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Abstract: In this paper, we propose a method for recovering the albedo of a convex Lambertian object by using multiple
images taken with a fixed view point and different poses under complex illumination, provided that the shape and pose of
the object are known but the illumination condition is unknown. Our proposed method estimates the albedo of the object
based on observations that images of a Lambertian object under varying illumination conditions can be approximately
represented by using low-order spherical harmonics. To demonstrate the effectiveness of our method, we conducted a
number of experiments by using synthesized images.

1 Introduction

In computer graphics, we generally use an ideal sur-
face, the Lambertian surface, to approximate many kin-
ds of materials without specular reflectance. A Lam-
bertian surface appears to be equally bright from all
viewing directions; in other words, it reflects light pro-
portional to the irradiance. So the analysis of this phys-
ical system is equal to the analysis of the relationship
between irradiance and brightness. For a Lambertian
object, the image irradiance is known to be a func-
tion of the following three components: the distribu-
tion of light sources; the shape of the object; and the
albedo, which is a ratio of the incident light re-emitted
by the surface. Depending on the relationship among
them, we can recover one component or two compo-
nents from the image.

In this paper, we present a new method to estimate
the albedo of a convex, Lambertian object by using
multiple images under the same general illumination
distribution with fixed viewpoints and different object
poses. We assume that the geometry of the object is
known, while its illumination condition is unknown.
The illumination distribution, which is relatively dis-
tant, can include an arbitrary combination of point sour-
ce, extended source and diffuse light. The convex shape
of object ensures that there are no cast shadows and in-
terreflection.

Our work is based on the recent theoretical analysis
by Ramamoorthi and Hanrahan[1], who attempted to
represent the convolution form of reflection[2] in terms
of spherical harmonic function, and showed that the
Lambertian reflectance can be approximated by using
low order spherical harmonics. (Basri and Jacobs[3]
did similar work in face recognition.) According to
this theoretical analysis, we can construct approximate
equation of Lambertian reflectance in terms of low-
order spherical harmonic function. One image of the
object can provide many independent equations accord-
ing to distinct normal directions on the object. If we ro-
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tate the object for some number of degrees and obtain
a new image, we can get more equations. In these
equations only the harmonic coefficients of illumina-
tion function and the albedo are unknown, so what we
should do is to obtain their solutions from these equa-
tions.

Finally, we present some preliminary experiments
using synthetic images to illustrate the potential of our
proposed method. We use multiple images obtained
by rotating a football and a textured cube under global
illumination[4]. We show that we can recover the albed-
o of the Lambertian surface to a high degree of accu-
racy and the recovered albedo is robust against the er-
rors in geometry, so that our work also can be combined
with the algorithm of shape-from-motion(SFM)[5]. S-
FM enables us to recover the shape of the object first
by using the object’s images with different poses; then,
on the basis of the shape estimation, we can further re-
cover the albedo of the object. We also explain why
there are errors in the solution of harmonic coefficients
of the illumination function and find that, by using re-
covered harmonic coefficients, we can obtain a very
similar illumination distribution over the hemisphere
centered at the camera viewing direction.

The remainder of this paper is organized as fol-
lows. In section 2, we introduce some previous work.
In Section 3, we describe the spherical harmonic rep-
resentation of the brightness and further explain the
approximation of the brightness for Lambertian sur-
face with low order spherical harmonics. In Section
4, we introduce proposed method to recover the albedo
with known object’s geometry by using multiple im-
ages of that object with different poses. In Section 5,
we present experimental results to verify the valida-
tion of our proposed method. We also confirm that our
method is robust against the errors of geometry through
experiment and explain why there are errors in the so-
lutions of the illumination function. Finally, in Section
6, we present our conclusions and give directions for
some future work.
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2 Previous Work

There are two representative methods that can recover
the albedo: the inverse-rendering method[9, 10]; and
the photometric stereo method[6, 7, 8]. The inverse
rendering method[2, 9, 10, 11, 12, 13, 14], assuming
known geometry, recovers lighting and/or reflectance
properties from images of objects. Our proposed meth-
od belongs to the inverse rendering field. The photo-
metric stereo method can recover a Lambertian object’s
shape and albedo by using multiple images of a fixed
object scene with variable illumination conditions. In
contrast to these methods, Nakashima et al.[15] esti-
mated both geometric and photometric properties of an
object from an image sequence of the object in motion.

