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On a Numerical Calculation of the Finite Fourier
Integrals with the High Frequency

NaAoTAKA IMADA*

Abstract

In the machine calculation of the finite Fourier integrals
b .
F(m)ES F@)emiotdt

by the ordinary approximation formulas of numerical integration such as Simpson’s,
a difficulty arises for high frequency ®, because the stepsize must be taken
smaller than in low frequency in order to secure the accuracy of the method
in such a case. It should be noted that the same situation also occurs in ap-
plying faster algorithm like as Goertzel's or Cooley-Tukey’s. For these values
to be calculated must be exactly the same as those by the ordinary approxima-
tion.

Filon’s method which approximates f(z) by series of parabolic arcs and uses
the integration by parts on the series covers this fault to the extent of the
truncation error O(l/0?) as w—oco. But as long as such an approximation is used,
it seems that improvement on this error bound can not be expected.

Extending the Filon’s idea, the author produced a formula which agrees with
F(0) within the truncation error of O(1/w**1) as w->co, where K stands for any
desiared positive integer. The formula does not make it necessary to compute
any derivatives, but it consists in combining values of the analytic continuation

of f() which are taken at different points in the complex domain.

1. Introduction
The finite Fourier integral is defined by the form

F(w)zSi F#)emiotdt, (1)

where —co<a<b<+oo, frequency ® is a real number, and F(z) is a real and
analytic function of real parameter ¢ on the interval (a, b).

From here to the end of this section, let us put @=0, 6=27, w=2, where Q
is an integer. Dividing the interval (0, 27) into N equal sized subintervals, and
putting f»=f(nh), where stepsize h=27n/N, then the step function of @
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(2)

is obtained as an approximation formula of the form (1). Simpson’s rule is

also ‘written in the form (2) replacing f» by suitable quantities.

In the equation (2) it is desirable, if possible, to choose the number N so

that the function f(¢) may not include the frequency greater than or equal to

N/2. If such a number is not selectable, the formula (2) may have an uni-

gnorably large error by the aliasing phenomenon.

For example, if f(z) is taken such as
f(t)=~é~—(t~7t) (0<t <2m),

fO)=f(2m)=0,
then the followings are obtained
F(Q)=—in|Q,

FUD) = — i o L
2= zzcotth

(2%mN, where m is an integer).

These values are shown in Table 1 in the case of N=32. The left

Table 1. Table of values of Fi(Q), F(Q), E«(f) for the function
Fly=—(e—m0<t<2m), FO)=f(2m)=0

Q @ FfO)(2)* @ F@)(3))

0 0.28873E-11 0. 0. 0.

1 -0,14286E=10 +0.31315E 01 0. ~0.31416E 01
2 =0.,14286E=11 «0,15506E 01 0. -0.15708E 01
3 0,30001E~10 -0.10167E 01  O. ~0.10472€ 01
4 0,10395E-22 -0,74460E 00~ 0. ~0.78540E 00
5 -0,348%72E-10 ~0.57702€ 00 0. ~0.62832E 00
6 N.71432E=31 <0.46159E 00 0. ~0.52360E 00
7 0.29287E=1p -0.37582E 00 0. =0.44880E 00
8 -p,42859E~11 -0,30843E 00 0. ~0.39270E 00
9 -0.,85718E-41 -0.25312E 00 0. =0.34907€ 00
10 -0.71432E~11 -0.20608E 00 0. ©0.31416€ 00
11 0,16631E~21 -0.16486E 0O 0. =0.28560E 00
12 0p.10395E=22 -«0,12775E 00 0. “0.26180E 00
13 ~0,42859E=14 -0,93560E-01 0. =0.24166E 00
14 0,21429E-10 -0,61350€-01 c. ~0.22440E 00
15 0,40002E«10 -0,30377E-01 0. ~0.20944€ 00
16 -0.57445E=44 O, 0. ~0.19635€ 00
17 0.85748E~11 0,30377€-01 0. =0.18480€ 00
18 0.10000E~10 0,61350E-01 0. -0.17453€ 00
19 -0,42859E-44 0,93560E-01 0. ~0.16835€ 00

20 0,10395E=22 0.12775E 00 0. =0.15708E 00
21 -0.71432E=14 0,16486E 00 0. ~0.14960€ 00
22 0.,14286E=11 0.20608E 00 0. =0.14280€ 00
23 0,10715E-10 0,25312E 00 0. =0.13659E 00
24 -0,42B59E-11 0,30843E 00 0. -0.13090E 00
25 0.,25715E-10 0.37582€ 00 0. -0.12566E 00
26 0,42859E-11 0.46159€ 00 0. =0.12083€ 00
27 =p.25745E=106 0.57702E 00 0. =0.11636E 00
28 0.40395E-22 0.74460€ 00 0. ~0.11220E 00

29 0.18572E-10 0.10167€ 01 0. =0.10833E 00
30 -0.24287E-10 0.15506E 01 0.  =0.10472€ 00
31 ~0.80003E=10 0.31315E 01 0. =0.10134E 00

* using (2) by Cooley-Tukey’s method (N=32)

column denotes the real part of complex numbers, and the

the imaginary parts.

