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Online Prediction over Permutahedron

SHOTA YASUTAKE,! Konger Hatano,™ Suusr Kiima, !
Eur Takimoro!! and MAsAYUKI TAKEDAT!

We consider an online prediction problem where the player is supposed to
predict a permutation of n fixed objects at each trial. This problem is motivated
by a scheduling problem whose objective is to minimize the sum of waiting times
of n sequential tasks. We propose an online prediction algorithm which predicts
almost as well as the best fixed permutation in hindsight.

1. Introduction

Permutation is one of fundamental concepts in discrete mathematics and com-
puter science. Permutations can naturally represent ranking or allocation of
fixed objects. So, they have been applied to ranking in machine learning and
information retrieval, recommendation tasks or scheduling tasks.

More formally, a permutation o over the set {1,...,n} of n fixed objects is a bi-
,n}to{l,...,

ing a permutation o over the set {1, ...

jective function from {1, ... n}. Another popular way of represent-
,m} is to describe it as the n-dimensional
n}™, defined as o = (0(1),...,0(n)). For example, (3,4,2,1) is
a representation of permutation for n = 4. Let S,, be the set of all permutations
,n}, e, S, ={oe{l,...,

We consider the following online prediction problem. For each trialt =1,...,T,

vector in {1,...,

over {1,... n}"| o is a permutation over {1,...,n}}.
(1) The player predicts a permutation o € S,.

(2) The adversary returns a loss vector £, € [0, 1]™.

(3) The player incur loss o - £;.
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The goal of the player is to minimize the regret

Zat-ﬂt— mln ZO’ £;.

g€S,

This problem is motlvated by the following onhne job scheduling problem. Sup-
pose that we have n jobs to be processed sequentially. Every day, we determine
a schedule represented by a permutation in S, a priori. Then, at the end of the
day, we are given processing time ¢; € [0, 1] of each job i (assume that the waiting
time is normalized up to 1). A typical goal would be to minimize total sum of
processing time Y ., ¢;. But, instead, we might want to minimize the sum of
waiting time over all jobs.

For example, suppose that we process jobs according to a permutation o =
(3,2,1,4) and each processing time is given as £ = ({1,0s,/03,04). Here, we
interpret o so that job 4 is processed with priority o (¢). In other words, jobs
with higher priority are processed earlier. So, we process jobs 4,1,2, and 3
sequentially. Waiting times of jobs i = 4,1,2,3 are {4, £4 + {1, b4 + {1 + l2, and
Ly + €1 + 0o + L3, respectively. So, the sum of waiting time is exactly o - £.

Originally, such job scheduling problem was considered in the offline setting.
In the offline setting, we are given n jobs whose each processing times are known
a priori. At the same time, we are also given a partial order over n jobs, since
some jobs have to be processed earlier than other jobs. Then, the goal of the
offline problem is to find a schedule (or permutation) which is consistent with the
given partial order, for which the sum of waiting time of jobs are minimized. It is
known that this problem is NP-hard in general®-®. However, if the partial order
forms a series parallel digraph, the problem is solved in O(nlogn)®. Further
researches of this problem are studied under generalized settings 7.

In this paper, we propose a randomized prediction algorithm whose expected
regret is at most O(nz\/m\/f ). For each trial, our algorithm runs in time
O(n?) using O(n) space. Further, we show that the lower bound of the regret is
at least Q(n?y/logny/T). Therefore our algorithm is optimal.

There is a previous algorithm, PermELearn® proposed by Helmbold and War-
muth, that is applicable to our problem though the algorithm was developed for
a different setting. It can be shown that, PermELearn has the same regret bound
of ours, so this algorithm is optimal as well. However, PermELearn needs O(n?)
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space and the running time is O(nf).
2. Preliminaries

For any fixed positive integer n, we denote [n] as the set {1,...,n}. Permuta-

hedron P, be the set of points p € R} satisfying
Zp,; < Z(n+ 1 —14), for any S C [n],and

€S €S
n

_n(n+1)
S pi= M),

i=1
The unnormalized relative entropy A(p, q) from q € R} to p € R is defined

valn_“rZ% sz

It is known that A(p,q) >0 and A(p, ) =0 1f and only if p = q. Unnormalized
relative entropy is not symmetric in general, i.e., A(p,q) # A(q,p) for some

as

p,q € R}, Also, Unnormalized relative entropy is a special case of Bregman
divergence®, which generalizes Euclid distance or natural distance measures.

