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1. Introduction

pooubbboogubbbooogubooboond A real-time system can be described as a computing system designed for controlling

oo oodgangn some technical facilities that have constraints on the time required from an event to

2),4)

the system response . Such systems are incorporated in various devices or machines

O 0o o ot O O 0O 0Ot such as mobile phones, information appliances and automobiles, and their importance
becomes increasingly large.

000000000000, 000000000000000000,000000 In the literature of scheduling for a real-time system, a system is usually categorized

000000000000 00DO00(0D)00000D0O000000. 00000 into preemptive and non-preemptive systems and, for scheduling methods, static prior-
goooooooooooooooooooboo. booboobooboooono
goooooooo,0oo0booooo0oobooooboooboooboooobooooo,
goobooobooooboobooooobooboo. boooboobooobooo,oo
000000000000000000000,0000000000000000 in a non-preemptive system. In a static priority scheduling, each task is assigned a
O.00b0oo0oo0oooboooooooooboooooo,oooooobooo
gooooo.oboo,0b0000oooooboo0ooooooooboobooo.

ity and dynamic priority scheduling are often adopted®. In a preemptive system, the

processing of a task can be interrupted by other tasks, while interruption is not allowed

static priority and a period. A task is invoked once in every period and becomes ready
to execute. Then a task with the highest priority among ready tasks is chosen to be

executed. In the rate monotonic scheduling, priorities are assigned in the ascending
An LP-Based Algorlthm for SChedUhHg order of periodsg). On the other hand, in a dynamic priority scheduling, priorities of

Preemptlve and/or Non-preemptlve Real-time Tasks tasks are assigned dynamically during the process: For example, a task with the earliest

deadline among ready tasks has the highest priority in the earliest deadline scheduling.

1 2 o . .
HIDEKT HASHIMOTO' and MUTSUNORI YAGIURA In real situations, a task denotes a function of the system and a stimulus to the sys-
tem is processed by a sequence of tasks, which we call a path. A response time of a path
We consider a real-time system that requires the time stimuli to the system

are processed through sequences of tasks to be within specified upper bounds, is defined as the maximum time required to process the stimulus through the path. It

where the set of tasks can be the mixture of preemptive and non-preemptive is often required that the response time of each path should be bounded by some value
tasks, and we propose an algorithm to design a static priority scheduling for the . . L

system. In the algorithm, local search is used to determine priorities of tasks, determined by the requirement of applications. To our knowledge, however, none of the
and whenever the priorities are fixed, the periods of tasks are determined. This existing research papers explicitly treated such constraints on paths.

subproblem can be described as a mathematical programming formulation and

is solved via linear programming techniques. Finally, we report computational In this paper, we propose an algorithm to design a static priority scheduling for a real-

results for sample instances from a company. time system having the path requirements, where the set of tasks can be the mixture of

preemptive and non-preemptive ones. We consider a path-period condition, which is a

sufficient condition for a path requirement, since it is difficult to treat path constraints

10000 directly. Then, a necessary and sufficient condition for a static priority scheduling to be
Chuo Universit . . .. . .

t2 0 Du; 0 glvem Y schedulable is derived. We formulate the problem of determining periods for a given set
Nagoya University of priorities of tasks and propose an algorithm to solve the problem by using linear pro-
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5). The obtained priorities and periods are schedulable but may

gramming techniques
violate path requirements to some extent if they are difficult to be satisfied. Finally,
we propose an iterated local search algorithm for searching task priorities and report

computational results for sample instances provided from a company.
2. Model of a real-time system

In this section, we describe a model of a real-time system. Let 7 = {1,2,...,n} be a
set of tasks. The task set 7 is partitioned into a set 7P of preemptive tasks and a set
T7°" of non-preemptive tasks. Let P = {1,2,...,m} be a set of paths, where a path
p € P is a sequence of tasks. We denote by p(h) the hth task in path p and by I, the
number of tasks in p (duplication of counting is allowed). Each task ¢ € 7 and each
path p € P are associated with an execution time ¢; and a permissible delay 6,,.

