is still open.

Another future work is to find other subclasses that reachability, innermost
reachability, or reachability of other strategies is decidable for TRSs or CS-
TRSs. One of the candidates is reachability for right-linear finite pass overlapping
CS-TRSs where it is known that reachability is decidable for ordinary TRSs in
Ref. 17). However, the class is complex and hence we think this is not easy. In-
nermost reachability for right-linear right-shallow TRSs is also a candidate. In
the case of this class, to recognize the set of normal forms, we need TA with
equality or disequality constraints. This automata has more complex constraints
than that of TACBB and sometimes more complex constraints than constraints
nests. Therefore, we think that this problem is much more complex than the
result of this paper. Moreover, outermost reachability is a candidate. Outermost
reduction is a strategy that rewrites outermost redexes. Today, no class is known
such that outermost reachability is decidable.
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Appendix

A.1 Examples for Section 4

A.1.1 An Example of TACBB Accepting the Set of Context-

sensitive Normal Forms

Let CS-TRS R = (R, ) be as R ={a — b,a — ¢, f(z,b) — g(z,a),g(x,z) —
h(z,z)} and p(f) =0, ulg) = {1,2}, u(h) = {1,2}. We construct the TACBB
Axr such that £L(Axr) = CS-NFg% by the algorithm shown in Section 4.1.

First, we construct a deterministic TACBB Aq, Af(s,q), and Ay, ) at the first
step of the algorithm.

The set of final states of A, is Qf = {U°} and the set of transition rules is A, =
{a LU bbb ULe D ULFUU) D ULgULLUL) L UL gU,Uy) 5
U, WUy, Uy) - Uy, h(Uy,Us) - U°} where U, Uy, Uy € {U,,U°} and one of
Uy, and Uy is U°.

The set of final states of Ag(y 4 is Q;(Lb) = {U°} and the set of transition
rules is Agi ) = {a = Ui,b - Uye - UL, f(UU,) ©— U°, f(UU) -
UL, gU,U3) 5 UL gU,U) 5 U°gULU) & UL WULUY) 5
UL, h(Uy,Uy) -5 U°Y where U,Uy,Uy € {UL,U°, Uy}, U U U, € {UL, U},
and one Uy or Uy is U°.

The set of final states of Ay ) is Qg(wc) = {U°} and the set of transition
rules is Ay = {a 4 ULb 5 Uye - ULFU) 5 ULgULLUL) =2
U°,g(Ur,Us) - U°,g(UL,UL) & UL,hUL,UL) 5 UL, h(U,Us) - U°}
where U,Uy,Uy € {U,,U°} and one U; or Us is U°.

At the second step, we construct the TACBB A’ accepting all unions of A,
Af(e,ay and Az 2)-

The set of final states of A’ is Q"f = {(Uy, Us, U3)} where Uy, Us, Uz € {U, ,U°}
and one Uy, Us, or Us is U°.
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The set of tramsition rules of A’ is A’ = {a & (U°,U.,Uy),b =
(UL, U, UL),e 5 (UL ULUL, fUT) 5 (ULUUL, f(UU) 5
(UL,UL,U1),g((UL, Uiv U.),(Ud, Uév U.)) =2 (U,UL,U1),9({UL, Ui? UL,
(UL, UL UL 222 (UL, UL, U, g(U,Uy) — (UL, UL, U WU, UL 5
Uy, h(Uy,Us) 5 U°}, where U, U}, Uy € {Uy,U°} and one of U; and U, is
U°. We abbreviate the conversion to complete and reduced TACBB because the
number of transition rules becomes huge. Let A’ be the TACBB obtained by
converting A’ to a complete and reduced TACBB.

Finally, at the third step of the algorithm, we obtain Axp from A” by replacing

the final state. We show the set of final states and the set of transition rules of

Anr in the following. However, since Anp originally obtained from the algorithm
is huge, we show a minified one. If we minify TACBB obtained by the algorithm,
Proposition 26 may not hold. Therefore, we should not minify the TACBB

obtained by the algorithm. In the case of following TACBB, Proposition 26

holds.

The set of states is @np = {up, us ,u’}, the set of final states is QQF = {up,u] },
and the set of transition rules is Axp = {a = u°,b - up, ¢ = wy, f(u®,ub) -
u, flur,ug) — ur,glus,us) =2 w® glus,uz) 25wy, g(ul,u®) L
u®, g(uy,ug) L u®, h(uy,uy) =L g, h(uy,ug) =L uy } where uj,uy € Qnr,
ug € {u®,uy}, us € Qf:IF, and uq # uy.

