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Visual Simulation of Classical Mechanics
in terms of Java Applets

TosHIAKI IzuMoTO 1 and YUK TRokAwA T

In this paper, some Java applets are made of the visual simulation of the clas-

sical mechanics. The orbit of the Kepler motion is first visualized by numerically
integrating the differential equation of the 2-body central force problem. The
magnitudes of numerical errors are evaluated of the Euler, the Runge-Kutta
and the Symplectic integration methods by comparing the numerical results of
the orbit and the constants of motion with the eact solution.
A visual 3-body simulation is then performed of the earth and the moon in the
solar system by making use of the Symplectic 6th integration method, where
the constants of motion are carefully observed. The virtual problems are dis-
cussed, for eample, of the moon spiraling away. The visual simulation may
facilitate learning in a virtual class.
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2. 00OooOoOOoOO0O0bOOoo0ooboon

2.1 10000 HamiltonianOODOOOO

oooooO0oCoo0oOo0ooUooooooooD moOo0dOo 1oooooooooooo
000000000 U(gp0o0oo0ooooooooooooooooooooooooo
oooooo

H=K+U(q) =p*/2m+U(q), U(q) = —k/|q (1)
dp/dt = {p,H} = —0H/dq, @)
dq/dt = {q,H} = 0H/Op

000O0{p,H},{q,H}0OPoisson 0000000000000
{va} = 0, {an} = —8U/8q:f(q)7 (3)
{a, K} = p/m, {a,U} = 0
Oo00000000000000
dp/dt = f(q) = —kq/lq®, @
dq/dt = p/m
0000000000000 0 EO0OOOO MOOOOOOOOOOODO
E=p’/2m —k/|q, M = [q x p]. (5)
000000000000040000000
dE/dt = 0, dM/dt = 0 (6)

ooo0oooOOoOoOoo0oUo0oooOooODOoOoOooooOoDOoOoOooUOOooooDoO
00000000ooooooooooooooooooooD
000o000ooooooOO0o0ooU0oooooooooUoooooooooooooooo
0 O the virial theoremO OO0 O0OOOODOOO

K=-U)2. (7
O0D00K, 000K, U000000000000000000000000000
E=0U/2 (8)
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0O00000000000000K, U, E000000000000000

Newton 0000000040000 p0000000000000000

md’q/dt* = —ka/|q|’ (9)

DDO000 m 0000000 (00 me ) 000 20000000000000 mO
0000 p=mims/(mi +mp) 000000,000 k=Gmm, 00000(1)00
090000000000 0MGOO0NN0000000000000000000000
0O (r6),(pr,pe) 00000000000000000000000000000000
D00000000000000000000000000000000090

r=C/{1+ecos(0+ 6p)}. (10)
00000000000 Ccoooo egDDOoDOoOoOooooOO
C=0/mk,  e=/1+2EL2/mk2. (11)

ooo00o0o0dbO pO¢0O000OCO0O0ODOOOODOOOOOODOOODOODOO
000000000000 R=1000000 mx=m,=1000000 TT=10000
000D (0 103)00000. +=000000000000 (r,60)=(1,0) 000 OO
dr/dt =0, r(d0/dt) = R =, (QD00D0000)0000000

C =g /(2m)?, e=|1—-v3/(2m)°| (12)
gboboboboboooobooooobobobo

r=uvg/ [(27r)2 + {v§ — (27)*} cos 9] (13)

O0000000000000 0000000000000
e ¥ <2V2r000,0 E=v3/2—-(2m)?< 00000 0000000,
0000w =2r00000000000,
e v=2V2r000,0 E=23/2—-(2r)?=0000000000000,
e v >2V/2r000,0 E=v/2—(2r)?>>0000000000000.
00000000 a,b00

a=C/(1-é)=—k/2E=1/{2—v3/(2n)*} (14)
b=ay\/1—e = \/—/2uE = 1//2(27)? /v — 1 (15)
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T = 2rab/(£/m) = \/4w2a®/GM = 1/{2 — v}/(2n)*}*/? (16)

2.2 30000 Hamiltonian 000000
0000000000000 o0ooooooouoooooooooo0d me,qi,ps (1=
1,2,3)000000000000000000O0OODO0UOO

