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Dual Fractional Power Approximation
for Nonlinear Functions

Yasuhiro KOBAYASHI* Masaaki OHKITA*
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Abstract
For accurate analog simulation of continuous functions, it is advisable to use ap-

proximations of the form:

- B1 B2
f(x) = ao + alx + azx + a3x

in a full range of an input variable. The exponents 83, B are given by real numbers
according to the nature of f(x). The accuracy is comparable to that in approximation
using Chebyshev polynomials up to the fifth-degree. Especially, for odd functions,

this approximation can achieve good accuracy over an extended interval.

1. Introduction

In the usual analog simulation, uniformly continuous functions have been divided
into several subintervals wherein the functions are approximated by linear segments
[1], quadratic arcs[2], or their combinations[3]. Unfortunately, these systems yield
considerable errors near the endpoints and between them.

An approach is to use uniform(or non-breakpoint) approximation of continuous
functions over the full range of an input variable. With this policy, an economical
mathematical system, termed the single fractional power approximation, was introduced
[4],([5). To improve that accuracy or to extend that variable-range, in this paper,

a fractional power is added to that system. This system, termed the Qual fractional
power approximation, can improve that accuracy by about a hundred times. Since a
fractional power term behaves like  an ordinary power series alternating in sign, one
can expect better accuracy than Chebyshev approximations for odd functions. Parameter
values must be given so as to satisfy a minimax error condition, although it cannot be
achieved directly. We must correct their approximate values by iteration. The

starting values can be determined by a method of undetermined coefficients or that of

This paper first appeared in Japanese in Joho— Shori (Journal of the Information Processing
Society of Japan), Vol. 17, No.8 (1976), pp. 703~710.
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interpolation. For convenience of optimization, the parameter-determination begins

with interpolation of a given function at geometrically arranged points in a specified
interval.

Details are as follows;

2. Parameter-determination and its optimization

Consider that a single-valued continuous function is approximated by f (x)=a0+ a,x
+a2x81+ a3x82 in the interval([0, 1l]. An optimal condition is made so that the ap-
proximation satisfies null error at both endpoints and minimizes the maximum magnitude
of deviations within this interval. An actual criterion is given so that the error

curve possesses an equal magnitude oscillatory behavior with proper alternation in
this interval.

Since the minimax error magnitude u* and the true extreme locations

cannot be evaluated straightforwardly, the minimax condition in a Chebyshev sense is
modified here.

For convenience of interpolation, suppose a set of distinct points xi (i=1,2,3,4)
satisfying a geometrical relation xi=)‘(i—5) with A>1 on the x-axis within the inter-
val(See Fig. 1). If the optimal approximation yields certain deviations p i(i= 1,2,3,

4) at these points, the following simultaneous equation is established.
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one can rearrange Eq.(1l) so that
—— Primary approximation
===~ Optimum approximation
Fi=a2[p‘5")-1]+aS[Q(s"’-11, i=1,2,3,4, (3)
Fig. 1 Diagram of the inter-
(5-i) polated approximations.
where Fi=)\ [f(xi)-f(0)+ pil-[f(l)-f(o)l.
Moreover, upon putting
H1=Fl-4F2+6F3-4F4, H2=F2-3F3+3F4, H3=F3-2F4, H4=F4, (4)
one can rewrite Eq.(3) as Hi= “2 (P-1) (s-i)+a3(Q-1) (5-1) . (5)

Equation (5) is then modified so that

H,- [(P-1)+(Q-1) 132+(P-l)(Q-1)H3' 0.

Hy=[(P-1)+(Q-1) JH +(P-1)(Q-1)H,=0. (6)
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HH-~-HH H. -H.H
Hence (-D+(-1)=-52—L14  (poyyo-n=-3-12, B,2-HH, % 0. (7
H3 -H2H4 H3 "H2H4

This means that the (P-1) value, corresponding to the fractional exponent B}, can be

evaluated as either of the two roots of a quadratic equation. Therefore,

p-1=(u+ V¥ M- 4N )2, o-1=M- / M*-4n)/2, M-an >0, (8)
H H -HH H 2-H H
where u=—i23——1—1 ;o n=—2 13, “32'“2“4*0-
Hy ~HH, Hy - HyH,

Then, the parameter values can be evaluated as

2
]
=]
]

£(0) , £(1)-£(0)+(H - HM /N ,

2H3-(M- M2~4N )l'l4 -2H3+(M+ M2—4N )114
a, = a, = (9)

