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Performance Evaluation of Multiple Precision Fully Implicit
Runge-Kutta Methods using Mixed Precision Iterative Refinement

Tomonort Kouya 'l

Buttari et al. have proposed the mixed precision iterative refinement using the IEEE754
single and double precision arithmetic for solving linear systems of equations. We broaden
the scope of applications of the mixed precision iterative refinement by using a combina-
tion of double precision arithmetic and multiple precision arithmetic, and show that the
new method has higher performance and yields more precise solutions than the original
method. Finally, throughout our numerical experiments, we demonstrate that the implicit
Runge-Kutta methods with the mixed precision iterative refinement can speed up.

110000000
Shizuoka Institute of Science and Technology

Vol.2009-HPC-120 No.7
2009/6/12

1.0 0 0O

000000 196700 MolerD0 OO OOODODOOOOOOOONODOOOO

f(x) =0, f :R" - R" 1)
00000 NewtonOD OOODOOODOODOOO )
of h

e == | S| 1000 @

0000000 af(x)/0x O Jacobid 0 0000
00 ()000000
f(x) = Ax—b
00O0O0OJacobiD 0000000 ADODODOODOODDOO00O0O0ODO0O0ODO0000O
0ooooooo

g := b - Axy (3)
SolveAz, = ry for z, 4)
Xe1 = Xk + Z« %)

00000000000000000000000000000000000000000
00000000000000000000000000000 00000000000
0000000000000000000000000000000 x00000000
0000000000000000000000

ButtariD D DAD DO OO «(A) = JAA Y 0000000000000 00000000
000000000@) 0000000000 (4000000000000000000
0000000000 (O000000)000000@0 (50 IEEE75400000 (O
00000000)020 [EEE7540 0000 (000000)0000000000000
0000000000000000000000000000000O0 [2,71000000
00000000000000000000000000000000000000000
00000000000 000 CellBroadband Engine 0 0 0000000000000
CPUOOCached 00DD0ODDD SIMDOOODDOOODOODDOOOODOODO ATLAS O
GotoBLASO D OO0O0O0DDOD000O0ONDO00O0ONDNON00ONOO

0000000 ButaiD 0000000000000 000000000000000
0000000000000000000000 PCOOOOOOOOOOOOOOOOO
00000000000000000000000000000000000000000

© 2009 Information Processing Society of Japan



gpooooooobogo
IPSJ SIG Technical Report

gboobooboobooobooooobobooboobobooboboobooboobo
gbobgooboooooooboboboboboobooboobobobobobobooo
goo0obooO0o0o00oobobo0o0o0bbOO000Od Runge-KutteD Do ooooOO
gobooobooooooooood

2. 0J00ooO0Oooooooo

OOo0O0OnO0O0O0OO0DOOOOO
Ax=Db
nxn n n (6)
AeR™ xeR", beR
0000000 AO0OODOOOOOOOODOOO@®oOOO0O0 AbOOOOOOOOOOO

00000000000oooOoO
ButariD 0000000000000 000000O0O0000O0O0O0OOOOOO000
000000000 LO00000000000000000000000000000a0Qd
00000000000000000000000@WO0000 SxLO000O0O0O0000
00000000000000000000000000000000000000000
000 GMRESOOOOOOOOO0O0OO0D0DO0O0O0OODOOOOOOOOOO Loooo
0000000000000oOo@ooon AdDLUDOOOooooo
(PLU)Zk =TI

00000000000 A=PLUOOOOOOODOD(POOOOOOOOOOOOOO
00000000000)0000000000000000O0n
000000000000000000@®)OG) 00000000000 00AS,pH
00000 SO0LO000000000000000O0O0O00ooooon

[ -— A ASI-— Al pld = p piS! = piU
(1) AH:=A AS = AY bl := b bl :=Db
(2) AlS] = pISILISIyls]
(3) Solve PSILISIUSHXS! = pis] for xI™)

L] . S
(4) xH=x5
(5) Fork=0,12,..