In the previous work, albedo could be well recov-
ered under a single point source[6, 9, 15]; however, the
single point source condition exists only for laboratory
conditions and seems impractical for outdoors. So now
many researchers are trying to recover albedo under
general illumination conditions. There are two repre-
sentative methods to recover albedo of the object under
general illumination [8, 10]. We compare their assump-
tion with our work in Table 1. In the inverse rendering

Table 1: Comparision with previous work
Method View point Pose Illumination

Nishino et al.[10] variable fixed fixed

Basri and Jacobs[8] fixed fixed variable

Proposed fixed variable fixed

field, Nishino et al.[10] were able to recover reflectance
properties and general illumination distribution by us-
ing images of a fixed object with different viewpoints
and same illumination conditions. In the photometric
stereo field, Basri and Jacobs[8] proposed a method to
recover the albedo and shape of the object under gen-
eral illumination condition by using images of a fixed
object scene with fixed viewpoint and variable illumi-
nation conditions.

Our work seems to be more practical than the pre-
vious work[6, 7, 9] as our proposed method is suit-
able for arbitrary general illumination conditions. For
the unconstrained lighting, method proposed by Basri
and Jacobs[8] requires that each image of the object
should be taken under variable general lighting condi-
tions; our method, on the other hand, needs only mul-
tiple images taken with different poses under the same
general illumination conditions. Thus, it appears that
our method is simpler in the image preparation process.
Additionally, some methods in photometric stereo[7, 8]
encountered the ambiguity question[16] and could only
recover the shape and albedo to a linear transfer com-
bination. The method proposed by Nishino et al.[10]

used the information from specular parts to estimate
illumination distribution. Their method is not suited
for diffuse illumination conditions, while our method
is suited for arbitrary illumination conditions.

3 Spherical Harmonic Representa-
tion of the Reflectance

3.1 Reflection Equations of Lambertian S-
urface

We suppose that the illumination is distant from the ob-
ject. Let lighting direction be ���� ��� and normal direc-
tion is ��� �� by using view direction as reference. We
also suppose that the surface is convex, thereby ensur-
ing that there are no cast shadows or interreflections.
Accordingly, we know that the irradiance is due only
to ��� , which is the angle between ���� ��� and ��� ��.
Now the irradiance’s equation becomes to:

���� �� �

�
�

����� ������
�
�����

where ����� ��� is the distant illumination function.

������ � 	
���
����� ��� (1)

For Lambertian surface, observed brightness can
be related to the irradiance as ���� �� � ����� ����,
where � between 0 and 1 is the albedo, then we can get
the equation of ���� ��,

���� �� � ��
�
�

����� ������
�
����� �

� �
�

�
� (2)

3.2 Spherical Harmonic Representation of
Reflectance

Now we want to construct a closed-form description of
the observed brightness of the Lambertian surface in
terms of spherical harmonic coefficients.

First, we want to give the definition of a spherical
harmonic

������� �� �

�����������
����������

�
������������
�������� ��

� ��
�������	��

(	 � �� �� �� ���� �)�
������
�� ����
���

(	 � �)�
��������������
���������� �

���
� ��
�������	��

(	 � ��������� ������)
(3)

where ��� �
�
� are Legendre polynomial and associated

Legendre function; then we can expand the function
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����� ���, ������ in terms of spherical harmonics as fol-
lows:

����� ��� �

��
��	

���
����

������������ ���� (4)

������ �
��
��	

�����	��
�
��� (5)

Here, the coefficients ��� and �� can be computed in
the standard way by integrating against the � ��

��� �

� �

���	

� ��

���	

����� ���������� ���������������

(6)

�� � ��

� �

���	

��������	��
�
������

�
���

�
�� (7)

Substituting equation(4) and (5) into equation(1), we
can get the multiplication form of irradinace in the fre-
quency domain [1] by orthonormality of the spherical
harmonics

���� �� �

��
��	

���
����

�
��

��	 �
������������� ���

(8)
Among them, the values of �� can be computed

according to the equation(7):

�� �

�������
������

�
��� � � ��
��� � � �

��� ������ ���� ���������
����������

�
 ��
��������� � � � �,even

� � � �,odd

(9)

