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A Rigorous Proof of No Free Lunch Theorem
for Stochastic Algorithms

Yuji Hashiya †1 and Takashi Sakuragawa†2

In this paper, a rigorous proof of No Free Lunch Theorem (NFLT) for stochas-
tic algorithms is presented. NFLT shows that there is no algolithm which can
solve every optimization problem efficiently. A lot of research papers on opti-
mization problems and search algorithms refer to it. We give a formal defini-
tion of stochastic algorithm, prove some lemmas and then complete a regourous
proof of NFLT for stochastic algorithms using probability theory.
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F = {f : X → Y }
ÍB5f TI~? f : Xk → Y k E¨�PHQ

f : (x1, x2, . . . , xk) (→ (f(x1), f(x2), . . . , f(xk))
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DX
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Ak = {ak : Dk → X | ∀dk ∈ Dk, 1 ≤ ∀i ≤ k ak(dk) .= πi ◦ π1(dk)} (1 ≤ k < m)

A = X ×A1 ×A2 × . . . Am−1
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a = (a0, a1, a2, . . . , am−1) ∈ A?@AHo5f ∈ F, x ∈ X, 1 ≤ i < m, di ∈ Di o^_5



Pa(F = f) > 0 ⇒ Pa(X1 = x | F = f) = δ(x, a0)

Pa(Di = di,F = f) > 0 ⇒ Pa(Xi+1 = x | Di = di,F = f) = δ(x, ai(di))

q¼�½x"1QX7T}4�Ô a0 �·jk?­®PHpo?m^52w�T}4jkDE

!1 δ 4¯U°O±�T�:!35δ(x, x) = 15x != y Tof δ(x, y) = 0 3�HQ
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A> 1 1 ≤ k < mTof5ak ∈ Ak, dk = (dXk , dYk ) ∈ Dk oPHo4q¼�½xQ

dXk ‖ak(dk) ∈ DX
k+1

1�\4 2)3NOtuB�\o¨©3��5NO4 2)?íî^_�^AQ
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dk ∈ Dk E]^��TUVEI~PHQ

F (dk) = {f ∈ F | 1 ≤ ∀i ≤ k f(πi ◦ π1(dk)) = πi ◦ π2(dk)}
-Y 6 ($%&'()VBCDEXiUQjJKLM)

a = (a0, a1, . . . , am−1) ∈ A5f ∈ F E]^_5Sk : A× F → Dk ?

S1(a, f) = (a0, f(a0))

1 ≤ i < mTof

xi+1 = ai(Si(a, f))

Si+1(a, f) = Si(a, f)‖(xi+1, f(xi+1))

o?r8EI~PHQÍB5SX
k : A× F → DX

k o SY
k : A× F → DY

k ?

SX
k (a, f) = π1 ◦ Sk(a, f)

SY
k (a, f) = π2 ◦ Sk(a, f)

oI~PHQ

�\ 1U� xi+1 = ai(Si(a, f))?dö�3 dXi EtG¢�B`T4�Ô DX
i+1 Tñòo

WHQ¶K Si+1 T¢4�Ô DX
i+1 TñòoWHT35pTI~4 well-defined3�HQ

A> 2 eªT a ∈ A5f ∈ F ExA_5Pa(F = f) > 0Tof4q¼�½xQ

Pa(Dk = Sk(a, f) | F = f) = 1 (3)

pT�\4 2)T·3¬�tu_AWA`T3��5aE f ?��_÷Û^BofTjk

DEq67 13 Sk(a, f)EWHpo?µN^_AHQNO4I~ 4T9T Pa TaBP²

f¸¹o 3.1.1T67º¡ExA_T�I?@A_ kExA_T¡%8rº�EUHQNO

Tì^A»¼4½ÂT�DEU�}oPHQíî^BACD4ü�± 3)E�HQ

-Y 7 ($%&'()VBCcaXiUQjJKLM)

a = (a0, a1, . . . , am−1) ∈ A5t = (y1, y2, . . . , yk) ∈ DY
k E]^_5
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c1 = (a0, y1)

ci+1 = ci‖(ai(ci), yi+1) (1 ≤ i < m)

o?r8EI~^5Rk : A×DY
k → Dk ?4TUVEI~PHQ

Rk(a, t) = ck

ÍB5RX
k : A×DY

k → DX
k o RY

k : A×DY
k → DY

k ?4TUVEI~PHQ

RX
k (a, t) = π1 ◦Rk(a, t)