H=K+U=Y pi/2mi—Y Gmim;/|ai —ql, (17)
7 1<J
M= [q; x pi (18)
g0o0o0oooooooooooooon
dpi/dt = —8H/8ql-, (19)
dqi/dt = 8H/(9p,-, (’L = 1,2,3)

00000000000000000010000000000000000000
000000000000000000 00000000000 qdqs00000
000000000000 {qi,q2,qs} 0000 {p1,ps,ps} 000000000000
{R¢,R,r} 0000 {Pg,P,p} 00000

a1 = Rg—(m2+m3)R/Mg,

Q2 R¢ + miR/Mg — mar/(mg +ms),
a3 Rg + miR/Ma + mar/(ma +ms3),
p1 miPg/Mg - P,

p2 maoPa /Mg + maP/(ma +ms) — p,
pz = msPg/Ma+msP/(m2+m3)+p.

Hamiltonian 000000000000 OOOOCCOOOOO0O00O000O0O
H = P%/2Mg + P?/2m + p*/2u — { Gmimz /|R — mar/(ma2 + m3)|
+Gmims/|R — mar/(mz + ms)| + Gmams/|r| }, (21)
M = [R¢ x Pg] + [R x P] + [r x p] (22)
gooog
Mg = mi + m2 +ms3, m = mi(ma + m3)/Mg, pp = mama/(ma + m3) (23)
D[I[IDDDDDDDDDDDDDDDDDDDDDDDDEDDDDDDD|M|D
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E=FE — P?/2Mg, M| = M — [Rg x Pg]]| (24)
00000000000000000000000000000000000000000
00000000000000000000000000000000000000000
ooooooo
D000 < |R|000 me,ms <m 000000000000000000O0?210
00000000 Newton0OOOOOOOOOO0OOOOOOOOOOO [flO000OO
0000000000000000000000

]\4@(12R,G/dt2 = 0,
md>R/dt? ~  —Gma(ma +m3)R/|IRJ?, (25)
wd?r/dt? ~  —Gmamsr/|r|?

+Gmimams/(ma + m3){3(R - r)R/\R|2 - r}/|R\3

0doooooooOd r00DO00OO00OO0O0ODOOO0ODOODO, ROOOODOODOOOODOODOO
JoooDooObOo0oooooooooobOoodoooooooooooooooobooooa
JoobooooDbooobobOo0obDbObo0obDboo0obDboOooooDboooobooo
0000 JavaAppletss 000000000 0D00OO000OOO0ODOOOOOOOOOOOO
goooo.
000bOO0o0o0ooOoOooboobOoOooooOooon
Re =(0,0,0), R = (R,0,0), r = (rcosf,0,rsinb), (26)
Pe =1(0,0,0), P = (0,mRQ,0), p = (urwcosb,0, urwsin ). (27)
000000 Me,muO0O0O Rr000000 Q000000000 OO0OODOOO
gobooobuoooboobbob20bobbo,o0boobbboobboobo
00 {a1,q2,q3} 0000 {p1,p2,ps} 000000000000 0000000000
0000000o00oDooooooooo,0o0oog e=5.1500000000.

2.3 00O0OOO

2.3.1 Euler 00 Runge-Kutta [

00000 p,qUUO0000z={q,p}00000000000OOO40000000
000+¢0000000000000L00O000UO0LDD0UO0OUO0 dz/dte0 z00
ooo

2= g(t,2) (28)
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01 00dooooooooooo
Table 1 Masses and mass ratios of stars

0 ooo oo 0oooo
oo my 1.9891 x 10%%kg 333,400
oo mo 5.974 x 10%%kg 1.

oo ms 7.34767 x 10%’kg  0.0123000

02 0000
Table 2 Average distances of two stars
ooooo oo oooood ooood
0oo-0o0 R 1.496 x 10%km 1.
0-00 T 3.844 x 10°km  0.0025696