We will use a geometric property of Bregman divergence which is known as
Generalized Pythagorean Theorem. We show a version of the theorem adapted
for unnormalized relative entropy.
Theorem 1 (Bregman'®). Let C C R be any convex set. Let q be any point
in R}

p=inf, A(p',q).
Then, it holds for any r € C that
A(r,q) = A(r,p) + A(p, q).

Further, this inequality becomes an equality if C' is an affine set.

3. Algorithm

In this section, we propose our algorithm PermutahedLearn and prove its regret
bound.

3.1 Main Structure

The main structure of PermutahedLearn is shown in Fig. 1. The algorithm
maintains a weight vector p, in R’} , which represents a mixture of permutations
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Fig.1 PermutahedLearn

PermutahedLearn
(1) Let py = (2,...,2H) € [0,n]™
(2) Fort=1,...,T

(a) Run Decomposition(pt) and decompose p, as

Z/\O’

where k < n, each \; >0 Z A\ = 1, and each o is
in S,.

(b) Choose o; randomly from {o(*)
to the distribution .

(¢) Incur aloss oy - £;.

(d) Update py, 1 as

., o™} according

P e Mt n(n+ 1)
Piyli = Zn 0t D) .
j=1Dt,5¢€ I
(e) Run Projection(thrz) and get p, |, the projection
of p, 1 onto the permutahedron P,,. That is,

e 1 f A .
P = arg inf (PP 1)

in S,,. At each trial ¢, it decomposes p, into permutations, chooses a permuta-
tion o; randomly according to its coefficient, and predicts the permutation o.
After the loss £; is assigned, PermutahedLearn updates the weight vector p, in
a multiplicative way and projects it onto the permutahedron P,.

The main structure of our algorithm itself is built on a standard technique
in online learning literature (see, e.g.,). Yet, our technical contribution is to
develop efficient projection and decomposition techniques specifically designed
for the permutahedron.

We begin our analysis of PermutahedLearn with the following lemma.
Lemma 1. For any q € P,, and for any t > 1,

A(g,py) — A(g,Pi1) > —ng - £+ (1 —e Mp, - L.
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Proof. By using Generalized Pythagorean Theorem,

A(q7pt+%) > A(q,pey) + A(pt+17pt+%)'
Since unnormalized relative entropy is non-negative,

A(q7pt+%) Z A(q7pt+l)' (1)
So, by using inequality (1),

Alg,p;) — A, piy1) = Alg, py) — Alg, pry 1) (2)
Then, by using the fact that >, py 1, = 32, prv1: = n(n +1)/2, the right

hand side of mequahty ( ) is
Pt+1,i
A(q,p;) — Alg, pf+ Zfbl il
= Z ¢ In

i > i b€ "e”/n(nﬂ)
n(n+1) n(n +1)2 7"
Tln Zpt,i/? G

i
By convexity of f(z) = e~ we have e "t < 1 — (1 — e~ ")¢;;. This implies

e Mt

that (n+1)
% — . nn
In Z pt nly; <In (1—Pt'£t/ 5 )
n(n+1
< p /"D @
where the last inequality follows from the fact that 1 — z < e™®. Finally, by
combining (3) and (4), we complete the proof. O
Then we prove a cumulative regret bound of weight vectors p;.
Lemma 2. For any T > 1 it holds that
ninfpep, Zt N Et—|—lnn
Zpt Ay < 1
—e N
t=1
Proof. By summing up the inequality in Lemma 1 for t = ., T, for any
q € P, we get
T T
(=D p-t<n) q-t+Agp)— Ag,priy)
t=1 -
<n> q-L+Agp), (5)
t=1
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where the last inequality holds since A(q, pr, ) is non-negative. Note that, by
setting N =n(n + 1)/2, we have

ql/N
q pl NZ N pl Z/N

<N ln n.
Then, by rearranging the inequality (5), we prove the inequality as claimed. O