RY
k (a, t) = π2 ◦Rk(a, t) (= t)

�\ 1U� ai(ci)?dö�3 dXi EtG¢�B`T4�ÔDX
i+1TñòoWHQ¶KRi+1

T¢4�Ô DX
i+1 TñòoWHT35pTI~4 well-defined3�HQ

RY
k 4 t ∈ DY

k E]^_¾v�¡oW�_AHpoEÞªPHQ

3.2.2 A >

NFLI$TNOE@AHAcx�T�\?NOPHQ

A> 3 (Sk V Rk *Z,[) eªT a ∈ A5t ∈ DY
k 5f ∈ F (Rk(a, t))ExA_4q¼

�½xQ

Sk(a, f) = Rk(a, t)

1�\4 2)3NOtuB�\o¨©3��5NO4 2)?íî^_�^AQ

A> 4 eªT a ∈ A5t ∈ DY
k 5f ∈ F (Rk(a, t))ExA_5Pa(F = f) > 0Tof4q

¼�½xQ 



Pa(DY

k = t | F = f) = 1

Pa(DY
k .= t | F = f) = 0

[23] �\ 3U�5

SY
k (a, f) = RY

k (a, t) = t

3��5

Pa(DY
k = t | F = f) =Pa(DY

k = SY
k (a, f) | F = f)

≥Pa(DX
k = SX

k (a, f),DY
k = SY

k (a, f) | F = f)

=Pa(Dk = Sk(a, f) | F = f)

=1 (�\ 2U�)

oWHQ^Bq�_ Pa(DY
k = t | F = f) = 1q¼�½xQ

ÍB5Pa(DY
k .= t | F = f) = 1− Pa(DY

k = t | F = f) = 0q¼�½xQ !
�\ 44 2)3`�tu_AHq5¸p3412TI~ 4T9E�HUVW9:;<=>

T01?I}Z^B}qO�tu_F·Ô5NOE` Pa qRu_AWAQ67º¡w67

l>qaBP�I�·¤\?ecTq67yTI$wNOT¿À8W|}TÜx3�H4)Q

1234¸VA�B67y8W|}3¤\?NOPHpo?�È^_AHQ¸u/�I}Z

^B9:;<=>T015¶Kõ67º¡o Pa ExA_Trs�·pT�\w NFLI$

?NOP²foß�5�\ 2?Ó^_¸TUVWNO?��BQ

A> 5 (F *kl) V ?÷¡Ð�TeªTÁ¯Â:��oPHQeªT ϕ : F → V5

a ∈ AExA_4q¼�½xQ∑

f∈F

ϕ(f) =
∑

t∈DY
k

∑

f∈F (Rk(a,t))

ϕ(f)

NO4��TUVEÛVQ��34� �¡T��?FÃ^5FÃtuBõ�F¥DÄo

EÅ?o�_AHQ¸^_õ�F¥D4 t ∈ DY
k EU�_�W��!Ztu_AHQpp3

�P²fWT45��TÅEFA_ÆÇWcP²_T f ∈ F qg_f_AH5oAVpo

3�HQPWdK5

õ�F¥DqÈAEÉd�?ÊBWApoQ

õ�F¥DTñòT¡T�Åq |F |3�HpoQ
?�N±UAQNOTg�T�FExA_4 2)?íî^_�^AQ

3.2.3 NFL-.*23 (U-#$%&'()*+,)

¹I89:;<=>?@ABofT NFLI$?NOPHQ

m-. 1n (NFL-.) eªT a ∈ A5dYk ∈ DY
k ExA_5∀f ∈ F Pa(F = f) > 0

oPHo4q¼�½xQ ∑

f∈F

Pa(DY
k = dYk | F = f) = |Y ||X|−k

[23] �\ 5EU� aEU�_ F ?FÃPHo5∑

f∈F

Pa(DY
k = dYk | F = f) =

∑

t∈DY
k

∑

f∈F (Rk(a,t))

