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Geometric Reasoning based on Algebraic
Method

Hitoshi IBA Hirochika INOUE

Department of Mechanical Engineering, Faculty of Engineering,
University of Tokye .
7-3~1 Hongo, Bunkyo-ward, Tokyo, 113 Japan

We present a new scheme for geometric reasoning based on the
integration of algebraic and symbolic methods. The purpose of
this scheme " is - to avoid the usual difficulties in symbolic
reasoning about geometrical concepts. )

Our preceding paper described the advantages of Wu’s method
as - our algebraic approach. As noted ‘there, ~although algebraic
approach is very powerful in geometric reasoning, Wu’s method has
some computational diffidulties in algebraic calculations. To
solve these difficulties, the algebraic method must be augumented
with symbolic reasoning in order to give semantics of geometric
concepts to algebraic expressions. ‘

In this paper, we integrate algebraic and symbolic ‘approachs
and . thereby realize a new scheme for geometric reasoning. This
new scheme incorporates advantages of both me thods, algebraic and
symbolic. And we show the validity of the scheme by applications.
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1 PHASE I: Translation into algebraic expressions

o

Desc;
Desc,

- Desc;;

Descy
DeS(15
Descg
Descy
Descy

DESCQ

) DeSCm

Descyy
DeSClz
Desc13
DescH
DeSCls
Desci¢
Descw
hyp,
hyp,
hyp;
hyp,
hyps
hyps
hyp,

hyp,
DESCRIPTIVE

INDEPENDENT
DEPENDENTS
SYMMETRIC
FORALL

L | | | 1 O 1 O (R | A

(ON $Q $0;)

(ON $T $0,)

(Is — CIRCLE $(0; 2) NIL $r;)

(IS — CIRCLE $(05 2) NIL $ry)
(IS—POINT $(Q 2) NIL)

(IS— POINT $(T 2) NIL)

(IS - POINT $(P 2) (MID — POINT $Q S$T)
(FIND $P)

(ON $Q $0,)
(ON ST $0,)

(IS — CIRCLE $(01 2) $A ry)

(IS - CIRCLE $(02 2) $B r2)

(IS — POINT $(Q 2) ($q; $a3))

(IS — POINT $(T 2) (8t; Sty))

(IS— POINT $(A 2) ($al $az))_

(IS— POINT $(B 2) ($b1 $b2))

(IS — POINT $(P 2) ($p; $po))

51+ q—a

—cri+492—az

s24cl—1

t — T28p — bl

tz —=carp — by

—th—q1+2p

—ts — 2 +2ps

si+ci-1

{OIIOZ)TI)TZ)QtTl P}

{p1, P2} :

{al) asz, T, q1, 92} U {blrbe 1‘2,t1,t2} u {Pl:PZy tl!tZ)qll qZ} u {01751} u {621 32}
{(Olr 02)1 ((01:02,1'1,‘11,412) (bl) b2yr2)tl» lz))}
(trigonometric ¢l sl) A (trigonometric c2 s2)

PHASE II : Wu’s method

tril(cl » 41,42, t]_, tZy S2, C2)
tria(cy, 1, ¢, 1, 12, 52)
tri3(ch q1, 42, tll t'l)
tris(ci, q1,92,t1)

tl‘is(Cl 3 q1, (1'.')

trig(cr, q1)

tl‘i7(cl)

Conc

to ~cary —ba
i — 182 — by
—ty — g2+ 2p2
-h—q+2p
-1y + g2 —az
—T151+q1 —ay
sf+el-1
ss+e3—1

=

Fig.3(a) Result of reasoning
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Rem; (/ tri; with c3)
Rem- (/ triz with 82)
Remgs (/ triz with ¢3)
Remy (/ triy with t7)

t% — 2bats + r%s% - 1‘% + b% :
tz; 2bzt2+t2 2blt1 —r3 +122+b2
t2 b 2b1t1 — 7‘2 -+ q2 — 4paq2 + Qbﬂh + 4pq — 4baps + b2 + bl
"("2 — g3 +4pags — 26292 — ¢} + 4piq - 261«11 — 4p3 + 4baps
—4p1 + 4blp1 - b2 i bl)
—(r — crf +de1pory — 2baeyry — 2az01my = qF + 4pigs — 2b1qy
~4p} + 4bapa + 4azpz — 4p} + 4b1py — b3 — 2a3b; — b} — a3)
135 — dpirysy + 2byry sy + 2017181 — 13 + ¢3rf — deypary
+2bycymy + 2az¢17y + 4p3 — 4bapy — dazpy + 4p? — 4bipy
—-4a1p1 + b% + 202b2 + b% + 2(11b1 + a% + af
Remy (/trizwithe;) = ~(4pirisy — 2birisy —2ay7181 + 12 — r? + deypary — 2bacyry
—2aze1ry — 4p} + 4bapa + dazpz — 4p3 +4bypy + daypy — b3
—20262 - b% —2a:,b; — a% — a%) ’
subsidiary condition =

o n

Rem5 (/ tl‘is with Tz)