To complete our analysis for our algorithm, we specify the subroutines Projec-
tion and Decomposition, respectively, in the following subsections.
3.2 Projection
We propose an efficient algorithm Projection for computing the projection onto
the permutahedron P,,. Formally, the problem is stated as follows:
I%f A(p, q)

sub. to

ij < Z(n—i—l — ), for any S C [n],

]ES ]GS

Here we omit the p051t1v1ty constraints p > 0 since relative entropy projection
always preserves positivity.
Apparently, this problem does not seem to be tractable as it has exponentially
many constraints. But, we show that relevant constraints are only linearly many.
For simplicity, we assume that elements in q are sorted in descending order,
ie, 1 > q >
First, we show that, by this projection, the order in q is preserved.

- > ¢pn. This can be achieved in time O(nlogn) by sorting g.

Lemma 3. Let p* be the projection of q. Then we have p1 > ps > ...pn.

Proof. Assume that the claim is false. Then, there exists ¢ < j such that pj < p;
and ¢; > q;. Let r be the vector obtained by exchanging pZ and pj in p*. Then,
A(p*,q) — A(r,q) =pfIn 22 +p] w2 —pjln L —p;ln—=" B

qj qi q;
In 4qi

* qi
(p] pz)ln_207

= pz ln q_ + p]
j
where, the last inequality holds since pj > p; and ¢; > g;. This contradicts the
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assumption that p* is the projection. O

By Lemma 3, observe that once the conditions

Sp<Snti-j), j=1...n-1
: 2

J
are satisfied, other inequality constraints are satisfied as well since for any S C [n]
such that |S| =1,

i
ij < va

Jjes J=
Therefore, the problem (6) is reduced to the following one.

inf A(p,
b (P, q)

sub. to

zz:pjﬁi:(n—&-l—j), fori=1,...,n—1,
Zpﬂ— et ™)

The KKT condltlonb imply that p* is the projection if and only if p satisfies
the following conditions.
n—1
q; €Xp (— Zj:i aj) )
p; = 7 , (i=1,..
x _ n
=7
K3 (]
Sy (n+1-4),i=1,...,n—1
— =

n

_n(n+1)
Y=g

zl'

Qi ij Zn+1—j)):0, fori=1,...,n—1,

j=1
a,ZO, fori=1,...,n, (8)

n—1)

where Z is the normalization constant so that > . p; =n(n+1)/2.
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Fig.2 Projection

Projection
Input: g € RY satisfying that ¢1 > g2 > - > ¢p.
Output: projection p of g onto P,.

(1) Let ig=0.
(2) Fort=1,...,
(a) Let 4 4
L Sit1-) - St
d Z;‘:it71+1Qj
an

iy =arg min Cl.
i1 <i<n
If there are multiple minimizers, choose the largest
one as 4.
(b) Set pi,_y+1=qi_1+1C},, ... i, = ¢;,CY,.
(¢) Ifi, =n, then break.
(3) Output p.

Now we describe the detail of the projection algorithm in Fig. 2
Lemma 4. (1) Given q, the algorithm Projection outputs the projection of q
onto the permutahedron P,,.
(2) The time complexity of Projection is O(n?).

Proof. We show that there exists a,...,
satisfies the optimality conditions (9), which completes the proof of the first

ap—1 and Z such that the output p

statement.
First of all, we show that C’f 11 < C’f for each iteration ¢. Because of the
definition of C’f L we have C’f i C’f !, So, it suffices to prove that C’f '< cy.