Pa(DY
k = dYk | F = f)

oWHQpp35�\ 4U�5f ∈ F (Rk(a, t))W·±

Pa(DY
k = t | F = f) = 1

Pa(DY
k .= t | F = f) = 0

oWHQU�_5
∑

f∈F (Rk(a,t))

Pa(DY
k = dYk | F = f) =





0 (t .= dYk )

|F (Rk(a, t))| = |Y ||X|−k (t = dYk )
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oWHT35 ∑

f∈F

Pa(DY
k = dYk | F = f) = |Y ||X|−k

o�_tuHQ

��EU�59:;<=> aEU·Ô
∑

f∈F
Pa(DY

k = dYk | F = f)4ÜI¢ |Y ||X|−k ?

oHpoqd��BQU�_ NFLI$4¼½PHQ !
��TUVW NFLI$TNO4Wolpert·T��BNO1) U�`LMW`T3�H2)Q

t·EpTNO?ßàPHpo35¸uðuT¹I89:;<=>T{�4�¡��TFÃ

TËMTÌAo^_RuHodÍ3fH2)Q

3.3 !"#$%&'()R*NFL-.

6789:;<=>?@ABCDE`NFLI$q¼�½xpo4Wolpert·Tyz1)E

FA_��tu_AHq5ÏÐ8WNO4��·u_AWAQÃÄ�ÅÆ·Tyz2) EFA

_4¹I89:;<=>T:E¤I^_ß�HpoT��¸?ÜITiÎxf3��^_

4AHq56789:;<=>3T NFLI$E�^_4¹I89:;<=>o¨vTLM

t3I}Z^_4F·Ô5NO`��·u_AWAQDroste·Tyz5) EFA_5678

9:;<=>3T NFLI$TNOq��·u_4AHq5123��HUVELMW67

89:;<=>TI~T�3 NFLI$?NO^B`T34WAQ

pp345 âÖEFA_��BI~E¢�5Acx�TI~o�\?�^B�3678

9:;<=>?@ABCDEFA_` NFLI$q¼�½xpo?NOPHQ

3.3.1 -YVA>

-Y 8 (!"#$%&'()) 6789:;<=>øÐT¥D Σ?4TUVEI~PHQ

pp3 P 4 X �T67l>øÐT¥DoPHQ

Σk = {σ : Dk → P | ∀dk ∈ Dk, 1 ≤ ∀i ≤ k σ(dk)(πi ◦ π1(dk)) = 0} (1 ≤ k < m)

Σ = P × Σ1 × Σ2 × · · ·× Σm−1

pp3 σExA_Trs452Ejk^BX Tj??jk^WAoAVpo3�HQÍB5

pTI~4�� 1)EUHq5Pσ qaBP²f4T¸¹4 1)52) 3��·u_AWAQ

σ = (σ0, σ1, σ2, . . . ,σm−1) ∈ Σ?@ABof5f ∈ F, x ∈ X, 1 ≤ i < m, di ∈ Di o^_



Pσ(F = f) > 0 ⇒ σ0(X1 = x) = Pσ(X1 = x | F = f)