Rems (/ tris with q;)

PHASE III : Algebraic reasoning

Applied —rule; : Acosf +Bsind+C=0 (0 <V <21) => A2+B?>C?
where cosd =c¢, sinf =s, (FORALL — condition) in Rems

Result; : =13+ (2r2 + 8p2 + (—8by — 8az)p2 + 8p; + (—8by — 8a;);m

+2b§ + dayby + 2b§ + 4alb1 + 20% + 2af)r§ _ T'i‘

+(8p3 + (—8bs — 8az)ps + 8p} + (—8b1 —8a;1)p; + 2b3 + dasb,

+2b¥ +4a;b, + 20% + 26?)1‘% - 16}724 + (321)2 -+ 3202)?%

+(—32pf + (32b1 + 3201)1}1 - 24b§ b 48(12b2 - Sbf -— 16a1b1

—24a? — 8a?)p2 + ((32b; + 32a;)p?

+((~—32b; — 320, )b — 32a3b; — 32a1a2)p1 + 863 4 24ayb3
+(8b% + 16a1by + 24a3 + 8a?)b; + Sazbl + 16a1aob1 + 8a3

+8a1a2)p2 — 16p§ + (3261 + 32a,)p?

+(—8b3 — 16a2b; — 24b% — 48a; by — 8a3 — 24a1)p1

+((8b1 + Sal)b + (lﬁagbl + 16(1100)122 -+ 8b1 -+ 24a1b2

+(8a3 + 24a’1’)b1 + 80102 +8ad)p; — b3 — 4azb3

+(—2b% — 4ayb; — 6a2 — 2a3)b3 .

. +(—4azb¥ - 80102b1 - 4(1:2’ - 4afa2)b2 - b} - 4(1112:13
+(—2a2 — 6a2)b? + (—4a a3 — 4ad)b; — a3 — 2a}al —ai>0

Fig.3(b) Result of reasoning
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Applied — ruley

Result,

Applied — ruleg

Results
Result,

factorize and factorsum

LHS — .

—(r3 — 217y + v} — 4p2 + 4bap; + daaps — 4p?

+4b1p; + 4a;py — b3 — 2a3b; — b? — 24,5y — a3 —a})

(r3 +2r1r2 + 1} — 4p] + dbapa + dazpz — 4p} + 4b1py

+4a1p; — b% — 2a3by — bg — 2a;b; — a% e af)

~{(r2 = r1)* — 4(p2 — 22FP2)% — 4(p, — uhy?)
{(r2 +11)? — 4(pz — 22382)? — 4(p, — 11fh)?}

F

(z—a)(z-b)<0 (a<b) <= a<z<b
where z:(pl—ﬂizﬂl)2+(p2_dz-;-lg)2

(pr — 2$2)2  (pp — @afh2)? _ (ngr2y2 < 0
(pr — 2130)2 4 (pp — 2aha)? _ (nm)2 > 9

PHASE IV : Translation into symbolic representations

New — Desc;

New — Desc,
New — Desca
New — Descy

New — Descs

(ON $P (DOMAIN
(IN—SIDE  $05)
(OUT — SIDE  $0,)))

(IS~ CIRCLE $(03 2) $PP (plus ry 1))
(IS—CIRCLE (04 2) - $PP © (abs (minus ry rp))
(IS— POINT $(PP 2) (MID — POINT  $A $B)

(ON 8P (DOMAIN

(IN=SIDE - ((CIRCLE
- (MID — POINT (CENTER — OF $0;)
" (CENTER — OF $0,))
(plus rq 12)))
(OUT —SIDE  ((CIRCLE _
(MID — POINT (CENTER — OF $0,)
(CENTER — OF $0,))
(abs (plus r1 1))

Fig.3(c) Result of reasoning
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