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Minimization of Hazard-Free Switching Networks

Teruo FukuMura*, Yasuvosur INAGAKI*

AND Moromu Komura**

1. Introduction

With the development of extremely high speed switching networks, malfunctions due
to spurious transient outputs, that is, hazards are becoming increasingly critical. Problems
of hazards have been discussed by Huffman®?, McCluskey‘® and others. They have shown
existence condition of hazards and detecting procedure of them.

I this.paper we try to design the minimal hazard-free switching networks. At first, the
definition of hazards and their existence conditions are given along the lines of McCluskey’s
work®, and we propose a designing procedure of the minimal hazard-free 2-level AND-OR
networks, which is suitable for computer programming. This procedure consists of two steps,
i.e, the one is determination of the set of prime implicants satisfying hazard-free conditions
and the other is minimal covering. Among them the latter is formalized by the linear pro-
gramming with 0-1 variables.

Secondly, it is shown that the existence condition of hazards is invariant for the trans-
formation of variables and complementation of variables and functions. Noting this point,
for use in synthesis we construct the absolutely minimal hazard-free forms for the representa-
tives of functions of incompletely specified three variables and completely specified four
variables. These forms are listed together with invariants in Table 3 and 4. Furthermore
we propose the synthesis procedure of the minimal hazard-free networks by the table-look-up

scheme using these tables.

2. Design of Minimal Hazard-Free Combinational Networks
2.1. Hazard-Free Condition***
A network whose 1-sets (O-sets) satisfy the following conditions never contains any
static or dynamic hazards :
(1) There are no 1-sets (O-sets) that contain exactly one pair of complementary literals.
(2) For each pair of adjacent input states that both produce a 1-output (0-output), there
is at least one 1-set (O-set) that includes both input states of the pair.

This paper first appeared in Japanese in Joho Shori (the Journal of the Information Processing
Society of Japan), Vol. 8, No. 4 (1967), pp. 194-206.
* Dept. of Electrical Engineering, Faculty of Engineering, Nagoya Univ., Nagoya.
** Formerly a student of graduate school of Nagoya University, now Nippon Telephone Telegraph
Corporation, Tokyo.
*¥* The readers could refer the McCluskey’s article® concerning the definition of hazard and the
relating terminology.
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2.2. I-sets Satisfying Condition (2) of Sec. 3.1 and the Procedure Obtaining the
Prime Implicants Covering Them

Under the assumption that the input states producing l-output and don’t care input
states (unspecified input states) are given using the minimal term representation, we consider
the design problem of the minimal hazard-free 2-level AND-OR networks. We can put
aside the condition (1) of sec. 2.1 from our consideration because the minimal term which
produces I-output can be a stable 1-set. Therefore we only consider the condition (2) of
sec. 2. 1. That is, our aim in this section becomes to construct 1-sets which satisfy condition
(2) and the prime implicants covering them. In the following we will show a systematic
method suitable for digital computers.

Any logical function of » variables f(x1,...xx) can be expressed by sum of products

expression as follows :

Flzr, xa, ..o, Za) =2 f(@)z10120%2, . . X0, (1)
where ¢;€{0, 1, 2}, e=(ei, e, .e. ., €n)
z:'(complement of x); e¢;=0
zi¢ =4 x; ;ei=1
1 ; ei=2

and f(e) is equal to 1 only when the product xi%xs%. ..z is contained as a term in the
product-sum form.

While a vector e determines a logical product, it also geometrically determines a vertex,
edge, plane, cube etc. of # dimensional hypercube.

[Definition 1] The dimension of cube e is the number of its coordinates equal -to 2.
The cube whose dimension is % will be called k-cube.

[Definition 2] For two cubes @=(ai, as, ..., as) and b= (b1, bs, ..., ba), a:, b:€{0, 1,2},
we define an operation @b as follows: 7

asb=(a0b, ..., ancby), (2)

where a;0b; is defined as shown in Table 1.

Table 1. o operation.

CZ;‘1
b, 0 1 2

0 0 Yy Yy
1 Y 1 Y
2 v Y 2

[Definition 3] The number of y contained in the vector @ob defied for two cubes a
and b will be indicated by #,(acb). If #y(acb)=1, a cube a*xb will be defined by changing
y of aob to 2. If y(a@cb)=2, cube a*b does not exist.

[Definition 4] Cube @ is said to include & when the condition of either a;=5b; or a;=2
whenever a;3xb; is satisfied.

We note from the above definitions that cube a*b is the one that includes both of @
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and b and whose dimension is greater than them by 1.

Therefore we can get all the desired 1-sets and prime implicants according to the follow-
ing procedures A and B.
Procedure A Procedure of obtaining I-sets which satisfy condition (2) of sec. 2. 1.
(1) Represent the given input states which produce l-output by the vectors e used in Eq.

(1). The vectors obtained are O-cubes.
(2) Find all 1-cubes a@xb for all pairs of cubes @, b. They are the l-sets which cover

the adjacent input states.
(3) List up all 1-cubes obtained in (2) and O-cubes which are not included by any of them.
Procedure B Procedure of obtaining prime implicants
(1) Represent the given input states which produce l-output and don’t care input states by

vector e used in Eq. (1).
(2) Begin with 2=0 and find (2-+1)~cubes by doing * operation for all pairs of k-cubes.