Let Sproc : # — {0} UT be a function representing the task processed at each time
in the system, where Sproc(t) is 0 if none of the tasks is processed at time ¢, otherwise
the index of the processed task. Let Sstart : ® — {0} U7 be i € 7 if an execution of
task i starts at time ¢, and O otherwise. Note that if the execution of an interrupted
task resumes at time ¢, Sstart(t) = 0. We denote by S = (Sproc, Sstart) a schedule of
the system. If a stimulus occurs at time ¢, it is processed by the tasks in a path p in
the order of p along the schedule S from t. Let ¢} (t) (resp., ¥} (t)) be the start (resp.,
completion) time of the hth task in p when the execution processes a stimulus occurs

at time t, i.e.,

t/
w0 =mind ¢ 2 60 | [ sriar =
oF (1)

min{t' >t ‘ Sstart(t,) = P(h)}> ifh=1

s ={" !
mm{t/ > wﬁ_l(t) | Sstart(t/) =p(h)}, otherwise,

where
1, if Sproc(t) =1

0, otherwise.
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For convenience, we define ¥f (t) = t. We also define L} (t) = ¢} (t) — ¥} _,(t) and call
it latency, the time it takes for task p(h) after the completion of p(h). Let 7,(t) be the

sum of the latencies .
P

rp(t) =D (Rt — b, (1) = ¥7 (t) — 1,
i.e., the time required to procgs:sla stimulus through path p. Then a path requirement
is defined to be
maxrp(t) < Op.
In this paper, however, path require;nents can be violated if they are difficult to be
satisfied (i.e., they are considered as soft constraints).

A static priority scheduling is specified by periods, priorities and offsets of tasks. Let
T; be the period of a task 7, where task ¢ is invoked once in every T;. Let o denote a
static priority, where o(7) denotes the priority of task 7 and task 4 has a higher priority
than that of j if 0(i) < o(j). An instant at which a task is first invoked is called the
offset of the task. In the static priority scheduling, an extended task is switched when
its execution is completed or the processed task is preemptive and a higher priority task
becomes ready. A static priority scheduling is called schedulable if each task is invoked
at the beginning of every period and the execution is completed in the period for any
offsets.

Figure 1 shows an example of a static priority scheduling, where 7 = {1,2,3},
c1 =c2=1les =2, Ty =4, T, =5, T3 =6, 0 = (1,2,3) and the offsets are all
zero. In the figure, an upward arrow represents an invocations of a task and a rect-
angle represents an execution of a task. For example, a stimulus at at time 8 (resp.,
12) is processed through diagonally striped (resp., shaded) tasks of path (1,2,3) and is
completed at time 15 (resp., 20), and limc . 10 7(1,2,3)(8 + €) = 12.

3. Scheduling

In this section, we describe two conditions which our algorithm is based on: a path-
period condition, which is a sufficient condition for the path requirements, and a nec-
essary and sufficient condition for a static priority scheduling to be schedulable.

Although a path requirement is difficult to be certified without simulating the sched-
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task
1

Fig.1 An example of schedule

ule, the following path-period condition gives us a sufficient condition which is easy to
check.
Theorem 3.1. For a periodic scheduling S, the condition

lP
> 2Ty < 0y,
h

=1
which we call a path-period condition, is a sufficient condition for a path requirement
max: rp(t) < 0p to be satisfied.

Proof. We prove that rp(t) < Zlhp:l 2T,(n) holds for any ¢.
Let us consider the latency L7 (t) of the hth task in p. The latency L% (¢) is no
more than 2T, i.e., twice the period, because for any ', the hth task must be in-

voked and its execution must be completed in the time span [t',t' + 2T,(4)]. Hence
rp(t) = 37, LR (t) < 3207, 2Ty holds. O

Schedulability conditions for a static priority scheduling has been investigated for a
preemptive system and a non-preemptive system, respectively® . However, for a system
with both preemptive and non-preemptive tasks, such a condition has not been clearly
stated in the literature to the best of our knowledge. The following theorem enables us
to determine the schedulability by checking the condition in pseudo polynomial time as
is the case of the known schedulability conditions.

Theorem 3.2. A set T of tasks with ezecution times ¢; (i € T) is schedulable by a
static priority scheduling with a priority o and periods T; (i € T) if and only if there
ezist t; for all i € T satisfying the following inequalities:
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ci <t STh VieT (1)
i—1
ti — C; . non
max c¢;+ ci <ti—c, VieT 2
i<j,jeTmon 7 Z J ’7 777 —‘ - ( )
Jj=1
1—1 "
max ¢ +c¢; + ¢ | —| <t;, VieT’e, 3
i<jjeTnon 2 ’ ’VTj-‘ - (3)
J=

where it is assumed, without loss of generality, that the indices of the tasks in T are

ordered by the priority (i.e., o(i) =i, Vi).