The asymptotic behavior of �� for large even � is
�� � ��� while �� � � for odd � � �, so we can
omit ���� � �� and estimate irradiance by using only
the first three terms. Considering the relation between
the observed brightness and irradiance of Lambertian
surface, we can get the approximation of ���� ��,

� ��� ��

� ����� ��
��

��	

���
����

�
��

��	 �
������������� ����

(10)

which is a sum of 9 terms.
Now we want to use the direction of surface’s nor-

mal ��� �� �� which can be easily obtained to replace
the angles �� �, by substituting the following relations:

� � �
����� � � �
��������. The first nine harmon-
ics then become to

�	�	 �
��
��
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�
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�

�
�����

���� � �
�

�
������

(11)
Substituting the first nine harmonics as well as the

values of coefficient ���� � �� �� �� into the equation
(10), we can get the observed brightness expression of
the Lambertian suface in terms of the normal direction
��� �� ��

� ��� �� ��

� ����� �� ��
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�

�������� � ����� (12)

4 Proposed Method

In this part we begin to explain how to recover the
albedo with the known object’s geometry and multiple
images of the object taken with a fixed viewpoint and
different poses.

The equation (12) forms the basis of our proposed
method. We have known the normal direction ��� �� ��
of each point on the object. The values of ���� �� �� of
all the visible points can be obtained from one image of
the object. So in these equations, only � ���� �� �� and
������ � �� �� ���� � 	 � �� are unknowns and what
we should do is to obtain their solutions.

Given one image, we can choose � visible points
with different normal directions to construct � inde-
pendent equations. More equations will be provided
from multiple images of the object with different poses.
The unknowns ����� �� �� and ���� are in multiplica-
tion form in the equation. So it is impossible to solve
for the specific values of ����� �� �� and ����. To over-
come this difficulty, we can assume that the albedo of
some point is equal to 1, and then solve � ��� and rel-
ative ����� �� �� from the equations. Furthermore, be-
cause all the equations are approximate equations, we
try to get the most approximate solutions of � ���� �� ��
and ���� by solving a set of over-constrained linear
equations.

3
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4.1 Solving ����

Because the unknowns �� and ���� are in multiplica-
tion form, we should first remove the unknowns � � to
get equations only according to � ���. Suppose that
����� �� �� � ����� �� ���	�	 and ����� � ������	�	;
then equation (12) will change to

�
�	�
� � ����

�
�

�
	

�
�

�
����	�

�	�
� 	

�
�

�
������

�	�
� 	 �����

�� � �� ������ � � �� ������� (13)

Here � means different point and � means different pos-
es of the object. We suppose that a total of � visible
points and � variable poses have been chosen.

Now we want to get the ratios of the corresponding
points’ observed brightness with different pose. Sup-
posing that � �	���� ��

�	�
� � �

�	�
� , we can get ��� � ��

equations about �����:

�
�
�

�
��

�	�
� � �� �

�
�

�
����	��

�	�
� �

�	�
� � �

�	���
� �

	

�
�

�
�������

�	�
� �

�	�
� � �

�	���
� � 	 ����

�� � �� ������ � � �� ������ ��� (14)

By now we have removed the unknown �� ��� � ������.
Because all the equations are approximation equa-

tions, we obtain the optimal solutions of ����� in the
sense of the least square error.

4.2 Recovering the Albedo of Each Visi-
ble Point

Then we want to substitute the solution of ����� into
the following equation to recover the �� � of every visible
point.

��� �
���

�
� 	

�
�


����	�� 	

�
�


������� 	 ���

� �� � �������

(15)
Because albedo is a relative value, we should set a

standard albedo and get the relative value of albedo �� �

according to the standard. Supposing that ��� � �, we
can get the relative albedo of other points by

��� � ���� ��� � ������� � � � ��� (16)

5 Experimental Results

We now describe some preliminary experiments in whi-
ch we used synthetic images to verify the effectiveness
of our method. We used two objects: a football and a
textured cube. We placed them under a global illumi-
nation and verified that our algorithm could recover the

(a) (b)

Figure 1: Synthetic images under general illumina-
tion: (a) Light probe images. (b) Synthetic images un-
der general illumination conditions.

albedo/texture of the surfaces to a high degree of accu-
racy. At last we will confirm that our method is robust
against the errors of geometry, so that our method can
be combined with SFM.