Proceed this procedure till the number of (2-1)-cubes newly obtained becomes zero.
(8) List up all A-cubes which are not included by any of (k-+1)-cubes.
2.8. Procedure for Designing Minimal Hazard-Free Networks

To construct a minimal hazard-free network can be reduced to the minimal covering
problem finding the minimal set of the prime implicants in the set of the prime implicants
obtained by the procedure B, which covers O-cubes and 1-cubes obtained by the procedure
A. Furthermore this minimal covering problem can be formalized by 0-1 variables linear
programming.
2.3.1. Formulation by the Linear Programming

Let the O-cubes and 1-cubes obtained by the procedure A be ci, ¢z, ..., cm and let the
prime implicants cubes obtained by the procedure B be ri,7s,..., 7. Next define the con-
stants a;;(i=1,...,m; j=1,...,#n) as

1, if r; includes ¢,
ij:{O, otherwise,
and also the 2-valued variables z;(j=1,...,n) as
1, if 7; is contained in the desired set of the prime implicants,
j:{O, otherwise,

then our problem can be formulated as follows. That is,

Procedure C Under the constraints

Saiizizl (i=1,...,m) (3)
Jj=1
find z;(=0 or 1, j=1,...,n) minimizing the objective functions,
(1) y=1+ ézj (total number of AND and OR gates) (4)
Jj=1

or

(2) y= i wizi+ é z; (total number of diodes), (5)
Jj=1 j=1
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where w;=N—dj, d; is the dimension of cube r; and N is the number of input variables.
2.3.2. Reduction of Number of the Constraints and Variables
Many algorithms of the integer linear programming have been proposed and, for ex-
amples, Gomory’s® and Balas’® methods can be employed to execute the procedure C.
However, in any execution it is of course desirable to decrease the number of constraints
and variables. For this purpose we utilize the following three properties.
(Property 1) If @qij;=1 and a:;;=0(j=j1) then z;,=1. Therefore, the variable z; and
the constraints such that az;, =1 can be put aside from our consideration.
(Property 2) If for the 7:-th and 7s;-th constraints, ai,;=1 whenever a;,;=1, the i,-th
constraint can be omitted.
(Property 3) If for the coefficients of z;, and zj,, aij,=1 whenever a:;,=1, zj, is equal
to 0.
These properties (1), (2) and (3) respectively correspond to (1) essential term, (2) column
dominance, and (3) row dominance found in the prime implicant table which is obtained

from the 7 Xn matrix (ai;) by replacing 1-elements by 1/ symbols and removing O-elements.

3. The Same Class Transformation and Number of Classes of Functions
8.1. The Same Class Transformation and Hazard

The transformation consisting of (1) complementation of variable, (2) permutation of
variables and (3) complementation of function will be called the same class transformation
of Boolean function. The relation among the functions which are convertible to each other
by finite use of operations of the same class transformation is indicated by R.

This relation R is an equivalence relation on the family of Boolean functions and thus
the functions are resolved into equivalence classes. The functions which are involved in a
same class will be called the same class function.

An incompletely specified 7 variables Boolean function is a many to one mapping from
{0,1}* (n order direct product of the space {0,1}) to the space {0,1,d}. In other words,
the function assigns one of 0,1 and & to each of 2" vertices in » dimensional hypercube.

Considering the fact that permutation and negation of variables, which involved in the
same class transformation, are irrelevant to the Hamming distances between vertices, we can
say that if two figures whose vertices are assigned O, 1 and & (a part of z dimensional
hypercube) are congruent, they correspond to the same class functions.

The same class transformation is nothing but a combination of relabeling transformations
of variables and transformations between 0 and 1. Permutation of variables changes the
labels of elements in 1-sets (O-sets), while complementation of variables yields complementa-
tion of the corresponding elements in 1-sets (O-sets) and complementation of function makes
the elements of l-set (O-set) be complemented and become the element of O-set (l-set).
Therefore, neither permutation nor complementation evidently produce a new hazard. Further-
more, from the fact that 1-sets and O-sets have mutually dual relations it is also clear that

any new hazard is not yielded even by complementation of function.
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Thus we get the following assertion .concerning the effect of the same class transforma-
tion on hazard.
[Assertion 17]

from a hazard-free network by using the same class transformation.

There is no possibility of any hazard in any network which is derived

3.2. Enumeration of Incompletely Specified Boolean Functions

It is natural to ask for the number of classes of incompletely specified Boolean functions
in connection with their design algorithm. Many results and techniques® concerning the
problem for completely specified functions have been already obtained by using the group
theory. The same techniques can be extended to the case of incompletely specified functions,
yielding more general results as is expected. The latter results include the former as the
results of the special case.

Numbers of classes of incompletely and completely specified functions are tabulated in

Table 2 for several values of 7.

Table 2. Number of classes.

i completely specified function* incomplely specified function
n | complement, | containing complement, | containing
total permutation | complement total permutation | complement
of variable of function of variable of function
2 16 6‘ 4 81 21 13
3 256 22 14 6,561 267 155
about
4 65, 536 402, 238 43,046,721 132,102 60, 000
about
5 4,294,967, 296 1,228,158 600, 000 — —_ —

* the results for the completely specified function are taken from [5].

3.3. Invariant of Incompletely Specified Function and Representative Function

The invariants which characterize the class of functions will be computed in this section.

The weight of a function f will be denoted by a pair of wi(f) and wa(f), the former
represents the number of l-vertices of a function and the latter stands for the sum of numbers
of 1-vertices and d-vertices of the function.
Given a function f of n variables, its invariants are computed as follows :
[Algorithm of computing the invariants]
(1) Compute the sequence of the weights
{wa(f), wa(fDz1),..., wa(fDzn), wa(fDx:1D2), ...,
wa(fDxn-1Dxn), . ..., wa(fDT1D. .. Dxn), wi(f),
wi(fDx1), ..., wi(fD2:D. .. Dza)},
where @ denotes the ring sum (exclusive or).
(2) If wi(f)+wa(f)>2""1, convert O-vertices into l-vertices and vice versa, where
d-vertices are not changed, and compute again the sequence of weights. This procedure

corresponds to the complementation of the function.
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(3) I wa(f@zx:)>2""1, complement all those weights which involve zi, 7. e, w goes
to 2"—w. When wa(f@z;)=27"1, if complementation of all the weights involving =:
makes the weight sequence smaller than ever in lexicographic order, do this operation. This
procedure corresponds to complementation of variables.