L] . L
(a) rH:=pMH - A
S] . L
(b) riS:=yM
S S S
(c) Solve PSILSIUBHZS = 1[5 for 2
(d)y Z":=2%

Vol.2009-HPC-120 No.7
2009/6/12

(e) M =xH42
(f)  Exitif (Il < v er AIRIX 2 + £a
00 S-LO0000doooooooooo luoos-Loooooooooogg
k(A)es << 1 7
d0000oO0O0O00oO0O0OO0o0O0oO0oOoO0o0oo0UdUO kA ODODODODO0DUOUOOooOoOoooO sa
gofddooobooooobooooooboooooooobooooooobooooooo
00 sg00oooooobofooo000000 Loooooooooooooooooa
gooooooos-LO000oooooooooooooo
e LODODOOODD&>(ADODODO
e S LOOODODODOOOOSOOO0OOOOO LOOOODODODOOOOOOOOOO
O00o0oooooooo (@ o

Computational Time

L digits Forward &
Direct LU Decomposition Backward
Method Substitions
P =1
Sdigits |
bret | o |Reel
Method J
””” I I
SL Iterative LU Matrix-Vector | F&B Matrix-Vector | F&B |
Refinement Multiplication : Subst | Multiplication : Subst :
_____ —— ——a
}% Iteration H

01 0000o0ooooooooooo
Fig.1 Structure of Computational Time of Mixed Precision Iterative Refinement
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Table 1 Computational Time of mutiple precision Direct Method (sec)
n L =50 100 200

128 0.15 0.24 0.46

256 1.81 1.97 5.66

512 13.83 23.59 44.7

1024 93.90 | 160.51 | 264.94
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Fig.2 Relative Error of mutiple precision Direct Method and MP-MP lterative Refinement (left) and Speedup Ratio of
MP-MP Iterative Refinement (right)
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Table 2 logy(Relative Error) and Iterative Times (in Parethesis) of DP-MP lterative Refinement

L =50
n MP-MP BNCpack LAPACK ATLAS GotoBLAS
128 -47.63 (2) -49.10 (4) -49.02 (4) -49.23 (4) -49.21 (4)
256 -46.71 (2) -48.84 (4) -48.80 (4) -48.74 (4) -49.12 (4)
512 -47.24 (2) -48.09 (4) -48.41 (4) -48.76 (4) -48.79 (4)
1024 | -46.96 (2) -48.75 (4) -48.61 (4) -48.32 (4) -48.36 (4)
n L =100
128 -97.38(2) -98.94 (7) -98.69 (7) -98.93 (7) -98.86 (7)
256 -96.93 (2) -99.04 (7) -98.96 (7) -99.04 (7) -98.94 (7)
512 -96.18 (2) -98.00 (7) -98.43 (7) -98.62 (7) -98.60 (7)
1024 | -95.56 (2) -98.66 (7) -98.71 (7) -98.60 (7) -98.64 (7)
n L =200
128 | -197.39 (2) | -198.50 (14) | -198.59 (14)| -196.97 (13)| -198.64 (13)
256 | -196.38 (2) | -198.65 (14)| -198.68 (14) | -198.71(14)| -198.38 (13)
512 | -196.13 (2) | -198.20 (14) | -198.04 (14)| -198.42 (14)| -198.56 (13)
1024 | -196.11(2) | -198.46 (14)| -198.52 (14) | -198.56 (14)| -195.25 (13)
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Fig.3 Speedup ratio: MP-MPDP-MP
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Fig.5 Speedup ratio of Imlicit Runge-Kutta Method (50 Decimal Precision): DP-MP vs Direct Method
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m h™' | maxRelErr | Comp.Time (sec)
3 | 512 | 11x10% 6583
4 128 | 11x10% 2211
5 32 | 18x102% 849
10 2 21x10°% 210
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