® E(=0-@)

0.28573E~11
~0.14286E-10
~0.14286E=11
0.30001E-10
0.10395€-22
~0.,18572E~10
0.714326-11
0.29287E~10
~0.42859E~11
-0.85718E-11
~0.71432E~11
0.16631E~21
0.10395€=22
-0.42859E~11
0.21429E-10
0.40002E=10
~0.57145E~11
0.85748E~11
0.10000E=10
«0.42859E=11
0.10395E+22
~0,71432E~11
0.14286E~11
0.107156~10
-0,42859E=11
0.25745E~10
0,42859E~11
=0,25715E-10
0.10395E~22

0,18572E~10

«0.,24287€«10
~0.80003E=10

0.

0.10100E-01
0.20238E-01
0.30456E~01
0.40794E~01
0.51296E~01
0.62008E~04
0.72982E-01
0.84274E-01
0.95948E~01
0.10808E 00
0.12074E 00
0.13405E 00
0.14840E 00
0.16305E 00
0.17906E 00
0.19635E 00
0.21518E 00
0.23588E 00
0.25891E 00
0.28483E 00
0.31446E 00
0.34888E 00
0.38971E 00
0.,43932€ 00
0.50148€ 00
0.58242E 00
0.69338E 00
0.85680E 00
0.11254E o1
0.16553E 01
0.32328E 01

(3

)

(4)

side of each

@ Fuoy4)

0.
~0.31315€
=0.15506E
~0.10167E
=0.74460E
~0.877026
~0.46159E
~0.37582E
~0.30843E
~0.25312E6
~0.20608E
~0.16486E
~0.42775E

01
01
01
00
00
oc
0o
00
00
00
00
a0

~0.93560E-01
~0.61350E~01
~0.30377E=01

0.

0.30377€-01
0.61350E=01
0.93560E=01

0.42775€
0.16486E
0.20608E
0.25312€
0.30843E
0.37582€
0.461596
0.57702E
0.74460E
0.10167E
0.15506E
0,31315€

00
[1]¢]
00
00
00
oo
0o
00
00
01
o1
01

light side denotes

Tables used in this report were made by the electronic computer TOSBAC-
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3400-30E (48 bits/word, mantissa part=36 bits).

In general, it is necessary to take small stepsize % and large N to seek F(£2)
for high frequency by the equation (2). But there is another method that
divides the integral interval into several parts at the points where function f(z)
varies rapidly and integrates on each divided subintervals and sums these in-

tegrated values. The detail will be stated in the following sections.

2. Extension of Filon’s method

We will follow the Filon’s idea.

Let ® be greater than 1 in the equation (1) and interval (e, b) be consisted
of subintervals (¢a-1, £x) (n=1, 2,---, N), and suppose that f(¢)=ga(¢) on (¢z-1, ta),
where g¢a(t) is real valued and K+2 times continuously differentiable function
on a certain open interval which include the closed interval [£a-1, £2]. Then,
using the integration by parts, the next formula is obtained :

N tn N
Flo)= Elgtwf(t)e""“"dt= ElF”*(w)’ (5)
where
17

Fn*(w)zg gnlt)e=itdt

tn-1

= gn tn_1> gn’(tn—l) Ioees gn(K)(tn_1)} —iwtny
{ iw - (fw)? - (fw)k+! ¢

—fenlte) ) @ i)

iw (fw)? ({w)k*1
The truncation error E.*(w) is defined as follows:
in

E,,*(w)zstn_lgn‘““(t) GapEne
=0(1/o**?)  (0—>). (6)

If we put go(¢)=gn+1(t)=0 and

L P =g P(tn) —gnP(ta) (=0, 1, 2,-+, N), (7)
an approximation formula of F(e) is given by

- N (K [,D .

Fg(w)zné)o{lg_é W}e"‘”‘” (8)
which is an economical form of calculation on e~  The truncation error is

Ey(0)=Fy(0)— F(0)=0(1/o"*2). (9)

In the Filon’s method, [, are put as
]n(l) = —'éllz(fwwz“‘4f2n+1”|‘6f2n—4f2n—1+f2n~z)

10
]n(Z):%(f2n+g—2fzn+1+2f2n—l "f2ﬂ-2) ( )

(fa=fla+nh)).