To see this, obberve that
it—2 it it

ij +CIT N g =Y (1),

G=ir_o+1 j=1
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and )
[N 1t—1

dn+1—-5)=>p+Cl > g

j=1 i=1 J=it—1+1
it—2 Gt—1 it
_ t—1 t
=) i +Ci Y 4+CL Y g
i=1 G=ip_a+1 G=ig_1+1
it—2 Gt—1 it
t—1 t
<§ pj +Cj, > G+CL D>
J=tt—2+1 J=tt—1+1

where the last inequality holds since Cft,ll < C’f:l.
By rearranging the inequalities above, we have

Tt
t—1 t
i, Z 9 < G,

j=it—1+1

it

> a4
j=it—1+1
which implies C'it:l < C'itt.

Now we fix each «;, so that e™%i C’ftll Ci,ie., o = ln(C’ffi C} ) and fix
Z to be Z = CT, where T satisfies i7 = n. Note that since C’f:ll > C}), each
v, is strictly positive. For other i ¢ {i1,...,ir}, we set a; = 0. Then, each p;,
can be expressed as

pi. = 4, C},
= q; exp (—oz,;t — Qg — a,;T) /Z
=gqiexp (-, — Q41— — Qn_1) /2.
Similarly, for other ¢ such that i;_; < i < iy, we have
pi = ¢:C},
= giexp (—aj, — Qj41 — —an-1) /Z
=giexp (—a; —Qip1 — - —ap_1) /Z.

To see if the specified ;s and Z satisfies the optimality conditions (9), observe

that (i) for each 4.,

it—1

ZP; Zpﬁ Z 6Cl =) (n+1-j)
J=tt—1+1 J
and mf > 0, and (11) for each 7 such that 7,1 <1 < i,

it—1 it—1

ZPJ Zpﬁ Z 4;Cl, <ij+ Z 4;C; = Z”“‘J

= j=tr_1+1 Jj=it—1+1
and o; —0
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Finally, the algorithm terminates in time O(n?) since the number of iteration
is at most n and each iteration takes O(n) time, which completes the second
statement of the lemma. O

3.3 Decomposition

In this subsection, we describe how to represent a point p € P, by a convex
combination of permutations. For simplicity assume that p; > --- > p,. To begin
with, we define special points in the permutahedron which we call permutations
with ties. Suppose q € P, satisfies that ¢; > Q@22 2 qn A permutation with
ties g € P, satisfies that if ¢; > ¢;11 then Zj 19 = Z;Zl(n + 1 —4) hold for
any ¢ € [n]. For example, if ¢ € P5 satisfies ¢1 = ¢2 > ¢35 = g4 = ¢5, then q is
uniquely determined as ¢ = (4.5,4.5,2,2,2). Note that every permutation with
ties g satisfying that ¢ > g2 > --- > ¢, is represented by a convex combination
of (at most) two permutations, namely (o + ¢')/2 where 0 = (n,n —1,...,1)
and o’ is a “partially reversed” permutation satisfying that

a'(@) > o'(j) if ¢ > ¢ and,
o'(i) < o'(i+1) if ¢ =g

Note that ¢’ is uniquely determined by ¢ € R and o. For example, let r =
(4.5,4.5,2,2,2) and o = (5,4, 3,2, 1), then its partially reversed permutation o’
is (4,5,1,2,3).

Now we describe our algorithm to represent p € P, with a convex combination
of permutations. Note that ! = ¢ holds if the input p satisfies that p; > p;11
for any i € [n —1].

We will prove the following lemma on Decomposition.

Lemma 5. Decomposition provides a convex combination of permutations rep-
resenting an arbitrarily given p € P,. Its running time is O(n?).

To show Lemma 5, we show the following Lemmas.

Lemma 6. At any iteration t in Decomposition, p' satisfies that p > pfﬂ for
any i € [n—1].

Proof. We give an inductive proof with respect to ¢. In case of t = 1, it is clear.
In case of t > 1, we assume pt_1 > ptjr% holds for any i € [n — 1]. If pf_l = pfjr%,

then qt - qZJrl holds, from the definition of g*~!. Thus
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Fig.3 Decomposition

Decomposition
Input: p € P, satisfying that p1 > p2 > --- > py,.