5.1 Radiance and Light Probe Image

Radiance Synthetic Imaging System[19] is a highly ac-
curate ray-tracing software system, which can provide
simulation results as color images, numerical values
and contour plots according to the input files, including
the scene geometry, materials, and illumination condi-
tions. We used it to produce the synthetic images used
in the experiment.

Light probe image is an omni-directional, high dy-
namic range image that records the incident illumina-
tion conditions at a particular point in space. We can
use such images to render a synthetic object into real
scenes[4]. Fig.1 (a) shows two examples of the light
probe images.

5.2 Recovering Albedo

We used two objects, a football and a textured cube, to
verify the validation of our proposed method.

As described in 5.1, we used Radiance and Probe
Image to produce the synthetic images under general il-
lumination as Fig.1 (b) shows. The input files included
lighting conditions, camera parameters, shape, materi-
als, location and pose of the object. According to the
camera parameters, we could get the brightness of arbi-
trary visible point on the object from the corresponding
point on the image. Radiance can provide simulation
results as numerical values, so �	� , the ratio of some
visible point’s brightness with different poses, could be
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Table 2: Recovered albedo of football

�
 �� ��
1 0.100 0.100 0.100
2 0.901 9.9% 0.909 9.1% 0.920 8.0%
3 0.102 2.0% 0.101 1.0% 0.101 1.0%
4 0.988 1.2% 0.989 1.1% 0.998 1.2%
5 0.973 2.7% 0.974 2.6% 0.982 1.8%
6 0.976 2.4% 0.978 2.2% 0.986 1.4%
7 1.025 2.5% 1.027 2.7% 1.030 3.0%
8 0.102 2.0% 0.102 2.0% 0.102 2.0%
9 0.969 3.1% 0.971 2.9% 0.982 1.8%
10 0.102 2.0% 0.102 2.0% 0.102 2.0%

Ground Truth 1.000 2 4 5 6 7 9
(�
 � �� � ��) 0.100 1 3 8 10

Table 3: Erros of the representative points of cube:

�
 �� ��
1 1.000 1.000 1.000
2 1.003 0.3� 1.006 0.6� 0.998 0.2�

Ground truth of point 2 (�
 � �� � ��) 1.000

obtained easily. By substituting �	� and normals’ direc-
tions �	� � �

	
� � �

	
� into the simultaneous equations (14),

we could solve the most approximate solutions of �����

in the sense of the least square error. Then we substi-
tuted the solutions of ����� into the equations (15) to
solve the ��� and further recovered the relative albedo
���, supposing ��� � �.

The result shown in Table 2 illustrates the recov-
ered relative albedo of nine arbitrary points on the foot-
ball comparing to the point 1. We computed the error
by comparing the ground truth. For the textured cube,
we only compute the albedo of one representative point
on one face and then recovered the texture of the face
according to the proportion relation of the brightness.
Fig.2 (a) is the original texture of the cube and (b) are
recovered texture of two faces of the cube. We also
compute the errors of the albedo of the representative
points similarly and showed the results in Table 3.

5.3 Errors in ����

Our proposed method recovers the spherical harmonic
coefficients ���� of the lighting simultaneously, but Ta-
ble 4 shows that the recovered value of � ��� are not
correct. The reason is that the images taken with one
camera used to solve the solutions of ���� do not in-
clude the lighting comes from different directions equa-

(a)

(b)

Figure 2: Recovered texture of the cube: (a) Original
texture. (b) Recovered textures.

Figure 3: Analysis of ���� ’s Solution

lly. As Fig.3 shows, with one camera we can only mea-
sure the brightness of the points whose normal direc-
tions belong to a hemisphere, such as points from 1 to
5. Now think about one extreme situation that when
the lighting comes from the same direction of camera
as light ��, all the visible points will include it’s infor-
mation. For the other extreme situation that when the
lighting comes from the contrary direction of camera as
light ��, only the points 1 and 5 which are on the edge
of the hemisphere will include its information. So the
equations constructed according to these points’ bright-
ness are also not equal to lighting comes from different
directions. We solved this set of approximated equa-
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Table 4: Recovered ��� (R:recovered T:ground truth)
���� �	�	 ���	 ���� ����� ���	 ����� ���� ����� ����

R 1.000 -0.117 -0.295 -0.372 -0.344 0.110 -0.180 -0.166 -0.191
T 1.000 -0.253 0.463 -0.660 -0.047 0.238 -0.124 -0.0003 -0.0001

tions in the sense of the least square error. If there is
some error about the solution of light ��, because all
the equations include its information, the error will be
enlarged many times. On the contrary, because only a
few equations include the information of light ��, the
error about it will be neglected. So there are some er-
rors in the solutions of ����.

