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Relations between Preconditioning Ways and
Convergence Criteria for Krylov Subspace Methods

SuoJt Iton,™ MASAAKI SUGIHARAT?
and RyuTarRo HIMENOT?

Systematic performance evaluation to compare numerical algorithms of linear
equations is introduced and some cause of the difference of convergence status
brought by preconditioning system and scaling are discussed. In this paper,
especially, the close relations among preconditioning direction, its convergence
criterion and definition of residual vector are pointed out. Further, the existence
of right or left side preconditioning for the conjugate gradient method despite
of symmetric system and the existence of plural types of left preconditioning
system for non-symmetric system are explained. Finally, the relations between
these events and their convergence criteria are discussed.
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Fig.1 Left: Left-preconditioning, Right: Left-preconditioning with scaling.
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Fig.2 Left: Left-preconditioning judging by (14), Right: Right-preconditioning.
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Table 4 Convergence criterion of each case.
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Table 5 Relative residual norm of each case.
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g = B TE)
(Pr, Apy)
Tr+1 = Tk + AkPy,
Tht1 = Tk — aLApy,
ﬁk:w
(T, 7k)
End Do
Algorithm 1 00000000O00DOOO
(KL 'AKR')(Krz) = K 'b,
p= Kgrp, ¥ = K. 'r (18)
0oooooooo0 s00odooooooooobob bbb ooog
0 GO000000000000CGUOOOO0000O0ODOO00nooOgg Algorithm 20
ggo
Algorithm 2. 00000 CGOOOOODO M
To, 70 = b — Azxo, f_1 =0,
k=0,1,2,---,until 0000 1 < e Do:
KRpk:K]jlrk‘FﬂkflKRpkflv
(K;lrk,Kglrk)G
(Krpy, K ' AK R Krpy )

A =

x1 0000PCGOOOOO00OOOSPDOOOOD KOOODODODOOOOOODOOOOK *AOODDOODD
go0ooooo0oo0oO0ooO0o0oO0o0o00o0o00 cGoooooooooooooooooo
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Krxri1 = Krxr + arKrpy,
K;lTk+1 = K;lrk — OékKIleKglKRpk,

(KL_ITk+17 KL_lTk+1)G

ﬁk = — — )
(K, 'ri, K. 'ri)a
End Do
000000000000000 Alg20 “0000 17000
VS e K e [\, K ) (19)

00000000000000000000000000000000000000000
0000000 +=K;"»0b=K;'p000000000000(0
00000000000000000 40 K, =I0G=K"'0000

(KL_lrk,KL_lrk)G:(T}C,T']g)K—l :(rk,K_lrk) (20)
gooo0oooobooooDboooobooooooooobooooooo

(ri, K 'rg) = (L7 e, LM rg) = ||L7 M3 (21)
gooooooobooooo

T, =b— Axy (22)

goooooooobooooooobobo
00000 (2000000 », 00000D00O0DOODODOOOOOOO (22)000000O
gogoboooobooobbuooobbooobbooo
(s )1 = |[7ell3 (23)
goooooooooo «cooo”0obbo0oooooobobooobooobooo
oooo0oO0oooooOo (1600 Kp=LO G=10000
(Ki'ri, Kp'ri)e = (L7 re, L rg)r = (g, K rg) (24)
000000000 (0)000O0o0ocCcGLUOoOoOOOoU0OOoULOoUOOoUoDOOoO
gobobogoooooooobboboboboboboboooooobobobo
oooocGoOoOoooooooooono
e = L 'rp = L7 (b — Axy) (25)
ooo?»0000000 (22)00 e =b—- Az, O0OUO0O0OUOOODOOUOODOOODO
goooboooboobooooboobobooboobooboobooboobo
gooooooooooodoooooodbOOo bOUUUDOoUOOOOOODODODOOUODO
oogd
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ooopCGUOOOO0OOOOOODOOOOOOODODOOO 8OOOD “0OOO”O
0000000000000 0000000000000000 Algorithm 200000
000000000 Algorithm 3000000
Algorithm 3.0 0000 CGODO
xo, 70 =b— Axo, -1 =0,
k=0,1,2,---, until ||rg|]2/||br]l2 < € Do:

P =K 're+ Beo1by_is

('I’k,K_l’I“k)
(prApk)

Tkt1 = Tk + AkPy,

A =

Tht1 = Tk — L Apy,
ﬂk:(rk+17K717°k+1)
(re, K=1rg)
End Do

0000000000000 000000000 CGOOAlgerithm 100000000
0000 o, O g 0000000000000

(T, Tk) (26)

00000000000 00oooooooooooooon ¢Goo Algorithm 3000
ogo0oooooooood (26)DDDDDDDDDDDDDDDDDDDDD

5. Jogboooboobooboobobo

0000000000000 000000000000000000000000000
00000000000 000003.300000000000000000000000
0000000000 100000000000000000000000000DO00
000000000 10000000000000000000000000000DO00
000000000000000 CGSO Conjugate Gradient Squared0 0 00000
onooon

000000000 CGSUU0UD0DU0DUD0Uu0DUououn 13)00000n
000000000000 00000000000 1)02)014) 000000000000
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000*000000000000000000000000D00000
5.1 0000000 CGSO
oooOoo0oo0oo ccGSOoUoooOoooooUoooooUoO (2)oooouoo
0o CcGSO0D00uoopooooooooooooooooooooooooooooo
0000 2)000000000e, O g 0000000 <u,v>DDDDDDDDDD*2D
oo¥000oooon Algorithm 40700000000 xo O rgDDDDDDDDDDD
gooooooon
Algorithm 4. 00000 CGSOO
:I:o,ro:bfA:co,rg,ﬁfle,
k=0,1,2, -+, until ||r]|2/]|b]]2 < € Do:
Py =Tk + PBr-12k-1,
Uk = Pg, + PBr—1(Zk—1 + Be—1Uk—1),
<”°gﬂ°k>
(rh, Au)’

zZkr = Py, — arAug,

ap =

Trpt1 = Tk + ar(Py + 2k),

Tht1 =Tk — A A(Dy + Zk),

B = (r§srit1)