It may contain an error even in the lst derivative of the given function f(¢),
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namely in I’ due to the approximation of f(¢) with parabolic arcs. In this
case the order of the truncation error is O(l/0?) as ow—>co. If other curves of
higher order polynomial is adopted in the approximation, the error would be also
O(1/®?) as w—>co,

In order to eliminate this fault these approximating curves must not be used
but the original f(z) should be used. But then, it is difficult to calculate nu-
mericaly derivatives f'(¢), f”(¢),-, etc. so as not to contain such an error.

Is there not any good technique? The answer to this question is in the
following theorem.

3. Approximation formula Fs(w)
Theorem. Let £, g» be complex functions such that

F(@)=ga(z) (Re 2&(tn-1, ta)) (n=1, 2,---, N) (11)
where ga(z) is regular function on a certain complex region which contains the
closed interval [¢4-1, 2], and let go(z) =gn+1(2)=0. Then there exists an approxima-
tion formula of F(w) such that

N . )

bt E[ el Bl

where the pairs of constants {p:, ci} are defined by the relation
K
Stapt=ll (1=0, 1, 2, 2K—1), (13)
=1

and the truncation error is
Es(0)=Fy(0)— F(0)=0(1)0* 1) (0->co). (14)
Proof. As mentioned before, we have an approximation formula for F(o)
such that

Putoy= 5[5 e ) 05) . (15

= (za))l“
with the truncation error O(1/w?%+1),

Here we define a polynomial function @=®(K, ¢, ¢, ) such that the term
of ' is /| times as large as that of the Taylor expansion of ¢(z) (z=¢-+7) at the
center ¢, i. e.

DK, ¢, t, P=@(E)+¢' (49" ()9 + -+ D)t
+'“+(p(2K_1)(t)772K_1. (16)
Using the polynomial @ in the formula (15), we have

1W ==

*(0)):— b @(K Ggn+1—(n, Ln, ‘](-0>e_mt” (17)
Let us define another function
K
w‘(Ka @, t, U)Ekz_llcﬂﬁ(t—f“f’k??)- (18)

Then, as described later, we can decide constants {ps ci} (=1, 2,-., K) so that
7 may coincide with & till the term of 7?1, Hence using ¥ if we put
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k
2
1
z
3
3
2
3
4
1
2
3
4
5
1
2
8
4
5
6
i
z
i)
4
.5
L]
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Table 2. Values of constants {p cui}.

bk

U.585786437626904951<0k
0+34142135023730950408k

0.415774556783479083%1¢k
1+22942803602790417198k
0.62899450829374791969¢

0,32254768961939231180k
0+174576110145834657>7¢k
0.45366202969211279833¢k
0293950709123011334292¢k

0426356031971814094¢20k
(1+14134030591065167922E
0¢35964257710407220812¢
1.70858100058588375569¢t
1.126408008442757826°9E

01,22284660417926068948¢k
Ue11889321016726230308k
0,299273632605931407/9¢E
0.57751435694045405021¢t
0.98374674183825899182k
0+15982873980601704783¢

00
01

00
01
01

00

01
01

00
o1
o1
01
02

oo
o1
[¢58
01
01
02

Ck

0.85355339059327376220E €O
0.14644660940672623780E (0

0.71109300992917301545E 00
0.27851773356924084880€ CO
0.10389256501586135749E~-01

0.60315410434163360164E 00
0.35741869243779968664E (O
0.38887908515005384273E-01
0.53929470556132745011E-03

0.52175561058280865248E 00
0.39866681108317592745E (0
0+75942449681707595386E-01
0.36117586799220484544E~02
0.23369972385776227890E~04

0.45896467394996359859E 0
0.41700083077212099410E 00
0.11337338207404457573E €O
0.10399197453149074896E-01
0+26101720281493205940E-03
0.89854790642962123703E-C6

Table 3. Fsw), F(e), Es(®) using constants of K=5 in Table 2 for
F@)=e~H{0<e<T), et (m<E<2m).