(I
A.1.2 An Example of TACBB Obtained by Pcsin
Let CS-TRS R be the CS-TRS of A.1.1. We input the term f(a,b) and
the shallow CS-TRS R to Pesin. Here, we have [{f(a,b)}] = {f(a,b),
g(a,a), g(b,a),g(a,b), g(b,b),g(c,a), g(c,b), g(a,c), g(b, c), g(c, c), h(b,b), h(c, c)}.
In the initializing step, at (1) of Step 1 of Pgin, we have the TA A = (Q, QF, A)
where Q@ = {¢",¢",¢/ "}, Q7 = {¢/*"}, and A = {a — ¢*,b — ¢*, f(4*,¢") —
q/(@"} and TACBB Anr as a previous subsection. At (2) of Step 1, we have
Q. = {(P,a,u), {{p},i,u)} where P C Q, P # 0, p € Q, and u € Qnr Q! =
{(Pf a,u)} where P/ N Q7 # () and u € Qnr, and A is as follows:
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a - ({a*}, %, u®),

Ap — b - <{qb}7xvub>a
0 f({g*},i,u%), <{qb}a i,up)) - <{qf(a’b)a x,u’})
F({g"} 1w, (@) 1u2))  ({d/ P, xur))

where x € {a,i}, u1 € Qnr, and uy € {u®, u, }.
In the saturation step, at k£ = 0, we produce the transition rules

<{qa}’ X, ub>a

i

b
c (
g({a*},a,us), (g} 2 us)) =2 ({g/“V}, a,u°)
9(({a"},a,us), ({¢"} 2, us)) (
g(<{qa}7a,uo>’<{qa}’a, uo>) <{qf(a7b)}va’ uo>
g(({a"}a,wm), ({g"}a,ua) 5 ({g/@P},a,00)
where x € {a,i}, u1,us € Qnr, ug € QﬁF, and u; = uy at Step 2.

At k =1, we produce the transition rules

[ heh o), (ehau) =2 ({0} au,) )

where x € {a,i} and uz € Q{;F, and {b © ({¢*,¢"},x,up)} at Step 3 where
x € {a,i}.

The saturation step at k = 2, and we have A, = A;. TA A, = (Q., Qf, AL)
holds that L(A.) = > [{f(a,b)}].

A.2 Concrete Proofs of Lemma 42 and 43

A.2.1 Lemma 42
Proof:  Similarly to the proof of Lemma 12, we give the proof for m = 2 by

induction on [t].

Let t = f(t1,...,tn). Then, each transition sequence is represented as
flt,te) K2 FUPL ) ur), . (P %) uy)) = (P a,u) 7 (P7 a,u)

for j € {1,2}. From Lemma 40, we have (P! U P? a, u) o (PYU P?% a,u).
Thus, we show that f(t1,...,tn) 5~ (P}U P2 a,u).

From (1) of Step 3 of P, we have the transition rule f((Py,x1,u1),..., (P, Xn,
un)) % (P,a,u) € A, where
P’ -+ if xJ = i for some j € {1,2} and

o P = v
! P}UPfu'ifx}:x?:a
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a-ifx =x=a
® X, = . .
i---otherwise

o ¢ =cl A2
Here we have t; % (P;, %, u;) for 1 <14 < n similarly to the proof of Lemma 12.
, t also satisfies ¢/. Thus, we have the

?tn) *A—*> f(<P17X17u1>7~~~7<anxnaun>) - <P7’aavu> ~

Moreover, since t satisfies both ¢! and ¢?
transition f(tq,...

A, A

(P, a,u). a
A.2.2 Lemma 43

Proof: ~ We show this lemma by induction on |{|. We can assume that

the transition ¢ —— (P,a,u) is represented as t = f(t1,...,t) *A—;

FUPLx1, U1y ooy (P X, Un)) = (Pr,a,u) *A—> (P,a,u). From Lemma 41,

there exists P; C Py such that (P}, a,u) - (I, a, u) for all P’ C P. Therefore,
7tn) LAj f(<P17X1,’LL1>, ceey <Pnyxn7un>) ~

we show that we have t = f(tq,... X
= P \P/'. We show the claim by the induction on

(Pl,a,u). Let P/
S P+ Pl
If |P;|] = 1, then the claim holds trivially.
FUP, 1, u1)y oy (P, X, Up)) =2 (P, a,u) is produced from the transition rules
FUP! x1,u1),. .., (PI, %y, up)) — (P7,a,u) where j € {1,2} from (1) of Step 3
of Pes and P., P;’s, x;’s, and ¢ are represented as the follows:
e P,=PlUP?