(4) Permute wa(f@x:) and wa( f@z;) so that they are in ascending order. The
permutation of the relevant variables must bs consistently applied to all the other weights
that involve these variables.

If some of the first-order weights wa(f@x:) are the same, try all permutations of
these weights to obtain the weight sequence which is smallest in lexicographic order.

This procedure corresponds to the permutation of variables.

(5) After the smallest sequence is obtained concerning wa, apply the procedure (3)
and (4) to the sequence of w; as far as wa is unchanged.

The final sequence obtained in this fashion is the smallest sequence of weights and will
be called the invariant of a function f. A function f whose sequence of weights is the
smallest sequence is said to be of the normal form. We will choose the functions of normal

form as the representative functions.

4. Representative Functions and Synthesis of the Minimal Hazard-Free Networks

Using Invariants
4.1. Synthesis Procedure

Given a table in which the minimal hazard-free networks for the representative functions
of 7 variables and their invariants are tabulated, the minimal hazard-free network of any
function f of n variables can be obtained as follows:

(1) Compute the sequence of weights of a given function f.

(2) Compute the invariants of f using t}}e transformation described in sec. 3.3, and
register them sequentially.

(3) Find the function with the same invariants in the table.

(4) Realize f by applying the inverse of the transformations registered in the step (2)
to the network given in the table.
4.2. The Minimal Hazard-Free Networks for the Representative Functions

Choosing the functions of normal forms as the representatives we calculated their in-
variants and constructed the minimal hazard-free network by use of the techniques described
in secs. 2, 3 and 4. This computation was done by NEAC 2203 computer. The results
are shown in Tables 3 and 4. That is, all the representatives of incompletely specified 3
variables functions and of completely specified 4 variables functioﬁs are tabulated in Tables
3 and 4, respectively.

In the case of completely specified 4 variables functions, the results were obtained without
using the linear programming. It took about 2 hours to obtain the invariants and the minimal
networks of 238 functions of 4 variables because of the low performance rate of the com-

puter used.
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Table 3. Invariants for incompletely specified 3 variables functions and their minimal

hazard-free forms.

=z
e

Invariant

—

SOOND OIS GIN
w

v ——
(OOO\IO)():IA(»IN—
o

04444444 04444444
13336063 14444444

4444
40444444 04444444
44440444 04444444

44444440 04444444
42224445 04444444
42244264 04444444
04444444

04444444
53331553 04444444
4444444

62242444 04444444

73333336 04444444
84444444 04444444
13336653  [3335563

33333373 13553363
33333373 15333355
33333337 133553
44 13335553
44440444 13533535
44444440 13335553
446 13355335
42224445 13335553
44264 133355563
42244264 1355333
42442244 13355335
42442244 15333355
42442244 13553353
53335667 13335563
53335557 13356335
533355657 1555565655
53331553 13335553
53331553 13533635
53331663 13553353
51333365 13335553
51333355 13355336
651333355 13553353
51333355 153333565
64442024 13355336
62444422 133355663
62444422 13365335
2444422 15363533
62242444 13335553
62244444 13553353
73333333 13335553
73333333 13355335
73333333 13563355
22246444 22245444
22444426 22444425
24442264 24442254
31336635 22246444
35 22444426
33333373 24442264
3 24224464

3333573 22444462
33333337 22444425

40444444 22246444
40444444 22444425
440444 26242444

44
| 44440444 24442264
444

40444
44444440 22444422
42224446 22246444
42224446 22444426
42244264 22422444

| 42244264 24442264
(Note) 1.

2.