~
Fyw) F(o) Eqf0)
279,22399665415 279.09482043981 279.83778107166 278,79456700012 ~0.61378441751 0.30025343969
102,66184673365 204,58701629444 102.66154983639 204,55767066404 0.00029689725 ~0.00065436959
55,967%6677515 167.27673742547 55.96755628148 127674021944 0.00001049367 ~0.00000279396
. 80,19457398261 120.32804164569 30.19457352650 120.32804156839 0.00000045611 0000007729
21,52598326071 107.22867964766 21.52598320622 107,228679635%6 0.00000005448 +00000001210
13487318248068 82.92878540252 13.87318246427 82,92878540512 0.00000001641 ~0.00000000279
11,19351434484 78.06247876398 11.19351129583 78,06247877422 0.00000004904 =0.,00000001024
7489704234810 62.94082174310 7.89704233751 62.:94082174589 0.00000001059 ~0.0000000027¢9
6482531181251 61.198807395%52 6.82531177555 61,19880740297 L 3696 -0
5,08225498499 50.63808679917 5.08225497719 50,63308680197 0.00000000779 ~0.00000000279
4,58750467316 50,27443012082 4.58750466507 50427443012315 0. -0 232
3454015349974 42.32227668724 3.54005349194 42432227669097 0.00000000779 ~0.00000000372
3429220924476 42,63916907738 3,29220923790 42,63946907878 0. 8 =0 139
2,60562317536 36.34273336455 2.60562313487 36,34273336874 0. 8 0. 19
2,47644062194 37.00812836689 2.47644061615 37,00812836783 0.00000000579 ~0.00000000093
1,99730646016 31.837769753¢49 1.99730645451 31,83776975589 0. 4 =0. 209
1492991577544 32.68625958543 1.92991576941 32.68625958636 0. 33 =0. 3
1,57940852381 28.32336978354 1.57940849247 28,32336978637 0.00000003134 ~0.00000000302
+54606515313 29.265728034105 1.54606514875 6572803268 0. 38 ~0. 162
1,28006923443 25,505943973/8 1.28006923045 2 0594397517 0.00000000427 ~0.00000000139
1426623436198 26.49179143851 1.26623435781 26,49179143924 0.00000000417 ~0.00000000093
1,05836654643 23.19726162194 1.05836654240 23.19726162287 0.00000000403 ~0.00000000093
1.05599167991 24.19726430904 1.05599167631 24,1972643102¢C 0.00000000359 ~0,00000000146
0488961486562 21.27416159419 0.88961486180 21,27116159585 0.00000000381 ~0.00000000116
0,89405046814 22.26793666463 0.89405046446 22426793666579 0.00000000368 =0.00000000116
0.75820942334 19,63995360885 0.75820942017 19,63995361002 0.00000000316 +0.00000000116
0:76667889821 20.,62315975409 0.76667889459 20.62315975478 0.00000000362 =0.00000000069
0.65389529888 18.24081139569 0.65389526071 18.,24081139802 0.00000003816 ~0.00000000232
0,66469789499 19.20437635108 0.66469789202 19420437635178 0.00000000296 ~0.00000000069
056970900520 17.02755305124 0.56970900258 17.02755305217 0.00000000261 =0.00000000093
058178340183 17.96804901864 0.58178339858 17.96804901954 0.00000000324 -0.0000000006%
0.,50078808488 15.96547673526 0.50078808200 15,96547673596 0.00000000288 ~0.00000000069
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N 1 .
Fio)= % ST(K, gun=on, tr, Loion, 9
the formula F3() coincide with Fy(w) with the error O(1/w* 1) so that the trunca-
tion error Es(w)=Fs(w)—F(w)=0(1ja? 1),

4. Calculation of constants {ps, c}

By comparison the coefficient of terms of @ with that of Taylor expansion
of ¥

K K 1 K
V(ST e 0+ (g B ep ot O
k=1 k=1 k=1

K
+...+< 1 = Ckpsz—1>¢(2K—l)(t)772K—l+_,,’ (20)

QK—-1)1z=

we have the non-linear equation of p: and c:
X
Sapt=ll (I=0, 1, 2, 2K~ 1), 1)
=1

Eliminating c: from the equation (21), we have a linear equation of Sy, Ss,--, Si:
Sg—Skg-1+2! Sg_3—3! Sg_s
+oH(DEUK -1 Sy =(—1)F1KT
Sxk—21 Sg_143! Sg_a—4! Sx_s
T (= DEFK Si=(— DK 1),
21 Sk—3! Sko1+41 S a—5! Sk_s (22)
+o A (DEHK 4D Si=(— DX (K42)1,
(K—1)1 Sx—K! Sga+(K+1)! Sgg—(K+2)1 Sx_s
o (— )RR —2) 1 Sy=(—1E-12K — 1)1,
where Si, S, -, S are fundamental symmetric functions of i, b2, Px, So, pi,

P2, px are given as the solutions of an algebraic equation
PF— S Saph = (~ 1S =0, (23)

On the other hand, ci, ¢s,--, ¢z are obtained from a linear equation as follows:
K
Nepit=1! ({=0, 1, 2,---, K—1). (24)
=1

Thus we have obtained the values of constants {pi, c:}. These values are listed

in Table 2.

An application of the formula Fy(w) is shown in Table 3, by using constants
of n=5 in Table 2 for the function f(¢)=e(0<t<m), =e'(n<t<2m)
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