Pσ(Di = di,F = f) > 0 ⇒ σi(di)(Xi+1 = x) = Pσ(Xi+1 = x | Di = di,F = f)

q¼�½xQ

X7T}4X7EjkPHX Tj?;ô67q5f E�d·Ô σ0 3��·uHpo?m

^52w�T}4jkDEq di TofE4EjkPHX Tj?;ô67qw4� f E�d

·Ô67FG σi(di)3��·uHpo?mPQâÖ 3.3T�\wI$45pu·T¸¹o

67º¡ExA_T�I�·e�uHQ

A> 4′ eªT σ ∈ Σ5dXk ∈ DX
k 5t ∈ DY

k 5f ∈ F ((dXk , t))ExA_5Pσ(F = f) > 0

Tof4q¼�½xQ



Pσ(DY

k = t,DX
k = dXk | F = f) = Pσ(DX

k = dXk | F = f)

Pσ(DY
k .= t,DX

k = dXk | F = f) = 0

[23]

Pσ(DY
k = t,DX

k = dXk | F = f) =
Pσ(DY

k = t,DX
k = dXk ,F = f)

Pσ(F = f)
pp35f ∈ F ((dXk , t))U� [DY

k = t∧DX
k = dXk ∧F = f)]o [DX

k = dXk ∧F = f)]4k

6o^_¨©`T?mPT34TUVEº|tuHQ

=
Pσ(DX

k = dXk ,F = f)

Pσ(F = f)

=Pσ(DX
k = dXk | F = f)

ÍB54q¼�½xQ

Pσ(DY
k .= t,DX

k = dXk | F = f)

=Pσ(DX
k = dXk | F = f)− Pσ(DY

k = t,DX
k = dXk | F = f) = 0 !

pT�\4 dXk ? tEfP f 3�u±5F = f ∧DX
k = dXk E DY

k = t?rso^_tG

¢�_`67qºd·WApo?m^_AHQpT�\�·B=KE4T�\qe�uHQ

A> 4′′ eªT σ ∈ Σ5dXk ∈ DX
k 5t ∈ DY

k 5f ∈ F ((dXk , t))ExA_5Pσ(DX
k = dXk ,

F = f) > 0Tof4q¼�½xQ



Pσ(DY

k = t | DX
k = dXk ,F = f) = 1

Pσ(DY
k .= t | DX

k = dXk ,F = f) = 0

pT�\4 F q dXk ? tEfP f 3 DX
k q dXk TCDE467 13 DY

k = t3�Hpo

?mPQNO4�Ï3��}oPHQ

A> 5′ (F *kl) V ?÷¡Ð�TeªTÁ¯Â:��oPHQeªT ϕ : F → V5

dXk ∈ DX
k ExA_4q¼�½xQ∑

f∈F

ϕ(f) =
∑

t∈DY
k

∑

f∈F ((dX
k

,t))

ϕ(f)

�\ 5′4 dXk E]^� ¢3 t ∈ DY
k ?��H¨¢�E F ?FÃ^_ ϕ(f)TÅ?-á_
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UAoAVpo?ª«PH"1Q�\ 5o�ÐTÑu3�tuHQpp34NO4}oPHQ

A> 6 eªT σ ∈ ΣE]^4q¼�½xQ
∀dXk ∈ DX

k ∀dYk ∈ DY
k ∀f1, f2 ∈ F ((dXk , dYk ))

Pσ(F = f1) > 0 ∧ Pσ(F = f2) > 0

⇒ Pσ(DX
k = dXk | F = f1) = Pσ(DX

k = dXk | F = f2)

(4)

pT�\EU�5dYk = f(dXk ) ∧ Pσ(F = f) > 0 3�HUVWP²_T f ∈ F E]^

Pσ(DX
k = dXk | F = f)4¨©¢?oHpoqd�HQNO4567º¡ExA_T�Io

Pσ TaBP²f¸¹?@A_ k ExA_T¡%8rº�EUHQìÒ4}oPHQ

A> 7 eªT σ ∈ ΣExA_4q¼�½xQ
∀dYk ∈ DY

k ∀{fdX
k
}dX

k
∈DX

k
⊆ F

(∀dXk ∈ DX
k fdX

k
∈F ((dXk , dYk )) ∧ Pσ(F = fdX

k
) > 0)