T-vertex d-vertex | Function No. Invariant 1-vertex d-vertex| Function
- - 8 81| 42244264 022246444 67 34 XY
g 9 82| 42044264 22444462| 4T 36 | YZHEDE,KYHKZK
- g7 9 83| 42442246 24244246 35 =~ 45 KRYZHE 2K
= :,g o 84| 42442246 24442264 34 56 KUY 2K 2 Ky ZHE Y
- &, a 85| 42442246 22464244| 46 3B 7%
- 7 3 85| 42442246 22444426| 56 34 XOH+E T
- it o 87| 5I33I3BE 22444426 | 56 347 | X
- o 0 88| BI333IBH 24244246 | 3B~ 457 | KHYZ
- 2345 0 89| 51333365 24224464 | 37 456 | YZ
90| 51333365 22246444 | 67 345 | X
- 0
- \%g 0 91| 51333365 22444462 | 47 H6 | X
- 87 0 92| 51333365 22464244 | 46 37 | X
- 3456 0 93| 5I333365 24442264 | 34  B6T | K+vZ
- 03567 |0 94| B333IIGHE 22424644 | 57 234 | XZ
- 23457 |0 95| 63331653 22444452 | 47 235 | XZHXVH,KYHHY
- 34567 10 96| 53331563 24422446 | 35 =~ 247 xw+m,m+xz,yz+xz,m<+yz
- 123456 | 0 O7| B3IBIGE3 24442264 | 34 257 | DEYHXYH,KZHRYK
- 124567 |0 98| 53331553 22642444| 45 237 | XV
- 234567 |0 99| 53331653 24462442 | 24 357 | REYHEYHR
1234567 | 0 100| 53336557 24466446 | 06 ~ 357 | KMYMBHEY
- 01234567, 0 101] 533366557 22444426| 56 037 | XY+XZ
7 - xYZ 102] 53335857 244456641 07 356 | REYKDHYZ,KXTDUHEY  RKGKZKHRZ
7 6 XY 103| B333BEE7 22246444 | 67 035 | XY
i 4 2 %y ‘
6 5 RYZE 104| 64442224 22444426 | 56 1234 | XZHKYH,YZHHXYH
4 3 b 05! 64442224 22464244 | 46 1235 | X2
6 57 iy 06| 64442224 24442264 | 34 1256 |  RAYHXYH, THRY+EZH, KHZHE 28y BHZHEYH
7 5 IY,XZ 07| 62444422 26444422 | 12 4567 | Y2RVYXZ
v 34 L. 08| 62444422 24244542 | 27 1456 | YZHK-
4 s7 10| 62444422 24264424 | 26 1457 | Y2
3 47 vz 10| 62444422 24442624 | 25 1467 | YZ%+X
¢ B | 11| 62444422 22245444 |67 1245 X
5 53 X 12| 62444422 22444426 | 56 1247 | X
7 154 XYz 13 62444422 22444452 | 47 1256 | X
6 357 Y 4| 62242444 22642444 | 45 2367 | X
7 356 XY,YZ,X2 15| 62242444 24422442 | 35 2487 | XHY
7 246 Y7 16| 62242444 24442264 | 34 2567 | X+Y
4 367 % 17| 62242444 22424644 | 57 23456 | X
6 345 X2 18| 62242444 22444426 | 56 2347 | X
] 19| 62242444 22246444 | 67 2345 | X
3 g% %2 20| 31336536 31336535 | 567 = XY+X2
doE R 23| Sisssse) Smeeiy| 3 - | mAzsrerne
9/ 23\3% %Y‘Kng« 23| 40444444 3133 57 4 X
< Saa0 3o, 24 IRBHI533 | 245 3 ; it
° Freds Friog 25| 44444445 33353551 | 247 | KXY ZRYRDAEYZ
7 2456 26| 4222, 31 567 3 XY+XZ
g S0 % 27| 42224446 33, 7 YZ+XY+XZ
28| 42244264 333333V | 347 6 YZAK 2%
4 3567 X 29| 42244264 31355363 | 467 3 XY+KD¥%
3 4567 YZ 30| 42442246 [ 34 5 THY 2K 2%
6 12345 | YZ%,K2%
7 12455 | X,Y 3)| 42442245 31553335 | 466 3 XV ZH
6 12457 32| 42442246  3I3IIBIST 4 TAY 2+ X DHEYH
2 14567 | YZ¢ 33| 5I3333I/E  IIIIZITS | 347 56 THYZ
7 23456 | X,Y 34| 5133386 31355363 | 367 45 X+YZ
5 83467 | X 35| 51333365 31563335 | 456 37 X
7 123456 | X,Y,2 b | 51333355 I3L3IE6 | 346 BT I+HYZ
6 123457 | %, 37| 51333355 333337 47 I+YZ
. 38| 51333356 33136355 | 37 45 Y2
47 123567 | X 39| 51333355 31335535 | 567 X
o = Y S— 40 | 53331563 3BH1533 | 245 37 THY+EYH
g% 5 X 141 | 63331553 33531365 | 345 27 DAY +EYH KYHHYZ
g 7 42 | 53331663 33353661 | 247 3B xxwwxwz,xwmmxz
T 43| 53331553 33333313 | 347 25 YZ+EY
54 44| 53331663 31633563 | 457 23 XYHRZ
73 45| 53331563 333365 | HBY 24 YZ+XZ
5 3 46 | 53336567 31335535 | BT 03 XY+KZ
47| 5333E5T 35351565 | 067 5 XY+RUTH B
67 45 48 | 533IBEBT 3333337 | 36 07 YZ+EY+XZ
56 47 49 | 533355657 33BEH5I7 | 056 37 RAVRDHFRYHEZ
23 45 150 | 40444444 40444444 | 4867 - X
¥ % e 151 | 44440444 44440444 | 2345 - XYRAKRY
o 4 LA 152 | 44444440 44444440 | 247 - DDEZH KAy DR TR 2T Z
& = o 153 | 42224446 42224446 | 3567 -~ XY+ Z+XZ
56 37 Y+XZ 154 | 42244264 42244264 | 3467 =- XY+YZHX 2%
> W 185 | 42442045 42442246 | 3456 - RHYZHEZHHKYH
34 67 YZ‘*AD\

1-vertexes and O-vertexes are represented as decimal numbers corresponding to
binary numbers which represent vertexes.

W% is the complement of W, XYZ is the logcal product of X, Y and Z, X+Y is
the logical sum of X and Y.
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Function

MINIMIZATION OF HAZARD-FREE SWITCHING NETWORKS

23
WY

(Y ZHWIRY %
WY ZHWKYKZH

WRHY ZAHWE YN ZAHWRY 2%

WEYHZAVEY.
XY ZAWRSRZK

0
VEYZ
VEY
Rz
VEYHIXZ

VMY ZHIEY 2

WEKYZHURRY 2KV
AYHZHWNEY 25 VKRS

WY
W&&ﬂ%ﬂﬂ&ﬂmﬂ‘&m&
VEY+WEZ+WYZ

WXY+WE Z5+WYZ

W

KZHUKY 2%

3

HN

WEKY ZHIRNY Z
WEZEHWR IR 2

WE 2

Y ZAVERYZ VIR ZiH VKT

V5

.