2 ' 3 ]
s/ M2-an ) ¥/ M-an Y M2-an ) ¥/ MP-an
=log[(2+M-Y¥ M2—4N )/2X1/ log A . J

~log [ (2+M+V M2-4N Y/2A\1/1leg A, B3

"
]

B1
Note that these parameter values(except for ao)

are given as functions of p i values, though

Determine primary

difficult to evaluate analytically. For con-

venience, the p i values are estimated in terms

parsmeters:
. : a (t=0,1,2,3)
of neighboring extreme deviations u i’ wy 1" .:m_m)
At the first step of computation, all p, values
i Set number of it~

erations » and n’(ﬂ)
are given as zero; and at the second and there- valoes zero:

»=0, pw)-n
after, they are estimated so that pi=w(u:l + "‘-’-’[':

,L'-_‘._._;]

tapose p""“ valuea to

bass-points of interpo-
lation and solve eimul-
taneous equation

L]

Evaluats off-set devia-
tions at base-points:

oo o (m

ui+i) with a weight W. The pi values are ac-~

cumulated with each step. By substituting such

values into Eq. (1) iteratively, the parameter

values can be modified. The modification must

=
’B‘OI v
(mel) (w1} (m
Py Ty

be repeated until all extreme deviations are

leveled. Fortunately, - the computation con-

verges without oscillation and produces the

Fig. 2 Flowchart for the minimax dual

optimal parameters. An experimental verifi-
fractional power approximation.

cation is given later.
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MININAX DUAL FRACTIONAL FOWER APPROXINATION

F(X)=A04A1eX4A20X00P+A30 X0 e

Neoo odENTRY NUMBER Ol FUNCTIONS
N={e00sCOSH(X)
INTERVAL (0.0 .L1E. X +LE. 1.0)

DOUBLE PRECISION FFLC&),FL(W) /¥ -

DO‘J!I.E PRECISION XX(5).EY(S),A(6)
IN/AA/ NoAM,

CWON/BG/ DEB:"’L,I‘L

COMMON/CC/ A

COMMON/DD/ XX, EY

CALL QOVFLR

LP=0

DO 1 I=1,4

FL(1)=0,000

FFL(1)=0.000

CALL INPUT

CALL CALCU

CALL ER

IF(LP-!G.U) CALL oUT

IF(OEB.GT.0.9999) GO TO 3

LP=LP+1

Go 10 2

CALL OUT

SToP

END

OQUELE PRECISTON FUNCTION - !'UNCM!)
DOUBLE PRECISION X,FUNCA,PH

COMMON/AN N

DATA PH/0.500/

GO TO (1).N
FUNCA=(DEXP(X)+DEXP(~X))oPH
n:wmt

OQUBLE PRECISION FUNCTION FUNCB(X)
DOUBLE PRECISION X,FUNCB,A(6),XA,XB
COMMON/CC/ A

XA=XooA(S)

XB=X#eA(6)
FUNCB=A(3) eXA+ACL) # XB+AC2) oX+AC1)
:E;URN

N

DOUBLE PRECISION FUNCTION ERROR(X)
DOUBLE PRECISION X+FUNCA ,FUNCB,ERROR
EARQR=FUNCA(X)~FUNCB(X)

RETURN

END

SUBROUTINE INPYUT
DOYBLE PRECISION ¥
COMMON/AA/ NoAM/V
CALL SETSEPC1H,)
READ(10.1) N.y
WRITE(6, )

CALL NAME
WRITE(6+2) AMoW
FORMAT(13,D18,8

.8)
FORMAT(//T7, *FUNCTION="+ A8, T31, "WEICHT="

018.8)

FORMAT(1H +T7,"es MINIMAX DUAL FRACTIONAL POVER'

+ThOs ' APPROXINATION e8*)
RETURN
END

SUBROUTINE NAME
COMMON/AA/ NcAH
DIMENSION FMC10

DATA FH(H/' COSH(D'I
AMxFMIN

RETURN

END

SUBROUTINE CALCU

DOUBLE PRECISION ALM.ESTD,XICA),ACS),FLCA)
DOUBLE PRECISION FFLC&),XMCA)/XLCA)oXAC2)
DOUBLE PRECISION AQI.AIO,AII,AS,FUNCA

