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Abstract

A tandem queueing model for a performance analysis of disk based computer systems
which work under a multiprogramming environment is discussed. Assuming that all
input/output (I/0) requests from a central processing unit(CPU) are processed by
moval head disk storage devices, channels of this system can be considered as two-
stage tandem channels, that is, first channels are storage units and second channels
are control units. Then, the systems are modeled by use of a technique of a tandem
queue.

The model is approximately represented asM/M/S,—M/S,under assumptions that
service times at a CPU,first channels and second channels are exponentially
distributed independent random variables, where g, and S, are number of the first and
the second channels respectively. Furthermore, the model has features of a finite
waiting room M/M/1(N), where N is a degree of multiprogramming.

A CPU productivity is defined with a equilibrium state probability. Compared with
measured and calculated data of the CPU productivity, a model validation is discussed
in the case of N<S, .

1. Introduction

A simple queueing model with a finite waiting room to estimate a CPU productivity
of multiprogrammed computer systems has been proposedl). The model assumes that the
computer system consists of a CPU and identical I/0 channels. In disk based computer
systems, a disk storage system could be regarded as these channels.

A disk storage system consists of control units and disk units. An I/0 request
from each process being executed in a multiprogramming manmer is to be processed
through one of the control units and the disk units. The I/0 operation takes three
statuses such as seeking, waiting for positioning and transmitting of data in order2),
3), The waiting and transmitting operation are considered as one operation, which
may be called a transfer, because the transmitting operation follows the waiting as
soon as the positioning is completed. Then, an I/0 operation may be devided into two
discrete operations; the first is a seeking and the second is a transfer. '

Consequently, for more detail discussions of a CPU productivity in disk based
computer systems, an analysis of the I/O operations should be treated by using a
tandem queueing model.

2. Tandem Queueing Model

An I/0 operation in a disk storage system may be represented as a two-stage tandem
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queueing system in which first servers are disk storage units(first channels) and
second servers are control units(second channels) as shown in Figure 1 under several
assumptions.
The assumptions are as follows. (1) An I/0 request to a same storage unit being in -
a operation will never occure while an idle storage unit exists. This assumption may
be reasonable if data on storage units could be uniformly allocated. (2) A data
transfer from a storage unit after completion of seeking will be performed through
any control unit being idle. (3) When all control units are operating, a seeking
operation for a newly arrived I/0 request does not start untill any control unit

becomes idle because acontrol unit has a function to start seeking. But, we neglect

this blocking effect.
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Fig.1 A tandem queueing model of Fig.2 A tandem queueing model of
a disk storage. disk based computer systems.

Figure 2 shows a tandem queueing model of disk based computer systems which work
under a multiprogramming environment. A degree of multiprogramming is denoted by
N (1£N<~) , and N processes will allways exist in a system. The system has only .
one CPU. An I/0 request will continuously arrive at first channels while a CPU is
executing any process. It is assumed that arrival intervals of t/0 requests are
independent, identical, exponentially distributed random variable with mean 1.2.
Number of first and second channels is denoted by S, and S, respectively. Usually
a condition Slgs2 is needed. Furthermore, N2>§, 1s required because a possibility
of concurrent opration of control units must exist. It is assumed that processing
times at the first and the second channels are also exponentially distributed with
mean 1/, and 1/u, respectively.

The queueing model has two queues, such that a first queue at first channels and
a gsecond queue at second channels. An I/O request is to go to the second queue as
soon as the processing at the first chanpel is completed. Number of I/0 requests in
the first and the second queue including under being processed is denoted by m and
n respectively. As number of whole I/O requests in the system cannot exceed N, a
condition 0<m+n< N is induced. This means the queueing system with a finite
waiting room.

A range of m and n is as follows. m is 0<m<N because a new I/0 request can
enter the first queue when n = 0. A first channel cannot perform a next I/0 request
untill the I/0 request performed by the first channel is completed at any second
channel because the transfer operation needs both of a storage unit and a’control
unit. Then, number of first channels which can serve I/0 requests 1s S, -n, and n 1is

n<'S, because of S,-n> 0. Consequently, n must be 0% n< Min(N,S,) because n
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cannot exceed N as well as m.

3. Equilibrium State Probability ( in the case of NXS,)

In this section a equilibrium equation is shown in the case of NS, and a general
form of a equilibrium state probability is derived.

Let Pm: be a equilibrium state probability that m and n I/0 requests are in the
first and the second queue respectively. All conbinations of m and n under a condition
of 0<m<N,0<n<Nand 0 <m+n £ N give number of equilibrium states as
(N+ 1)(N + 2)/2. Aequilibrium equation is given as follows;

— ARy + H2Pop= 0

= (2 4 a1 #2)Pon + 8aflaPon+:i t MPrao= 0, (m=0,1Sn<N-1)
— S, sebo, N+ PN =0, (m=0, n =N)
- (24+mudPmo + #2Pmy+ APm_yo=0, (1SmIN-1,n=0)

-~ NaiPNo + APN-p=0, (M=N,n=0)

-~ (A+mu +a142)Pmn+3:2Pmnr + (M+1) £1Pm+1,a—1+ APm1n =0,

(mXx0,nx0, m+n< N-1)

- (mu,+3a4:) Pmn+ (m+l)lllpm+l,n-|+lpm“»“=0: (m>x0,nXx0,m+n =N) | (1)
where
a n, (1€n<Sy) n+1, (1€n<S,)
1= a, =
Sy, (5:< n<N-1), 1S, (s, <n<N-1y,

and a constraint
Xpm,n =1 (2)

should be given.