HZALY 2

UK Z W

WK ZHIX WY ZHUERY
VKY+WEZHWY ZHULHYY:

VEKHIYZ

&
+

“ZAXY Z

WAY UK ZHEY 240K

WEY+WK ZHWY ZARYZ
WE ZSHURAVEHY 2+

WEYHIE 24+
WK ZHAWKYuFRY ZHERY.

VKYHIEZHUYZHRYZ

21

%

ot

WK 2% H XY ZHWERY ZHIK Y Z+WEY 2%

WX ZHIY ZHIK R Z5 HBE Y 235
WX YHURYHZHWIGY 2HWRKH 2
WEHIY

WK ZAEYHWEYH DK

WEZHUY ZHUKHY F AR 2%
WY ZHWEHZHUE YR 2 WE Y 2K

WRYHIXZHIY ZH WD
WYNZAWEEZE,

VEAWYRZHWY.

Decimal representation of

function

3
Pt

e P e () e ) e e

% (223
hed
mERRRY 252

BEmisnBiEakn

259998l

8 B8 8m
[o 3]
"

8IBRVLHBEE

D=t D V)m

SENAR

DD @RI
INSC\J(\I<Iﬁ' [(eRis o}

MM
<TEMOM

) 0) O mm v o e 1)
3vv~vvvv<%

(2
L]

oo uu &k
v%%%&@‘” 3

2253325289

IREIIICIY

1-vertex

WO T WO

<SSO IO T

VI IDO N IO

jlojlo}io]loloflo]lo}loN o R

[foled

[Eollo R giolloTa\ bo oSy

(e st (st helal

—qy Ot MM

SMOMAUM == )M

LO(\!@NN!X)G)OD_‘_?:

MmAM AN~

QMMM e = Q=0

(D:COO)P)C\IP’)P’JC\I(\I

Moo=

. LI¥yosuR®

Boxnmrn==~

ozRzoroolRy

OO D OVIO=

y=zPzyOo©®

Pl L

OU=zy OO0~

M QMM O

~OOZZO0Q:

< OWIO P~ oM

=2o0o~~zg

DV‘(D(D(D(DLDOEU)

Invariant

0 M DOV OMDION
O OODD O~
WI‘WEID(DQLO [o2] ol
acb-coco_o_oohma)h-
eoh-(ooagoor-mml‘-
CNOOOO ==
0N DO M=
VMWDV ONHO M
DRODDVOADIN
00000 G0 NI
00 (0 00 Q0 0O P I e e
OM OO DO I
ONOOOOII0N
O~=NAUNNIIM I

P00 S0 D
[T~ 000000 OO TDO
=00 ®EOODRO
Iem= COQY €0 €0 €0 00 0
P00 OTOND
M= 0000 €0 €0 00 00 WO
—=I~ 0T O 00D
:(\-camocoouocogm
MW T OO0
YOO ITEO
= 0000 €0 0000 00O O
I~ 0000 60 000 OO
I <00 €0 OO O OO
et oo
IR A R A AR

© 0 FOOPWOOT©O
COQOEOOOQ®D
VOOVDOO O
Qogrywer©g
2000g®0N0a
O 0O O DA DDA
cooooog(o(ogggoo
QCOCOS\!-CD(OQOQQ)
WORVOOWOYWOOO©
000000 OOOOO
Qcooomwgcooooow
€0 (O (O 00 € 00 00 00 &0 O
00O (OO (O €0 00 00 00 0O
BOOOOOOOOD
<TOOOOOOOOO

<SSttt

oMoV ANN=MO
OO
QFP—FO}K}O?O)O?P-
QorN~~aOa oM
SO=M-aM A~
DODNNMNDND
R~DA~NDDDD
mhmmr\mmmmﬂ
NP1~
© DDA P10
©= OO0
L N i
L S O e L e
Leatol S a T ) S e
©MM MBIV
<O DOV OGN

LOO)G)ELOI" DO DO
MmO OO0
[T TS Yoo T
| oot it ael®2hued dod ik it
bt e S d hedrpennd
E_P?_O)m D= DD
O‘IC)O’CDQI\I\-::F
SIS Ie IR TS et g
0’)0)0}070)[‘:’*!‘-1’“
[OYeXolotolel udd ol il
LALDONADHOD
[t ad el ot il iad o g
[ ad st allodled ot ad ad
MMSMOBIDIOY
Ladad adallelle)lolle} il o)
DWW DIV IODIN

= OI00 O
hund iepord et ibundend ]
DOV =OO
DO NN == 000
DNRNNZ = OO
[eledlsfofv i lolol(e]
N NN NID O)Y Ty 0 O
RO N NN O

:—_-GHDG)!DCO

——eDO 0O

=D 009
PPt P P 00 00
P el
Y N e a1
DIDOO VNN~

WOV OINIOIN OO

No.

Eas Lehdieltel plde f o]