DOUBLE PRECISION ZERQ,ONE,TUO0, THR
DOUBLE PRECISION FOUR,SIX
gomou/sw DEB, FFL,FL

/CC7 A
DATA 2ER0/0.0D0/+ONE/}.0D0/»TW0/2.000/
DATA THR/3,000/,FOUR/4.000/+S1X/6.000/

ALII=;. 35027700
X1(4)=ONE/ALR
X1C3)=XICN)/ALH

- . s s 0 o

UN=CORIOANE W~

s -

0ono
sw

NOMEUN=O PRI NS WA

-

a ve w

LX)

———
ow &

XI(2)=X1(3)/ALH
X1€1)=X1(2)/ALH
A(1)sFUNCACZERO)

00 1 I=1.4

ll.(l)l".ﬂ)ﬂ"l.ﬂ)

AS=FUNCACONE)-A(1)

D0 2 I=1,4

ILCI)=ALNoe(S=1)a (FUNCACXI(I))=AC1)+FLCI))=AS
Xn(1)=xLC1 )-fOUI'lL(I)OSI!OXI.(”-I'OUIOIL(i)
XMC2)=XL(2)~TNROXL(3)+THROXL(4)

RM3I=RLL3)- ?‘-‘vﬂ'd-:

XNCA)I=XL(S)

AQI=IM(2)eXMC 8)~XM(3)oXM(3)
ATO=XM(2)0XM('3)~XM(1)0XM(A)
ALI=INCI)eXM( 3)-IM(2)eXM(2)

CALL QUADCAOT,AJ0,ALI+XA.KOR)
IF(KOR.EQ.1) G 0 T0 3

1F(KOR.EQ, 3) GO TO 3

ACS) 'ONI-M.OG(IAQ)QONE)/DLOGULH)
A(5)=ONE-DLOG(XAC 1 )+ONE) /0LOG
A(l)’(x”(!)-!“l)OXN(H)/(!A‘Z)'(XA(Z) M)
AC)IZ(XLCA)~A(NI®XAL2)I/XACT)
A2)= FUNCA(ONI)-A(!)-MS)-A(U
IF(KOR.EQ,2) RETURN

VRITE(G,4) KOR

FORMATC(IH ,T10,°KOR= *,12)

RETURN

END

SUBROUTINE QUAD(AOI,AL0,AII,XA,XOR)
QUADRATIC EQUATION
KOR=1 ONE

AR T
DOUBLE ISIaN AOI:MO-M[-W?)-I-O
DOUBLE PRECISION ZERO,FOUR

OATA 2ERQ/0.0D0/,FOUR /4.000/
l'(l?l;gg-l[lo) Go To 2

B=AOL+,
n:uouz;rguu-m:-u I

XAC1)=(-Al0+0SQRT(D))/B
XA(2)=(~A10-DSQRT(D))/B
KOR=2

RETURN
END

SUBROUTINE ERRM

DOUBLE PRECISION l.ox.tum.:nn.:n:.nnn
DOUBLE PRECISION EERY, EER2, XX(3),EY(S)
DOUBLE PRECISION EEMAX,EEMIN,ACS) EFF(4)
OUBLE PRECISION XAA,ZERO.PH,FFL(S),V,ESTO
OMMON / AR/

COMMON/BB/ DEB, FFL
COMMON/CC/ A

COMMON/DD/ XX.EY

DATA 1ER0/0.0D0/.PH/0.500/
DATA ESTD/0.10~-12/
IF(LP.CE.1) GO TO 7

J1=0

X=2ERO

0%=0,30~1
ERRE=ERROR(X)
ERR2=ERROR(X+DX)
ERR3=ERROR(X4DX+DX)
EER1=ERR2-ERRY
EER2=ERRI-ERN2
ERER=EER1*EER2
IFCERER) 4,4,3
x-xonx

0 To 2
"'(DABS(EEIl)‘lSTﬂ) 60503
0X=0X:

G0 70 2

JI=J1+1
XX(J1)=x+0X
IAAZIXCII)
EYC(JDI=ERROR(XAA)