If |P;| > 1, the transition rule

. P P! -if xJ = i for some j € {1,2} and
! PZ-1UP12~~ifX11:x%:a

a--ifxl=x)=a

¢ = { i---otherwise
e c=c' AP
Here, we have t -— (P?,x] u;) for j € {1,2} and 1 < ¢ < n similarly to the
proof of Lemma 14 Since ¢ satisfies ¢ = ¢! A ¢2, ¢ also satisﬁes both ¢! and c2.
Thus, we have f(t1,...,tn) S f(( Pl xd ug), .. (Pxd ) —— (Pi,a,u)
for both j =1 and j = 2. B

Thus, similarly to the proof of Lemma 14, we have ¢ —— (P}U P2\P! a,u)
from Lemma 42. [

y X5
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A.3 Supplement of Proofs of Lemma 44 and 47
A.3.1 Lemma 44

(1)

(2)

Y L

({¢},a,u) and the rewrite rule

Here we show that if we have the transition f(l4,...
f(<P1,X1,’lL1>,...,<Pn7Xn,Un>) -

A .
flly,.. ) — g(r,...,rm) € R, we have f(l1,...,l,)0 ?l/n
g(r1,...,rm)o. and the transition rule g((Py, x|, u}), ..., (Pl un,)) =

({q},a,v"”) € A, such as the definition of Pgjy,.
For i € u(f), l;o is a context-sensitive normal form and hence we have
uj € QﬁF from Lemma 34. For ¢ such that i ¢ u(f), we have x;, = i or
uj € Q&F from Lemma 37.
Since f(l1,...,ln) — g(r1,...,rm) € R, f({(P1,x1,u1), .., (Pny X, up)) =
{q},a,u") € A, where u; € QQF or x;, = i, and o such that
flly,. .. )0 *A—*> FUPLx1,ut)y -y (Poy X, un)) o (P2, u), there exist
transition rules g((Pj,x},u}), ..., (Pl x, . ul.)) = ({q},a,v") € A, such
as the definition of Pggp
Here, we show that 7o T (P, %}, u%).
(a) For jsuch that r; € X and there exists ¢ such that {; = r; and x; = 1,
we have rjo = (P, 1,u) = (P}, 1,u).
we also have rjo —— (Pj,a,u}) from Proposition 31.
(b) For j such that r; € X and x; = a for all i such that I; = rj, then
,ir be all the numbers such that [;, = r; for 1 < h < k.
Note that

Hence, we have

We can take u; = u; and

let il,...

In this case, we have l;,0 = (P, xi,,u;,) for all ip.

all u;,’s are equal from the determinacy of Ang.
rjo = (P, U U Py au)) =
U, ’s from Lemma 43.

(c) For j such that r; ¢ X, we have Pj = {¢"’} and rjo = r;

since R is right-shallow so we can take the arbitrary state in Qnr

<Pj’, x], ' > where u is equal to all

/ : * Tj
as uj. Since r; & ¢'7,
1

v E @nr from Proposition 28.

we have r; -— ({¢"7},1,v"”) for some

Moreover, since we also have
*

({q '}+,a,v"”) by Proposition 30, we obtain rjo = r; S—

Ay
<{Q”}7 x5, v") = ({5}, %5, uj) where uj = o,
Thus, we have g(r1,...,mm)o g g((P{,xy,u), .., (P, %7, 4y, ). More-

m> Xms
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over, since ¢(ri,...,r,)o satisfies ¢, we have g¢(ri,...,rm)o LA—>
g(<P1/7X/17u/1>7"‘><Pr/nﬂX;n7u;n>> N <{Q}7a7ul>

Apy1

O

A.3.2 Lemma 47

In the following,

we show that we have substitution o such that

g(r1, ..., rm)o % g(t1, ..., tym) and o g(r1, ... rm)o *A—*> g((Py,

X, 00, (Pl vl ) a7 ({q},a,v'), where o’ C a.

(1) For j such that r; € X, j & u(g), and there exists ¢ such that [, = 7,
and x; = i, we have ¢; *A—*> (P}, xj,uj) = (P;,1,u;). Hence, we have
t; *A—O> (P}, x},u}) from Proposition 29, and let rjo = t;.

(2)

For j such that r; € X, j € u(g), and there exists ¢ such that ; = r;
and x; = i, we have ¢; LA? (P, x},u}) = (P;,a,u) where u is an arbitrary
state in Qnp. Since P; is of the form {¢;} from Proposition 29, there exists
some s; such that s; <=, t; and s; *A—O> (P, %]
induction hypothesis. Let s; be 7;0.

", v}) for some v} from the
For j such that r; € X and there exists no i such that I; = r; and x; = i,
we take rjo = t;.
For j & u(g) such that r; ¢ X, we have P} = {¢"/} and 2} = i, and u]
is an arbitrary state in Q. Since t; *A—O> ({g"7},1,u}) by Proposition 29,
we have t; = r; from Proposition 28 and the construction of Agg.
For j € p(g) such that r; ¢ X, we have P; = {¢"7 } and 2, = i, and ] is an
arbitrary state in Qnr. Here, we have s; ‘%in tj and s; LA: (P, x},v) =
({q"7},2,v}) for some v; € Qg from the induction hypothesis. Since
s *A—O> ({q"},1,v]) by Proposition 30, we have s; = r; from Proposition 28
and the construction of A.
O
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