—&nvmmhmm
aaaaN

SHRIB8EI8S

=M DO~ OO

—NPU‘#D@PSO)O
WD OID DB ©



0 €0 00 00 00 O W

22 T. FUKUMURA, Y. INAGAKI & M. KOMURA
N
g
¥ ¥ *
g & & .
. £ £ g of :f
g § % B NN§ o N8 § & i
g wl S v B Ng¢,§ *ig § 8% Sty kS
QEEE L Bwr i Rie GGy B
HEEESNEEN greienbind GipdCesele ERRUENENE BEpiiiidnd HUBEESfins
g &
) g 8 8 3
g 8 3 LR B2 & Rk e — 228 v mm Qv ogg & g
b IN83~¥Le § 85 9 G BemBEEIL gheyzgenes pugerIxz {99 INS
® IgEaRoY 9399339999 9VEYLLINEY BELLBLIRY BBSVILLENY BUEYL7RIB
BAWLIVHRY 2WwHEHEBIYYT YLRIBMNINY 2QIBIBLRYY FIIYIIII[L I2BYLEHEBY
Y38BIZE2BL YIIIPITBTY TIVYYBYTYT ITTLYLYBYTT MMRYIIR9IR 8YIIIINY
210 OOV
SOMOTTOMNTO ANV .LEQIDVQ”')L'J!O#U) VWV TEMFOAN ANV THAl DTN
ﬁ:ﬂﬁ‘f')h’)(\lml")m Ottt IS SSI’)I’)P’)NNSQS AN MM QY M) - ——:\]—QV)(_\_JEQ: :QEQQEQQQE
gc)—mo—o«goo oMMMMNaMAaIN E\IWNNN—OO:&J Q=0 ONONN D QEQCOI"J-——C\IOO DDA QN QY e omm =
r:mggmwmgm\ OO QO Q\f = e e s e ONOO-—OO)COO?Q NAONOVONIDONM O G)G)O)@:OOO?O):I‘- wm:::ggmgg
_O_I*l*t\l@(o(bﬂ‘ﬁ‘(o m:gooc»gaogoog DOWNWW RN ©OMINIONNSON l\mﬁ‘lﬂl‘-l"l‘-kg‘i LOI.OEU)OOKDO)OOOOG)
T OOO=0WIOMNMIG MMM OMNNSODNN NSNS0 O DDOMOMNOANN® SFOMMNOOOEONN? MMM~ O~STONO
aooooozogcozwoog :r_«acot.ooooowgcow goocoooﬁw_qoocooo gOOE\_I(DQ_O_g(ot_DOJ 00&\!_&19_@&0_0_(00)!\ b—_kflh-c)l{)(nl*ﬁl‘-:
OOOOCD(DQE(OOOOOOO coco(ocogmgoocooo vgcom_qoovoooow wgvgggmoww #wvgggogﬁb— QI\[\O’)G}U‘)P:I‘-I‘-
QCDOO(QELDLOQSQ occogoooowoogocog 20003&9050:0“)00(1) wvwgggg_o_coco 5_")_(09‘1‘9(0(09_07#- l‘l\ml"h::l‘lﬁl"‘
goococomuocommco cogoococoacoo_g_gg 2(0(0890)00005_\1_00 cooooooooocooogx_.w_Jg Q_O.LQOO_O_(D.(_)QO)I\- OO OO
| QOYVDDVGOD DQIGHRNDONY VOLQONDODD COQVIVVYOTD LVEWIRQQ I~ MZOIIMT
. (D(DOO(OC\MD(DQ(D(D (D_O_OOS@_O_Q(OS(!J coggmgg_o_oowoo VOQOOQ(D(DLDLQ(DQ QQD_O_Q_O__O_ELOP'Q hl‘-ml“:l*r-l":l*
©OROOBOOY ©RODOODNVN0 WO DOOONTD  0wW0WOOIONDDO WOOOSSOONN NN
w:coocoooooomcog_)_ (0030322(02(0_0_10 gcooooococbgggg_ 29200(_\.]000000002 (0(0(0(0(_39991*1\- I‘P‘F"U)G)U)I\:I*P-
00 00 00 €O 00 00 00 00 00D moomco(_\_lcocotomm ©OOEOOOEO©TOT 000000 <F 00000 030000@9_9990’)!‘ I**l“-l\:l‘-l\::l":
00O (O 0D 0 BI I 0 A0 O wouoomoocoooc_\_!noco OOLO(O(DLCQLOELOE ggzoﬂvwrﬂ-qoovr OODOCO(DgLD(DLDOH\- FI\O')NNP":I\I‘I"
m(DKOE(DCDKOCOOON (o_o_g_o_woooooowoo m&!oooooccomcocog (D@LOS(QQ(DQ_O_‘I‘ vwmwgmwmml\- OO OO~
0000 OO0 VMW OOV 00N MWOMNWN MW MNNN WMWY EO©OMNN [l et adutudadalnd ot ul
0O OOV QMW WO WBOOOEOOD VN NDROWOEG  OWIWO 00N OOUJCOCO(Q(DKD(DI\I*-!*I*LOI‘NI‘I‘TI\I‘P-
WO OOOOOONE OIFIIIOOOOOO OOOOEDROVEO ©OOOEVOOOOOD OOCOUJOD(D(Q(D(DI‘P‘ [atadiellelioflodud ulud ol
AUOOOOOOOOPY OIIILIIIEIIE ITIITIIIOOO VOOOOOOEOLEO OOODOOOO™N P=I=OMMMMMMM
OWOOOOOOVDY OOOROOOOOYL COOOOOOOOO QOLEOOOOOOOO O OOWOOOOOMNDN PN
TUBILEEBIR FRERRENERS FHBILS5333 SURSELES88 SUEIBLEEsS suRILereag




A

73

i

VK ZAWK YA WY ZH VRS Y R s Y 2

2R
WZHWEY HBX 26y 2%

WE 25+ WEYSHWY 23 WRNY HIE 74 U0 ZH B Y 2

WEZAWKY WY ZHURHY +XY 2 HBREY

XYHWRSEHWOHZ WX Z

WEYHWK ZHWY 2 WY ZHRY 26HE4Z

WKYHUEZHRY ZHXY 2% KR ZE
WEYHWEZHWY ZHEY ZHWEKYH
WY 23+ URSY WY R ZHWER ZHXY.