Proof. Let us consider a response time for a task, which is the time from the moment
the task is invoked until its execution is completed. In the literature, a critical instant
for a task is an instant when the maximum response time for the task is realized among
any combination of offsets. If the response time for the task is within its period, the
task can be scheduled for any offsets, and vice versa.

Here we consider a critical instant for a task i, and we assume that ¢ at the critical
instant is invoked immediately after time zo so that an execution of a lower priority
task can be started at xo and that the execution of 7 is completed at time z;. From
the maximality of a critical instant, neither a higher priority task nor a lower priority
non-preemptive task can be processed before xo, because if such a task exists, we can
take a smaller value as zo. In the time span [aco,:vl], tasks that can be processed are
i, the higher priority tasks and one lower priority non-preemptive task. We consider
an upper bound on the execution time spent for each of such tasks in the time span.
The task ¢ and one lower priority non-preemptive task can be executed only once and
the upper bounds are ¢; and max;«; jeznon cj, respectively. For a higher priority task
k, the time at which k is first invoked is not earlier than x¢ and the upper bound is
¢k [(x1 — o) /Ty if @ is preemptive and ci [(z1 — 2o — ¢;)/Tx | if ¢ is non-preemptive.
Hence, if the inequalities (1)—(3) in the statement are satisfied, the response times for
all tasks are less than or equal to their periods, respectively, and the static priority
scheduling is schedulable. On the other hand, each upper bound on the response time
of the task are realized when the offsets of all higher priority tasks are zero and the

offset of the lower priority non-preemptive task is a very little less value than 0, and
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the inequalities (1)—(3) must hold if the static priority scheduling is schedulable. O

4. Design of the real-time system

In this section, we propose an algorithm to design a static priority scheduling for the
real-time system. We discuss the evaluation of priority ¢ in Section 4.1, and then, we
describe the local search used to determine priorities of tasks in Section 4.2.

4.1 Evaluation of priority o

In this subsection, we propose an algorithm to determine periods of tasks for a static
priority o. For convenience, in this subsection, we assume o = (1,...,n).

The problem of asking the periods of tasks so that the schedulability condition for the
static priority scheduling is satisfied and the violated amount (measured by the ratio
to the upper bound) of path-period conditions is minimized is formally described as

follows:

min Zf—i—)\

ti — ¢ . non
s.t.  max q—!—ch[ TC—‘gti—ci, VieT
- J

i<j,jeTmon

i
t;
max ¢; +c¢; g ¢ |l = | <t;, VieTP*®
i<j,jeTmon itat / [T—‘ =

i=1 !

Zz <(14+X\b,, VpeP
)\ 2 0
CigtigTi, VieT.
It is not easy to tackle this formulation directly, because there exist the ceiling terms.

Hence, we remove these terms from the formulation by replacing a term [z] with z + 1.

Then the following restricted formulation is derived:
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min E ——i—)\
i—1 ;
e
s.t. max ¢;j + g cj ! :
i<j,jE€Tnon 4 Tj

ax c¢j+ci+ c +1) <t;, VieT?*
st (5 <

j=1

+ 1> <ti—ci, Vi e 77"

22 o) S (1+A)0,, VpeP

)\20
CigtiSTi7 VieT.

Note that, by this restriction, some solutions are rejected even if they satisfy the origi-
nal schedulability condition. The inequalities of the revised formulation can be viewed
as linear constraints of variables T;, 1/7T;, 1/t;, 1/(¢t; — ¢;), and A. The only remaining
constraints are the inverse relations of T; and 1/T;, i.e., T;(1/T;) = 1. In this revised
formulation, they can be replaced by inequalities T; - (1/7;) > 1 and the problem turns
out to be a convex nonlinear optimization problem3>

The inverse inequality = -y > 1 can be treated by infinite linear inequalities, e.g.,
x + ply > 2u,¥Yu > 0. We solve the problem via linear programming imposing the
infinite linear inequalities implicitly. In order to achieve this, we initially solve the
problem ignoring the inverse inequalities, and while the obtained solution violates some
inverse inequalities we repeat solving linear programming problems by adding those
constraints that eliminate the current solution. Note that the problem can also be
solved by semidefinite programming?’) by expressing the inverse inequalities as Shur
complements”.