X=xX(JI)
}f(JI-!) 1+13.13
=

88

llﬂl'!“ﬂl(l)
ERRZ2=ERROR(X+0X)
EEII‘IM!S(IRII )=DABSCERRY)
IFCEER1) 10.11.11
X=X-0X-DX

DX=DXePH

X=X 40X

Co 70 9

X=X+DX

IFCDABSCEER])~ESTD) 12,99
XXCI)=X+DXoPH
%Vgl”!ll)l(l!( m

IFC1-6) 8,13,13
EEHAI'DA&(EY(! n
EE"I”=
0 17 J!I
II'(EEHAI-OABS(E'(J))) 184+18,15
Egn;x:om(:
1?7

TFCEEMIN-DABS CEYCJ)S) 17,17,16
EENIN=DABSCEY(J)) 1701701



59 17 CONTIN
60 u!I=(EEHlHI!ENJX)
61 00 18
:g 18 n‘ul):(nn)onuun-u
[1} tnn
1 SUBROUTINE OUT
2 OOUBLE PRECISION A(6),XX(3),EY(5).,¥
3 COMMON /AA/N+AM,Y,LP
L] COMMON /B8,
3 COMMON /CC/A
[] COMMON /00/XX.EY
7 WRITE(G,1) LP.DED
] VRITE(6+2) AC1)0AC2)
9 VRITE(6,3) Au)-n(n
10 VRITECS,4) ACS) A
1" Ull't(&.!) (Jlnll(Jl)-!Y(JI)-Jl=lv!)
12 1 FORMATC/ lT!lATlV! CORRECTION=",13,
12 . ?Mo'b!ﬂ"-t 5.7
13 2 FORMATCIH 45X, JHAO=,020. 11+ 35X+ 3HA1=,020,11)
14 3 FORMATC1H 3HA2=,020. 115X, 3HA3=,020.11)
13 ] FORMAT(1N AR P =,020.11,4X,4H 0 =,020.11)
16 b FORMATCIR 3R X, 12,20)=,017.1045X,
16 *  SHEMAX=,017.10)
17 RETURN
18 END
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®s MININAX DUAL FRACTIONAL POMER APPROXIMATION e

FUNCTION: COSH(X)

lT!IA1IV! CORRECTION= ¢

0.10000000000E 01

A?’ 0.3502102%1 904E 00

P = 0.20045533890¢ 01
XC 1)= 0,6323852339E-01
XC 2)= 0.3190979004€ 00
XC 3)= 0.4368758301E 00
IC 4)= 0.6469665327E 00
XC %)= 0,9163388379E 00

ITERATIVE CORRECTION= 29
AD=  D.1 Q0E 01
A2 0,.50202744131E 00
P = 0.20034533277€ 01
XC 1)= 0.3708618164E-01
X( 2)= 0,2061242676E 00
XC 3)= 0.4635187988E 00

XC &)= 0.7389050293F 00
XC 5)= 0.94367553NE 00

VEIGHT=

0.30000000E 00

DEB= 0.2630651E-01
M= 0.39813809049E-03
A3=  0.40580057686E-01
Q= 0,414829576956E Q1

ENAX=-0,8273151373E-05

EMAX= 0.2176377406E-06

EMAX=-0.2540126625E-06

EMAX= 0.7825217406E-06

EMAX=-0.6557847031E~05

DEB= 0.9995077E 00
A= 0.21056763195E-03
A= 0.40842625770£-01
0= 0.41399901639¢ 01

EMAX==0.2751953693E-05

EMAX= 0.2752206814E-05

EMAX=-0,27521 31198E-05

EMAX= 0.2752058193E-05

EMAX=-0,2732207854E-05

Fig. 3 Program for the minimax dual fractional power approximation and its results.

3. Numerical experimentation

A computing procedure is outlined in Fig. 2 and detailed in Fig. 3.

gram is provided for a TOSBAC 3400 model 21 digital computer.

This pro-

An investigation of a

ratio of the minimum to the maximum absolute deviations shows how the optimization is

achieved.

maximum absolute deviation.

Some of the resulting approximations are enumerated in Table 1 with each

Table 1 Minimax dual fractional power approximations furnishing more than
0.9999 of error-balance* in the intervallO, 1].

£

more than 0.9999 of error-balance in the interval fo, 1]

Table 1 dual 1 power
Puncticns Winimax Dual Practional Power Approximations Max. Abe. Errors| Full Scale Errors(w)
opx 1000000000 + 1.002261347 x + 0572024656 x>~ 755645633 | o ) (qg05a5 ,3-694510965 | 5)gy, 107 0.8068 x 10”2
aiohxz |0 1 x+0. 3001631876 | o 405146388 °+ 111804903 | g 1g39x 1070 0.1565x 1074
coshx | 1.000000000 + 0.000210568x + 0.502027441x 09455328 | (40042626 x4 139990164 | 33621070 0.1783x 107>
sinZx [ 0.000000000 + 1.570689531 x - 0.658293028 x 012293736 | 047603497 54080080 | g 4318 10” 0.4m8x107}

condx | 1.000000000 - 0.003533570 x - 1.281127771 2-037488275 | g zaage1aan 27-624%5I0 | g azsox 107 0.4250 x 10”2
. . 4 2
erfx 0.000000000 + 1.127857706 x - 0.660091651 x>* 214527365 | 374934735 5760534092 | 1471 %10 0.2220x 10
* Error-balance is defined by the ratioc of the to the in deviations.