(a) (b) (c)

(d) (e)

Figure 4: Recovered illumination distribution: (a)
Original probe image. (b) Low-order simulation of illu-
mination obtained from real ����. (c) Low-order sim-
ulation of illumination obtained from recovered � ���.
(d) Synthetic images by using illumination in (b). (e)
Synthetic images by using illumination in (c).

Although the recovered values of � ��� are not cor-
rect, because the least square error ensures that the solv-
ed solutions are the most approximate solutions to sat-
isfy the equations, the errors will not affect the accu-
racy of the recovered albedo. From the above analysis,
we could conjecture that, by using the recovered � ���,
we could approximately recover the illumination dis-
tribution over the hemisphere centered at the camera
viewing direction. Fig.4 verifies our conjecture. Fig.4
(a) is the original probe image of beach, from which
we could obtain the lighting intensity ����� ���; then
substituting the values of ����� ��� into the equation(6)
we could compute the real values of � ���. After the
real and recovered values of ���� had been obtained,
we could get the low-order simulation of illumination
distribution according to the equation (4). Fig.4 (b) is
the low-order simulation obtained by using real � ���,
while Fig.4 (c) is the one obtained by using recovered

����. By comparing (b) and (c), we can find out that
the illumination of the upper hemispheres, which is
centered at the camera viewing direction, are similar
to each other. We also used these two low-order simu-
lation of illumination to synthesize images of a football
as Fig.4 (d) and (e) which are also very similar to each
other.

5.4 Sensitivity Analysis Aganist Geomet-
rical Errors

In this part, we want to analyze the sensitivity of our
proposed method aganist geometrical errors. We artifi-
cially insert errors into the geometry of the object and
then observe the relation between errors of recovered
albedo and artificial errors of geometry. We choose a
total of ten points in the experiment and for each point
we let the angle between the directions of new normal
and original normal be �������, in which �� is a
random number according to normal distribution and
�� is a uniform random number from �	 to �
�	. Fig.5
shows the result of two representative points. The ab-
scissa is the standard deviation � of the distribution of
��; the ordinate is about the absolute errors of the re-
covered albedo. For every �, we performed the exper-
iment 500 times and computed the mean and standard
deviation of the errors. From Fig.5 we can find that,
although there are some errors in the geometry, we still
can recover albedo to a high degree of accuracy.

Because our proposed method is robust against the
errors of geometry, we can try to combine proposed
method with the SFM method and use only multiple
images taken with variable poses of the object to re-
cover the albedo. First, we can estimate the object’s
shape from multiple images of the object with different
poses by using SFM; then, on the basis of the recovered
shape of the object, we can further recover the albedo
of the object with our proposed method.

6 Conclusion and Future Work

In this paper, we have presented a new method to re-
cover the albedo of a convex, Lambertian object under
a general and distant illumination condition. Our al-
gorithm belongs to the inverse rendering field. We re-
covered the albedo by using a known object’s geometry
and multiple images taken with a fixed viewpoint and
different poses. We have done some preliminary exper-
iments by using synthetic images to show that we can
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Figure 5: Sensitivity analysis anganist geometrical
errors

recover the albedo to a high degree of accuracy. Unfor-
tunately, because the equations are not equal to lighting
coming from different directions, there are some errors
in the solution of ���� obtained in the sense of the least
square error, but it will not affect the accuracy of the
recovered albedo. We also verified that, by using the
recovered ����, we can get similar lighting distribution
over the hemisphere centered at the camera viewing di-
rection.

In the future, we should do experiments under the
actual illumnation distribution to verify the validity of
our proposed algorithm. At the same time, we will
combine our proposed method with SFM and recover
the albedo of an object using only multiple images taken
by varying the pose of the object. We also want to ex-
tend our proposed method to make it suitable for more
complex reflectance properties beyond the Lambertian
model.
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