Output: Permutations o, .
ZiT:())‘io'i:Pa 27 oA = L.
(1) Leto®=(n,n—1,...,1),p' =pand A = 1.
(2) Fort=1,...,

to p' and 0. Let q¢' = (6 + o) /2.
(b) Let
{pt_pt—s-ll b4 gt
At = min | # }7
! il g —ayy H
(c) Let pt! =p' — \gl and let A = X — \,.
(d) If A=0 then let T =t and break.
(3) Set Ag=1/2and N\, = \;/2 for t € [T].
Output permutations a°,...ct and Ao, ..., \7.

..,oT and \g,..., A\ € Ryg s.t.

a) Find a partially reversed permutation o with respect
p y p p

where we deﬁne Pl =dql, =0, for convenience.

Phay =P = Mgl Tt =Pl — Madl ) = pi

and we obtain the claim. pr s pH_l, then q s qu_ll holds, and

t+1 t+1 ¢
p1+ —Dit1 = p, /\th - (pi+1 - /\tQi+1)

= Pi - PEH - )\t(Qf - qfﬂ)

t ¢
p; —P;

= (¢ —qi1) (7: ?1 — /\t> >0
q; — 4941

where the last inequality becomes from the definition of

A = 112[17?] {(Phr = p2) / (dip1 — @) [ i # @i} -
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Lemma 7. In Decomposition, p* 1 (= pT — A\Tq") =0 holds.

Proof. Without loss of generality, we may assume that p; > ps > --- > p,, for

simplicity of notations. First we show p” ™! > 0. Since Lemma 6, if there exists

J € [n] satisfying that pTJrl <0, then pI*! < 0 holds. Thus it is enough to show

pI+l > 0. Leti* _mll’l{j € [n] | p] = p}}. Then we have pl. pZT+1 =...=pl
and ¢l = quﬂ = ... = ¢l Hence, we get pT+1 pzﬂfl = ... =pl*l In case

of i* > 2, pt._; > pt. holds for any ¢ € [T], meaning that ¢/ _; > ¢’ holds for
any ¢ € [T]. Thus we can see that >, ¢t = >°7 .. (n + 1 — j) holds for any
t € [T], from the definition of g'. Then we obtain

ZH:XT:MJ ZMZ% ZMZ +1- )

Jj=t* t=1 = J=i* = J=i*

=Y (n+1-j)< ij
j=i j=i

where the last inequality is due to constraints of the permutahedron Z - p] <

Z;_l (n+1—j) and Zj 1P = Z 1(n4+1 —j). Thus we obtain that

> =3 (- L) 20

Jj=* Jj=i*
As discussed above, pL T = pzﬂfl = ... = pI*! holds, and we obtain pI+! > 0.
In case of i* = 1, the proof is done in a similar way.

Now we show pT+1 = 0. Since p € Py, >}, 1p5+1 =201 (n 41— j) holds.
In a similar way as the proof of pT‘H >0,

n T T n n
YD Adi=D MY 4= Z/\tzn+1—j)=2(n+1—j).
t=1 j=1 t=1 j=1 j=1

j=1t=1

Since pT 1 >0, pT Tl =p — Zz;l Mgt = 0. O

Lemma 8. The number of iterations T is at most n.
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Proof From the definition of ), there is at least one ¢ € [n] satisfying that
pt > le and pH'1 = pfi% If pt = le, then pH'1 = pfi% as discussed in the

proof of Lemma 6. Now the claim is clear. O

Proof of Lemma 5. Since Lemma 7, it is clear that the output ZZ;O Atot by
Decomposition is equal to an arbitrarily given p € P,.
It is not difficult to see that every lines in Decomposition is done in O(n).
Hence, we obtain that the running time is O(n?), since Lemma 8. O
We remark that |{a?, o1,
tation is suggested by well-known Caratheodory’s theorem.

oT}| < n holds, the existence of such represen-

Memory-Efficient Implementation of Decomposition Now we discuss an
algorithm with O(n) space and in O(n?) time to obtain a random permutation

we{o’ ol ...,

T} according to the probability A, using a modified version of
Decomposition. Firstly notice that we do not need to memorize ot in Decomposi-
tion to compute s and o® for s > ¢t. Thus two-paths algorithm is easily obtained;
we memorize only A for ¢ € {1,...,T} in the first run of Decomposition, and we
choose o? with the probability A; in the second run of Decomposition, then we
obtain a desired 7r. In fact, it is easily improved to one-path algorithm, consisting
of the second run only.