We suppose a general form of p,, as follows;
Pm,n = AmBnp:np!nRho , (3)

where o, = 2 /m, p,= A/u-and A;=1, B,= 1.
In the case of 1 S m < N and n = 0, following equations are obtained from
equation (1) and (3).
-1+B,=0
= (A + )AL+ nAB L+ 2 =0
~ (2 + 240A, 00 + u2A,B, 0l p,+ AA, 0= 0

~ (2 + (N=-1)a)Ay A"+ A B oM 0, + 28y, 0N = ¢
-~ N uiAn p;N+ AAN_,IJ,N—‘= 0. (4)
A relation of A, =A_, m 1is derived by using B, = ) which is given from first
equation of (4). Then we obtain a general form of A as follows;
A= w1 o

In the case of m = 0 and 1 < n < N, following equations are obtained.
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=

3uz) ng: + 4/123‘9: + u:AB,0 pz2 =
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- (A + (S5,-2) u,)Bsz,zp,Sz-u (S,- 1>uzBs,_1P§="+ ,u.A,Bsz_ap,p,sz“ =

|
o

- (4 + (S2 - 1) ﬂz)B%-l p’S,—l + S,#:Bs'pzs? + ﬂlAlBsz—Z P,p,si‘z =0
- (1 + Szﬂr) BS,pzsz + Sz/hBS,+l pst+1 + 'a'AlBS,—l p,p,s‘l_l =0

= (4 +S,u) BS,-Hﬂzsz+l + Sruzasz+2 ﬁ,sl+2 + ﬂlA,BS!Qp,St =0

.

i

(R +Sypu)By 1PN L + S, mByAN+ 4 ABy 0082 = ¢

=S, u:By AN + 4 A By 100N 1=0. 6)

Substituting B, =1 and A = ; derived from (5), B, is obtained as follows;

. (S, <n< N N

It is easily confarmed that A, from equation (5) and B, from (7) can be extended
to the case of m>x 90, nxpoand m + n < N-1 and of m + n = N. Poo is obtained from

equation (2) as follows;

-1
Pojo = { 2z AnB, pxm pzn } (8)
0<m+n< N

Consequently, the equilibrium state probability p,, in the case of N{ g 1s
given by equation (3), (5), (7) and (8).
4. CPU Productivity

As a factor of system performance, let us consider only a CPU productivity in a
steady state of systems. A CPU will not become idle but continue to execute any
process while m + n is less than N. Then, a CPU productivity denoted by ¢ may be
obtained as follows;

9

z p
0€<m+n<N "

Figure 3 shows a comparison between measured and calculated data of a CPU
productivity for the sake of a model verification. The measured data were obtained
from the system 'NEAC 2200 Model 700' at Tohoku University Computer Center. The value
of 4 and ©: can be obtained from the case of N = 1. The calculated CPU productivity

would be comparatively equal to the measured. Consequently, we could conclude that
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the tandem queueing model can be applied to

a performance evaluation of disk based multi-

programmed computer systems. a
5. Equilibrium Equation :;gj
( in the case of N > S, ) ig: —— calculated
Number of I/0requests which can be processed go.-| T mewsured
concurrently at first channels cannot exceed 1 2 3 ry e
S, - n whenN > S, .Then, a equilibrium Fig.3 A ;:;e:n:::u :ei:r:::lmt::asured and

equation is obtained as follows; caluculated data of CPU productivity.

- Apo,o t U, =0

(m=90,15n<S, - 1)

= (242,400 + 8 M2 ney + WP = 0,
— (248,425 + MiPg- =0, (m=0,0=8)

— (A +a,4)Pmy + U2Py, t+ APmye=10, (n=0, 1I$mIN-1)
—S,u.pN’0 + /le‘l'o =0, (n=0, m=N)

- (A+au+ a.ﬂr)pm'n + a, H2Py gy + as'L“pmﬂ,n—l + lpm—l_n =0,

(mx0, m+n<N-1,1<n<S, - 1)

= (A +382) Py + APy gyt /Ipm_lln= 0,
(m¥x0, m+n =N, 1<n<S,-1)

~ (A+S,u)pys + MiPyyys ot APp_ys, = 0, (mx0,n =S, ,m+n<N-1)
= SitaPus, + MiPuyys, oy * APy, =0, (m4+n =N, 0 =S, (10

where a,~a, are given as follows;

. n, (151 <S,) n +1, (1€n<S,)
1 = a, =
S:.(Szgngs|) Sr.(sz§n§5|)
m, (1<mgS) m, (m<S,-n)
a, = a, =
S,, S, <m<N-1) S,-n, (m>=S,-n)
m+ 1, (m<S, -n)
a, =
S,;-n +1, (M2S,-n). an

6. Conclusions

A tandem queueing model similar to M/M/S, - M/S, has been proposed for performance
evaluation of disk based multiprogrammed computer systems. A reasonable correlation
between a measured CPU productivity and a calculated one was confarmed, though a
number of assumptions were made to simplify the analysis. The model is fairly tractable
when N s, . If a equilibrium state probability is needed when N > §, , a

simultaneous linear equation derived from equation (10) should be solved.
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