O0O0O0FEuer000000000000ODOOOOOOOOO t, =nAt0000 Taylor
goobooooboooobooooo
Zn+1 R Zn + Atg(tn, zn) (29)
000000 Euler00 AtO 1000000000,
Runge-Kutta OO OOOOAtO00D0ODODODOODOOOOOOOOOO
Zpt1 = Zn + Ko, (30)
ki = Atg(tn,zn), ko = Atg(tn + At/2,z, + k1/2)
000020000000000 1000000000 KeplerOOOOOOOOOOOO
dooooooooboboboobbdodgoodoooooooooooooooo
ogoooo.
000AtO00000O00O0OO0O0ooOoooo
Zn+1 = Zn + (k1 + 2k2 + 2ks + k4) /6, (31)
ki = Atg(tn, zn), ko = Atg(tn + At/2,2, + k1/2),
ks = Atg(tn + At/2,2, + kao/2), ka = Atg(tn + At,z, + ks)
gooogoo
2.3.2 Symplectic 00O
000000 z=(q,p)000,000000000
z={zH} (32)
0000000000000 000{z,H} O Poisson 000000
0000000 H=K(p)+U(q) 0000000000 Dy O
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Table 3 Angular velocities of bounded motion
0 oo ooooo 0ooo
oo Q 2 [T~ 1.
0 w 27/(27.32/365.24)[T "] = 13.369
Dy = {z,H} (33)
gboboboboboboobooooooo
z(At) = exp[AtDg]z(0) (34)
Dy ={z,K}+{z,U} = Dk + Dy (35)
obooboooo
z(At) = exp|At(Dx + Dy )]z(0) (36)
000000000000 Symplectic00000Y 0ooooooon
e Symplectic 000000000 OA#) D00
exp|At(Dx + Du)] & exp|AtDx] exp[AtDy] + O(A?) (37)
e Symplectic 000000000 OA#) 000
exp[At(Dxk + Du)] =~ exp[(At/2)Dk] exp[AtDy] exp[(At/2)Dk] (38)
e Symplectic 000000000 OA#*) OO0
exp[At(Dk + Du)]
~ La[s1(Dk + Du)] L2[s2(Dk + Du)] Lz2[s1(Dk + Dv)] (39)
oooo
Lo[A + B] = exp|(1/2) A] exp[B] exp[(1/2)A]
s1=1/(2—2"%) 55 =1— 25,
e Symplectic 000000000 OAt*) 00O
exp[At(Dk + Du))
~ L4[s3(Dx + Dv)| La[sa(Dx + Dv)| La[s3(Dx + Dv)] (40)

oooo
L4[A —+ B] = L2[81(A —+ B)}LQ[SQ(A —+ B)]Lg[sl(A —+ B)}

s3=1/(2—2Y%) 54 =1— 2s3

000000000000000000000%0 Velocity VerletOOOOOOOOOOO0O
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Fig.1 Orbits of the Earth, calculated by using numerical integration methods for the initial values

of ro = 1 and vo = 27 . A circle is the exact solution in this case.
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Fig.2 Orbits of the Earth, calculated by using numerical integration methods for the case of the

initial values of ro = 1 and vg = (27) X 0.70. An ellipse with the eccentricity ¢ = 0.51 is the

exact solution in this case.
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Fig.3 Time variation of the energy and the angular momentum, which are calculated with the

2nd-order RK (RK2nd) and the SI2nd methods for the initial values of ro = 1 and
vg = (2m) x 0.70. Note that the numerical deviation in the case of the RK2nd method

grows monotonically as time elapses.
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Fig.4 Time variation of numerical deviations from the constants of motion, which are predicted

with the 4th-order Runge-Kutta(RK) and the Symplectic Integrator(SI) methods for the ini-
tial values of 7o = 1 and vg = (27) X 0.70. In the case of the RK4th method, the numerical
deviation grows monotonically as time elapses. Note that the scale of the vertical axis is
magnified by a factor of 100.
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Fig.5 The binary system of the earth and the moon moving around the sun. Note that the relative

distance between the earth and the moon is apparently multiplied by « (, and 4« within an

inset) after the numerical integration.
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Fig.6 The binary system of the earth and the moon which is set to circle in the opposite direction,
is traveling around the sun. Note that relative the distance between the earth and the moon

is apparently multiplied by« (, and 4o within an inset) in the drawing.
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Fig.7 The binary system of the earth and the moon moving around the sun. Note that the relative
distance between the earth and the moon is apparently multiplied by « (, and 4« within an

inset) after the numerical integration.
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Fig.8 The binary system of the earth and the moon is moving around the sun. Note that the relative

distance between the earth and the moon is apparently multiplied by « (, and 4a within an

inset) after the numerical integration.

VI = vl/v/1+8 (41)
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