3.4 Main Result

Now we are ready to prove the main result. Note that by using the algorithm
Decomposition,

Elo:- 4] = p,.

So, by Lemma 2, we get the following theorem immediately.

Theorem 2.
Nminges, Sy 0 - £ + "5

T
El;o-t'zt]_ 1—em
In particular, if we set = 2In(1 4 1/v/T), since, < ez — e~ % for n > 0, we
have == < e? = (1+1/V/T), and e = WH/VT) g VT/2. Further,

e~ T 1/T+2/VT —
= O(n?), we get the following corollary.

Inn

by using the fact that o - £;
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Corollary 3. Forn=2In(1+ 1/\/_)
E [Zo’t Zt] < min Zo’ £ +O0(n \/Tlnn).

=1 oeS n,*

4. Lower Bound
In this section, we derive a lower bound of the regret for our online prediction

problem over the permutahedron P,. To do so, we develop a reduction from the
n-expert problem defined as follows.

n-expert problem
For each trial t =1,...,T
(1) The player chooses an expert i;.

(2) The adversary assigns each expert i loss ¢;; € [0, 1].
(3) The player incurs loss £y = 4 ;,.

For the n-expert problem, lower bound of the regret is known:
Theorem 4 (Cesa-bianchi et al.?). For n-expert problem, for sufficiently large
T, the regret is

Q (\/ Tln n)

Now we show a reduction from n-expert problem to our prediction problem
over the permutahedron P,. Assume that we are given an algorithm which
predicts permutations. For each trial ¢, first, we get a permutation o; and choose
the expert o4(1). Then, the adversary assigns each expert ¢ loss £ ;. Now we
construct a loss £; for the permutation o as follows: £; = U ooy (1,00, 1).

Then observe that

n(n+1)

= 2y, (1)

which implies the lower bound of our prgble

Theorem 5. For our prediction problem over permutahedron, for sufficiently
large T, the regret is

Q (n2len n) .
5. Experimental Results

In this section, we show our initial experiments of our algorithms for artificial
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Fig.4 Cumulative losses of PermtahedLearn, PermELearn, and the best permutation.

10000 ‘
= == 'PermELearn e

8000 || e
” P PermtahedLearn. -
3 6000 $
(0]
=
1]
= 4000
IS
o

2000

0

0 50 100 150 200 250 300

data. For our artificial data, we fix n = 10. To generate a loss vector at each trial
t, we specify each i-the element ¢ ; of the loss vector £; independently randomly
as follows:

b =

52

{1 ,with probability r;, and
0 ,otherwise,
where we set r; = i/n. We generate T' = 300 random loss vectors.

The algorithms we compare are PermtahedLearn, PermELearn and the
best permutation in hindsight. As the parameter 7, we consider n €
{0.025,0.05,0.1,0.2}. For each setting of 7, we run algorithms for 3 times and
choose the one attaining the lowest average cumulative losses as the best param-
eters for each of them. As a result, we specify n = 0.2 for PermtahedLearn and
1 = 0.1 for PermELearn, respectively.

We plot the cumulative losses of algorithms with their best parameters in Fig. 4.
As can be seen, the cumulative loss of PermutahedLearn is much smaller than
that of PermELearn and competitive with that of the best fixed permutation in
hindsight.
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6. Conclusion

In this paper, we propose an efficient prediction algorithm for an online pre-
diction problem over the n-dimensional permutahedron. The upper bound of the
regret of our algorithm matches the lower bound, so our algorithm is optimal.
Further, our algorithm runs in time O(n?) and uses O(n) space at each trial.

An interesting future work would be investigating the case where permutations
to predict have to meet some partial-order constraints, as studied in previous
works® for the offline setting.
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