WZ+ D 26U
VZHKY TR TSN

MINIMIZATION OF HAZARD-FREE SWITCHING NETWORKS

,

7t
Z

WY ZHUAY HWRH ZHWEYR BB Y 22
WY ZAHWRKZAURAE+KY ZHWREY + Wk 2%

K7

WEHY VR ZHBE Y T X ZH WX Z

WYUK 2+ U

+!

WK YA+ WY ZH WK Z+HWBRKY

WY ZHURY +WRK ZHRY ZHEN 2%

WK ZHUK Y5 WY ZHWRKY + X YZHIB Y 2
WY 26 WY+ WY ZHURR ZHBIKY Z+ WK Y
VEY+HWEZHWY Z3HWY R ZH WYk 25+

K%

K 2

e

£3

(ZHWY ZHWKZ

XYHWY Z+HUX ZHUK
WY ZHEY Z+

XY+UY

WE+XYZ:

WEKAXY ZHWs 2 HBiRs:
WEZ+WY ZAWRSY+WEHZ

WE+KYZHWY Z U

WEK+WYH+WZ+EYZ
WEHWY +HWZHKYZ

23

Y Z

W

AR ZHW,

WY 2+

&
?
g
;
£
g

WEHWZs A W+XYZ

3

< SO
= ou
oI

/L 83N 83
ANRe8E o3y
QR9YYINTLe
33323283
YRBITIYUBER

<00
L

OC)*R‘EL(_)
RERoNTee
P3EEBLBETY
*QX2QYIQBT
ERREEER

ABIRYIIAWY

Mo
802K
eyt

<t~ OMI~©
—-OOM IO

39N BELINE

QReY

MIITBYBBITIN

54
s
~

6 14

9263989
GBBBITILY

YRILeRIR

5]
3 9 1327 31 37 3

7
9 1l

IO
©o

O
Lw

<
88

33

10

22 9

ERELHNB8Eea

S
ERREERREEE

35559558

SDWVVVIOWVIO D

VPV FOVYIVNY

AOWOO IO

MMM

SN SN —O

—MaMM <ttt

WY IO XNV

W0

SO FIOF AN T

OODSIIOSM .

==

M E M) D ID) e D)

< EIO MMM SN

SRR OOz

QUMM =M =a]

P’J——C\I—P')—O‘)O)Q

OO == MM MM

—=ogmzezlz
O~ 0OMOOOY

~MOOLOIIOM

=2o-gogw®w
movcngmmcnh-ﬁrv
i o ol S X e R e ) (o]

AUOITOIMIOTION

Qo000 =Na
MOS0
OO0

IOMMNM ©OOMM

MmN D —

) == === O\ 00 €O GO

QU=ZeP02rQ
(D:O)DDO)COCOCO(DCO
N ]
NOEEOEOOIOW

:(DG)O):I\-LDP‘
OO O
<t eOMA

MOoCOwIN—

MM

[atfat}

3=

N

™~

PaLyNINNOS
Y==g=QrZ 0o
99_0300_0_0)@(1060&)
D NOP-= OO
WO O OO

MMM =MMMOM

M= OO0
N el S tet
—OORANNND
=D OO
SO0 OO0
O 0
~ODDOOI -
MR OO O =
NOODDDIM N
O OODDNHO
P N N N
TS
OO
MIDVWVVBILOW

3 S S S A e e

SNRI8ENER3

IR e e s
NDONAO DI
DR OO O~
| et heensfed Rl il bk i
FFF:NNFN::
T Seeeel
NAODHOD=
DO AN DD NI
DOODONOMMM
R N R
L L
N Sl a e
DO OV

B

BY3388EE2

bt bt it i d aale o] pgend
I\l‘:::ml‘:(hm
=N =N~ 00
el e Pl T g
== a oo~
i et a2 1= Jued g
=m0 000
[l e
M= O OO
ST S o STeYlo}
e e e
[SIRT S ST e S S S
I S N el el T
IR0 D00
SO DV IO
L o S 2 e e

—QI MO0 D

ppppzmmmmm
DOODOMT=~TT
AN D A ADO
== QOO
PEmmT 0000
|l atend bl St g
AN N O
QDDA
[oTololotolololelel)
0 DO O N
::hhhmmmmm
Rt g i et et 2 i g
O o ol o Sl ad ad ad g
fTo3iotioTloTlo] ot ut w0 ad g
1HIOOWIIDIIOIO
b S8 ol S 0 e i

oYREREE832

OO0
oo oo
O~ 0 0000
O 000 ®
Voo OOO®
oooooow
I“:I‘POOOOQ)OO
| upupade ey
Do ORDO
O N 00 00 00 O
O~ P00 W
Fdadadutseluslielee]
TS 00 0000
Pel-PeIN 0000000
OO 000
Fandadnd adeeleelisleed

QI HO O D00
cLogegee

[eaX(e)
[taYoe]
200
gco
=1}
©g
©g
00
0©
[eolee]
[celee]
w0
©wo
el ]
[ )
00
[o}e]

——

WOROOILDN©
OO DD 0D
Qo0
DO WNDDDDO©
DOOOTODNIG
€000 €0 OO (© 60 80 60 O
SPNOOOOOND
DRDDDOIOWDD
DOOAOOOEOO
D00 0D AN O OO
€00 60 00 000 WO N ©
€00 (O €D 00 €0 €0 0D 00 00
€0 00 (O (D (OO C0 00 0 W
0% © OO OON0
AAO © OO OOO©
00 0 00 €0 €0 00 C0 £0 00 O