⇒
∑

dX
k

∈DX
k

Pσ(DX
k = dXk | F = fdX

k
) = 1

(5)

pp3 {fdX
k
}dX

k
∈DX

k
4�¡Ó3��5STS� f : DX

k → F 3��_ f(dXk )? fdX
k
o

H^_AHQNO4567º¡ExA_T�I5Pσ TaBP²f¸¹5�\ 6?@A_ k

ExA_T¡%8rº�EUHQìÒ4}oPHQ

3.3.2 NFL-.*23 (!"#$%&'()*+,)

6789:;<=>?@ABofT NFLI$?NOPHQ

m-. 2n (NFL-.) eªT σ ∈ Σ5dYk ∈ DY
k ExA_5∀f ∈ F Pσ(F = f) > 0

oPHo4q¼�½xQ ∑

f∈F

Pσ(DY
k = dYk | F = f) = |Y ||X|−k

[23] k, σ, dYk ?ZIPHQ
∑

dX
k

∈DX
k
Pσ(DX

k = dXk | F = f) = 1U�4q¼�½xQ

Ô� =
∑

f∈F

∑

dX
k

∈DX
k

Pσ(DY
k = dYk ,DX

k = dXk | F = f)

ÅTùú?ÉÕPHQ

=
∑

dX
k

∈DX
k

∑

f∈F

Pσ(DY
k = dYk ,DX

k = dXk | F = f)

�\ 5′ ?@A_ F ?FÃPHQ

=
∑

dX
k

∈DX
k

∑

t∈DY
k

∑

f∈F ((dX
k

,t))

Pσ(DY
k = dYk ,DX

k = dXk | F = f)

!1 �\ 5′ ?�\ 5 T]ëÖoß�Hpo`3fHq59:;<=>T01EUH F TFÃE4W�_AWAQ

t ExA_TÅ?�_PHQ�\ 4′ U�5t = dYk TCD=G Pσ(DY
k = dYk ,DX

k = dXk |
F = f) = Pσ(DX

k = dXk | F = f) oW�5¸u�× (t .= dYk ) TCD3467 0 oWHQ

s� t = dYk TCD=GqgHQ

=
∑

dX
k

∈DX
k

∑

f∈F ((dX
k

,dY
k

))

Pσ(DX
k = dXk | F = f)

4E f ExA_TÅ?�_PHQ�\ 6 U�P²_T f ∈ F ((dXk , dYk )) ExA_

Pσ(DX
k = dXk | F = f) 4¨©¢?oHQdXk ∈ DX

k ÄoE F ((dXk , dYk )) Tñò?Üx

Ôx;< {fdX
k
}dX

k
∈DX

k
?1Ho}44TUVEº|tuHQ

=
∑

dX
k

∈DX
k

|F ((dXk , dYk ))|Pσ(DX
k = dXk | F = fdX

k
)

=
∑

dX
k

∈DX
k

|Y ||X|−kPσ(DX
k = dXk | F = fdX

k
)

=|Y ||X|−k
∑

dX
k

∈DX
k

Pσ(DX
k = dXk | F = fdX

k
) = |Y ||X|−k

X9T}º|4�\ 7EUHQ��EU�59:;<=> σEU·Ô
∑

f∈F
Pσ(DY

k = dYk |
F = f)4ÜI¢ |Y ||X|−k ?oHpoqd��BQU�_ NFLI$4¼½PHQ !