4.2 Local search for o

The search space of the proposed local search (LS) is the set of all permutations o).
The LS starts from an initial solution o and repeats replacing o with a better solution
in its neighborhood N (o) until no better solution is found in N(o). We use the swap

neighborhood, which is one of the representative neighborhoods for permutations. A
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swap operation of priorities j and k exchanges the priorities of the two tasks:
o(k), ifi=j
(i) =1 0o(j), ifi=k
o(i), otherwise,
where o’ is the priority after applying the swap operation.
Because only one iteration of LS may not be sufficient to find a good solution, we use
the iterated local search?, which iterates LS many times from initial solutions gener-
ated by perturbing good solutions obtained so far. As a perturbation, we use a random

3-cyclic exchange operation:

o(l), ifi=j

o(j), ifi=k
o/ (i) = (4)

o(k), ifi=1

o(i), otherwise,
where j, k and ! are randomly selected and ¢’ is the priority after applying the per-
turbation. Note that a 3-cyclic exchange operation cannot be attained by one swap

operation and it prevents LS from returning right back to the initial solution.
5. Experiments

We conduct computational experiments on sample instances provided from a com-
pany. The algorithm was coded in the C language and run on a PC (Intel Core2 Duo
CPU E6750, 2.66GHz, 2 GB memory). Linear programming problems are solved by
using GLPK 4.33. *! Furthermore, in order to evaluate the obtained schedules, we
simulate them for the time span [0, L], where we set L = amaxpep Zif:l 2T ny with
a = 4 in the experiments. With this setting, each path is executed at least o times.

In Table 1, the computational results for 11 instances are shown. The time limit of
our algorithm is 300 seconds for each instance. Column “instance” denotes the instance
name, column “util” denotes the utility Z:.L:l ci/Ti of the CPU by the obtained schedule

and column “)\” denotes the violated amount for the path-period conditions. Column

*1 http://www.gnu.org/software/glpk/
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“r/6” denotes the worst ratio maxpcp maxo<i<r rp(t)/0p obtained by simulating the
schedule (i.e., the priorities and the periods). Note that, if a value of A is zero, the
path-period conditions (and hence the path requirements) are satisfied, and if a value
of r/0 is less than one, the path requirements are satisfied at least in the span the sched-

ules are simulated. From Table 1, we can observe that the obtained schedules satisty

Table 1 Computational results on sample instances from a company

instance |T| |77 |P| util A r/6
n7 7 7 4 072 031 0.62
nl8 18 18 10 0.79 2.41 1.48
n23 23 23 13 0.78 2.35 1.52
n200 200 200 2942 0.75 4.22 2.48
n500 500 500 26905 0.73 4.32 2.40
n800 800 800 46126 0.73 4.37 2.50
n1000 1000 1000 45314 0.73  4.31 2.46
200 200 95 2942 0.71 0.00 0.46
f500 500 237 26905 0.71 0.00 0.46
800 800 385 46126 0.73 0.00 0.47
f1000 1000 494 45314 0.73 0.00 0.48

the path requirements for instances £200, 500, 800 and f1000, and for instance n7, the
path requirements are satisfied at least in the simulated span. For the other instances,
though the path requirements are violated, the utilities of the obtained schedules are at

most 0.79. This is attributed to the limitation of the static priority scheduling ability.
6. Conclusion

We considered a real-time system that requires a bound on the time a stimulus to
the system is processed by a sequence of tasks, and propose an algorithm that can treat
such path requirements, where the mixture of preemptive and non-preemptive tasks
was considered. In our algorithm to design a static priority scheduling for the system,
local search is used to search priorities of tasks, and after fixing the priority, the periods
of tasks are determined. This subproblem is described as a mathematical program-

ming formulation based on path-period conditions and a schedulability condition for

© 2009 Information Processing Society of Japan



gooooooood
IPSJ SIG Technical Report

the static priority scheduling, and is solved by using linear programming techniques.

Finally, we reported the computational results on sample instances from a company.
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