A D <FLO (OO DD
ERESEERRES



24 T. FUKUMURA, Y. INAGAKI & M. KOMURA
N

N . N
N & o >
5 £ N N 5
g Ef A 5 3B b g S
+ RS & a 4 I ﬁSN ]
> % 5 5 N < ¥ % ot NN B N S g
& §EE & X 8 S w ggEgay  EEd S
% N ok ZBSY ! S N ¢ EN \EN )‘52
5] ¥ st = INT +§§ +N;~:K§ 8 B8 BRTFELRRAS
S bt £8ET LN oy . 0BR RadSx EREY podie ARLTRESS
+ . FE ke &k SR * §§ B s & NﬁE gm
8 gy SEeD SR o & suf SN EgEn peEr pEed gEERe FrpdRECE
E g% FolE §IGd £ % THE FE eSS BOUT  RHEE CndE RARLNAEY
LoRh SEe i 5 DeBriedd BRED Bhile Benbediont fRRiiels
Godz spds RosR o UR GwmuenlBHE oRt oxpHE PHIrsiORRY REolUEes
£ 2% feng EEd HE o0 RriErcddes enfexgEdid pRdgrdudis glfRedid
T AanllsBy FREE FYOER RRASBRLESH BRNGRERNEN BNERIEEERE ERhANED
§ nrpsmite RUKE SNERS GRECTEENER LSisRepodr TRinsRRriy UERRGTAS

EETEACA, RExs é»{‘ i~ gk »g.w <%§ éﬁéﬁgé ] gﬁgﬁg“g& §§§+ gg
St TR BRI f$;%%f§+§fﬁfz+2§§&++ AT AEELT EAE éﬁﬁﬁ&g%é
EREEEEESRE RESEuRECED SEEEsLEREE post0nishl nipEEnRERE ERupREE

2 ¥y = s 2 @ ©

~ 8”8 8 83 I8 © e2 ¥ <f ey o
e S & gy 943 38k T e I 38 X Fe oyIQusas
o 92 ggel gee 3 2 QU2 9 9VEY 873y gTIQ 8I=II— IBYIRe
& Q9 QpYYQ XI¥z 9 &Y 53550933%"‘33 AIHY BRGERBY $I0YYAING” HBLYNBBIN
Q8388IGILY AIRILLLA2W 2BRLITIBBIT F9IIOQINIL ALBIINB2LIYY 29%errgy
RBITIILIBGY YBBIYBRER 58&)85‘28‘°53$ B3BB3N2MLB @RM%WSN%:@" BEBIRHIY
LIIIIBBYBT FLYLNIIBVZY 3IJIVIBICT YIYPYLLBT YIRITITIBYY LYYLr8eR
UIIIIUVNUS —OOOIIIIIN SITINIIINT MMM TAUTT QUITIINTANST ARDIMAA
POMIMMIM =M HHOOMMAUMMA UMV NIAUN AN =I—==ON =M-—anom=aM oAM=
ONAVNOOZOO POVONAU==Tm ZU=AU=—=A=a =N=O=0=000 000—UINION NIZQOQIXR
WO~MQOMOTOY OISO NI EOND O OOOTOOO  ©OOINOO=OVN  ©SONID TN
NEORDEVNRIDM MPMMMDEOEMEWO WNEOEOIIVMON VMNSOOMOI= W=NMOVOWA=— WMMAMMMM
O OAICOQ MO 0NN ORIN© oowcooocovoo_o_gco Qomggggm«)v wwggggggmo ©OQOOVON
©OUROONVROTF VOOTOODVEN VVRAUNDVVOOO QOOOVLCO0Y LLDOQPVON WD VVOIVDOD
cooogoocooocovoooo WOROODONQD uovgeocooocoggto ©o©oog oo oo_o_lcoooggcocotog 9_«)(09@“‘2‘#
ODLODIRDRD FIIVOOQYORO YOOSVOOTID VDNVVDVVVDODB VVRVOOYOOO OOOOOOTO
€000 0O 0 00D WOOWO €I 00 OO0 W 00 0 O (O (D OO V0 cooomcogootomcooo €0 €0 00 00 00 €O 0 CO
O T000W00N VOROIIOOIO VOOOOEOOOO OOOOOOOOEOO ©OOEOITOOOOO (BOOOEODOD
EOIIIIITIITSET 000OIITOTOT Ittt <ttt L L OOOOOEO  ©O OWEOVOOO OOOOEOOOO
€000 0000 00O COW OO AO0O 00 00 O TOTO OO O WO WO OO 00 0) OO OO COD €O O CO D €O W CO O
- M) O @D 00 O) =\ M <HO ©O P g NO =AM ONONO = MO N0 O — P €0
@ 0D >0 33 5 TR IolYR ﬁ g
Speoefoedd 3930380887 gUAEERERT SRATRENSNN TURINSNNAR USRSk

(Note) 1. 1-vertexes amd functions are same as in Table 3.

2. Decimal representation of function is a set of numbers corresponding to ternary representation of each logical product.
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5. Conclusion

We have led a design procedure of the minimal hazard-free networks of 2-level AND-
OR gates using the linear programming techniques. The networks thus obtained are minimal
in the sense that total number of AND, OR gates or diodes to be needed are minimum.
Next we have shown that the networks obtained by applying the same class transformation
to a hazard-free networks do not have any hazard. The existing techniques for calculating
the number of classes of functions and determining the representative functions have been
extended to the case of incompletely specified functions.

By use of the techniques proposed by us, the minimal hazard-free forms of the repre-
sentatives of incompletely specified functions of 3 variables and that of completely specified
functions of 4 variables together with all their invariants have been obtained and are tabulated
in Tables 3 and 4. Finally we have shown the way to use these tables.

We have left a problem to improve the method applicable to the functions of five or
more variables. We have also left the problem to find the easy and effective algorithm to
solve the 0-1 variables linear programming. But we will have opportunities to attack these

problems some other time.
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