4. Discussion

(i) Characterization of the fractional power system

Since each fractional power term has two parameters, the use of dual fractional

powers can achieve a degree of accuracy in Chebyshev approximations using the fifth-

degree polynomials.

If a given function behaves like an alternating series, this
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25_/ N Fig. 4
ST deha Figures of Merit for both approximations
o=—2 : coshx .
20+ —oexpx using dual fractional powers and ordinary

powers in the same interval.
(Figure of Merit is defined by eP/er;

where EP and eF show the absolute errors

due to the minimax polynomial approxi-
mation of the fifth-degree and due to
the dual fractional power approximation,
respectively.).

mathematical system can achieve better approximation than ordinary power series. One
of the advantageous features results from the capability of extended variable-range
applications. This permits wide selection of variable-scaling in analog computers.

The usefulness of the fractional power approximations can be found in Fig. 4.

(ii) On the local minimax approximation

The resulting approximation exhibits the

equal-magnitude oscillatory behavior for its

error. Then, the error satisfies six distinct

roots in the closed intervalla, b], and attains

—— Optimum approximation in this
propopal

an extreme deviation between two roots. The - o= Octimum approsimation in & Ghe
senge

first and last extreme deviations in a Chebyshev
Fig. 5 Typical error-curves

approximation are forced out. This condition of both approximations
in the same interval
exhibits a local minimax approximation between [a, b].

the first and last null error points of the Chebyshev approximation. Principally, the
maximum error magnitude is somewhat larger than that of the minimax approximation.
In the diagram of Fig. 5, the characterization of the local minimax approximation is
compared with that of the Chebyshev sense approximation.

(iii) On the optimization approach

The usual techniques have required repetition of tedious numerical calculations.
This is because increments of the parameter values have been evaluated as a set of
solutions of a linear problem between the shift of the extremum points and the devia-
tion of the extremum magnitude. Therefore, all matrix-elements are necessarily re-

freshed in every cycle of correction. For economical calculation, an improved method
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is proposed, which repeats interpolation at the base-points with off-set deviations.
Proper deviations are given in terms of the weighted algebraic sum of neighboring ex-
treme deviations. With the pertinent weight(a number 1/37"1/20 is available), we can
achieve rapid convergence of the computation. Figure 6 shows how the approximation
to the function coshx (0<x<1) is optimized with such weights. 1In this process, the
off-set deviations p i at the base-points converge to the proper values as shown in
Fig. 7. Obviously, the convergence of the quality of approximation corresponds to
that of the p i values. This fact shows that there is a practical reason in our as-

sumption that p, =W(u,+u, ,). In some applications, this algorithm fails sometimes

in the optimization when there is no true extreme deviation between two preliminary
arranged base-points. Arrangement of the base-points with equal spaces will succeed

in such a case, although the parameter values cannot be evaluated explicitly.

5
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0 g -o0.2f -
. . =
0.1 a .o 04
. ‘A“lAAAI.AAHAAAAIAAAn
.
0o 5 10 15 20 25 30 35 c.3 W
Iterative correction
Fig. 6 Convergence of the approxi- Fig. 7 Convergence of the off-
mation to the function cosh x set deviations with the
(0<x<1) for the weights weight 0.30 for the func-
X2 g
0.20, 0.24 and 0.30. tion coshx (0<x<1).

P
5. Conclusions

The usefulness of the dual fractional power approximation has been clarified.
Since each of the fractional power terms contains two parameters, one can economize
on two ordinary power terms without diminishing the accuracy. Therefore, the degree
of accuracy becomes comparable to that in approximation using the Chebyshev-poly-

nomials up to the fifth~degree. For odd functions, especially, this approximation
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can achieve good accuracy over an extended interval. An algorithm of the optimal
parameter-determination can be completed, which achieves a minimax condition with null
error terminals.

This approximation system will serve as an economical and accurate simulation in

analog computer applications.
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