(rh,re)
End Do
Algorithm 40000000000000

(K7 'AKR')(Krz) = K1 'b,

p=K.'pu=K;'u, 2= K. 'z, 7= K. 'r, #) = K[ r} (27)
0000000000000 CGSO0000000000000000000000000
0000000 =00000

7= K;'r = K;'(b— Ax). (28)
000000000000000000000 r,=b-Ax, 0000000000000
O Algorithm 50000

x1 00000 14)000CcGSO000000o0ooooooooooooooooooooooooooa
x2 000000000000O000O00O00OOO0OO0COOOO0COOOOOOOOOO0OOOGOOOOOOODO
goooooOooO0ooooOoO0oO0O00O0oOoO0000O00O0O0O0000
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Algorithm 5. 0000000 CGSOOOD0DO D

xo, 70 = b — Az, rg, 6-1 =0,

k=0,1,2,---,until 0000 2 <€ Do:

Ki'pe =K 're + B K M2,
Ki'ur = K;'py + B 1 K (21 + Beatk_1),
(KTrh K ry)

(KTr8 Ko 'AK G K )
Ki'zi=K;'p, —oanK; "AK R K tuy,
Krari1 = Krxy + an KL ' (py, + 21),

Kp'ripn = K 'ry — an K 'AKR K (D + 21),
B = <KET%,K£1Tk+1>
(KEr§ Ky 're)
End Do

0000“0000 200000 CGULOO (250000000000 (28)0000
ooobooooooo
Irellz/ b1z (20)
gooo
00000000000000D0 Algorithm 6 000000
Algorithm 6. 0000000 CGSOO
wo,rozb—Awo,rg,ﬂ,l =0,
k=0,1,2,---, until |rg|]2/]|b]l2 < & Do:
P =Tk + Br-12k-1,
ur =Py + Bk—1(Zk—1 + Pr—1Uk—1),
()
(’rg,AKfluk)’

-1
zr =P — 0 AK” uy,

ap =

A =

Tpi1 =@k + K (p), + 21),
Thtl = Tk — ozkAKfl(pk + zk),
B = (T, Ti1)

<T?)7Tk>

End Do
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5.2 00000000 CGSO

DDDDDDDDDDDDDDD(3)D(4)DDDDDDDDDDDDDDDDDDDD (27)
00000 (4)000 Algorithm 5000000000000 Algorithm 6000000
goobooooboooboboooboobg

r=r=>b-—Ax (30)
oo0o0ooooO0oO0UooO0oOooooOoO0UbDOoOoOOOD 2Uoooo (3)ooo
Algorithm 5 0 0000000000000 0O0O Algorithm 6 000000000000
gooboooooboooobooo

F= K 'r=K '(b— Ax) (31)
000000000 o0oU0-0O000 B0)0O00OOOO

goooocCcGSOO000o0ooooooooboobobOoooboboboooooDon
0000000000000 000O00O000O00O00O00UD0OU0OO0DDO0OLOOUOO (28)0
(30)0(31))0U0000U000»»0000000O0ODOODOOOOUOOOODOOOO
O000000O0Algorithm 6 000000000000 (8)D000“000O”00O0O
goooo

5.3 0D00OO0O0OODOOOO CGSO

000000000000 ()000000D00000 Algorithm 40000000
ogooooooooooo

K 'Az = K™ 'b,

P=p = u, 2= 2,7 =i =) (32)
00000000 Algorithm 7000000000000 “000000 CGSO”0O00O
0000O0OoOo33000000000000000000O00*O
Algorithm 7.0 000000000 CGSOO
CCU,’I"():Kil(b—A.’Eo),Tg,ﬁ71:0,
k=0,1,2,---, until |rgl]2/|[K"'b||2 < € Do:

Dy =Tk + Br—12k-1,

wr = pi + Br—1(Zk—1 + Br—1Uk—1),

(r§, )

ap = ———————,
FT b K A

x1 0000000 CGSOO0O0000Algorithm 7000000000

000000000 000D00ooDOoooOooogd Vol 3 No.2 9-19 (June 2010)

Zk = P — Ozkf(ilAu;67
Tit1 = Tk + ax(Pg + 2k),
i1 =1k — oK Alpy, + z1),

G = (rfrii)

<7'ﬁ07 rk) 7
End Do
000000000000000000000000
F=r=K'(b— Az) (33)

OU0o000o00o0o0ooo0oo0ooUoUO0 (12)000L00oULUDULDUODOOUOO
Algorithm 700000000000 (14)0000000000O0OOOOOOOO (8)0O
goooooon

6. 0O 0O O
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000000000000 0000000000000
00000D00000000000 “0000000000000007 0 “0000”
0 “000000000000000000”0000000004“0000000000
0000000’ 000000000000000000000000000000000
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000000 “000700000000000000000000000000000
00000000000D000000000000000000000000000000
000000000Y0000000000000000000000000000000
000000000000

000000000000 00D0000CGO000D0000000000000000
00000000000000000000000000000000000000000
OO0'»® 000000000000 000000000000000000000000
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0000000000000 0000000000000000“00000070000
000000000000000000000“000” 0000000 CGSO0000
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