4. o p

¹I89:;<=>o6789:;<=>¸uðuTCDEFA_NFLI$TNO?�

^Bq5SK·TCD`Ô�?�_^Bsq59:;<=>EU·ÔÜI¢ |Y ||X|−k ?o

HoAV`T3��BQxÍ�5jk9:;<=>T¦§a745¸T9:;<=>q¹I

83�H�6783�H�E`�d·Ô¨©EWHoAVpo?LME�^BpoEWHQ

pu4ÌTØyEU�_`efgNHQP²_T iE]^5�H¦IT x ∈ X ExA_

T σi(di)({x})T¢q 13�HUVW6789:;<=>q¹I89:;<=>3�Hpo

?ß�Ho56789:;<=>4¹I89:;<=>?¦ÌWCDo^_ïÙ3AHQ¸

^_12346789:;<=>TCDT NFLI$TNOo^_¹I89:;<=>TC

DT NFLI$TNO�·Ú½W`T?��_AHT35÷4 ÛTNOT:3ÜF3�HQ

PHo ÛTCDEÔ�qÜI¢3�u±9Û`¸V3��_¨©¢3�Hpoqd�HQ

123T6789:;<=>4¹I89:;<=>?õjkÿ�OP367FG?��H

UVE¨�^B`T3�HoA�HQ123T6789:;<=>T��×AM�45jk

B�EFGH9:;<=>T678ÝHÞA?Ø18W}EU�mR^B`T3��5÷®
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T6789:;<=>4P²_ ΣTñòo^_��:ZtuHoß�·uHQßT678

9:;<=>TI~M�o^_5R¹I89:;<=>TFGq��5ST¹I89:;<

=>?@AH�?jk­®�E678E;àPHn5xÍ� A�T67l>o^_I~P

HoAVM�`ß�·uH5)QpTUVEI~^B6789:;<=>q÷®T6789:

;<=>?`uWc��:Z^_AHT�SV�oAV[\w5123I~^B6789:

;<=>oT�á?$dPHBáE4éWH|y?ñPHQ

5. D q r s

τ : X → X ? X TâÕo^5� �¡ f TâÕ τf ? τf(x) = f(τ−1(x))3I~PHQ

Schumacher·4 6)EFA_5NFLI$q¼½PH�ñÜFrs45� �¡T¥DqX

TeªTâÕExA_ã©_AHpo3�Hpo?�^BQpuEU�5NFLI$q¼½

PH� �¡T¥D?5âÕExA_ã©_AH F T�F¥DEäáHpoq3fHQ

Auger·4 7)EFA_5dö�øÐT¥Dq^_`¤TCDo]^_`¤TCDTNFL

I$ExA_Yå^_AHQ7)34rs?æáB NFLI$?ß�_F�5dö�øÐT¥

Dq^_`¤TCDE4æA NFLI$q¼�½K5]^_`¤TCD34¼�½BWAo

^_AHQ

6. Q V 6

12345¹I8PUVW>o678PUVW>T¸uðuTCDExA_59:;<=

>q÷ÛtuHofE67º¡o67l>qaBPoß�·uHy$}?O�8E��5¸

u·EØÁA_ NFLI$?LMENO^BQ

NFLI$o¸Trs45b´W�IEØÁA_�tuHpoEÞª^WGu±W·WAQ

123��B�I?ÍoáHo��TUVEWHQ

• dö�øÐT¥D5dT� ¢øÐT¥D4çE£¤3�HQ
• jk9:;<=>4puÍ3TjkDE^�íî^WA"1Q

• jk9:;<=>4Ü>jk^Bdö�??<8²Hpo4WAQ
• jk9:;<=>Ta7o45�_��wH���E�PH`T34Wc5� ¢3T
:�·��·uH¦èWª«3Ta73�HQ

tu 67yExA_éêEë�_AB=fÍ^B���%�%������%'(�T

!1 pT�IEU�_5]6oPHjk9:;<=>qì¤tuHpo4WAoß�·uHQ

�í¿îJïEÀðñ^ÍPQÍB567yExA_ë�_AB=f5t·E'(ExA_

£òW�óÿ±Oôõþ?tN_AB=A_AH��T�_^idö%T'(&TM´EÀ

ð^ÍPQ
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