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Belief as a Justified and Consistent Knowledge 1

—— Theoretical Foundations of Reasoning with Beliefs ——

Satoshi Matsuda

Computer & Communication Research Center
Tokyo Electric Power Company ,
1-3, Uchisaiwai-cho, 1 Chome, Chiyoda-ku, Tokyo 100, JAPAN

In the previous paper‘®’, a formalization of knowledge and belief was presented based
on modal logic, where belief was defined as a justified and consistent knowledge. Properties
of beliefs and knowledges, which are derived in this system, seem intuitively appropriate.
The considerations on theoretical foundation of reasoning with beliefs is made here by using ~
possible world approach. The proof of distribiution axiom of belief is also given. Thus our
formal system is shown to be an appropriate model where knowledge and belief are represented
and reasoned.
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1. Introduction

In the previous paper'®’, according to
the view that belief is an intentional object
and is introduced to complement the lack of
knowledges to explain some phenomina, a formal
system based on modal logic has been presented
- for knowledge and belief. The belief is defined
as a justified and consistent knowiedge. That
is, belief is an information of which .
consistency with other knowledges and beliefs of
the agent and justification suggesting its
validity he knows. In that system we can
represent and reason knowledges and beliefs of
many agents and their nested beliefs including
true facts which are not known or believed by
agents. The concept of justification has also
been introduced, which plays an important role
to formalize the concept of belief generally and
makes it possible to represent and reason with
beliefs including not only default but also
other aspects of beliefs, for example,
abduction. Several properties of beliefs, and
relations between beliefs and knowledges, which
are derived in the system, seem intuitively
appropriate.

Example of reasoning with knowledges and
beliefs was shown, however, the formalization of
reasoning with belief in that system was not
shown so precisely. We want to reason with
beliefs as with knowledges, that is, we want the
distribution axiom of belief, i.e., Bp/AB(pDq)
D Bg, which was given there without proof. In
order to prove it, we must make the concept of
consistency among knowledges and beliefs more
precise. By introducing the possible worlids or
concept of submodality of the provability, the
concept of consistency can be made brecise and
some important properties of the system will be
.derived. The theorgtical foundation of reasoning
with betiefs and knowledges'are given, and the
proof of distribution axiom of belief are also
given. Thus our formal system is shown to be an
appropriate model where knowledge and belief are

represented and reasoned.

2. Formal System

The formal system for belief is given as

in the previous paper‘®’.

(1) Formal system

Axioms:
1. KpDp (Knowledge Axiom)
2. K(pDaq)D{KkpDKg) (Distribution Axiom
' of Knowledge)
3. KpDKKp (Positive Introspection
' Axiom of Knowledge)
( 4. " KpDK~Kp ) (Negative Introspection
Axiom of Knowledge)
5. LpDp  or pDMp
6. L(pDa)D(LpDLa) or ~ (MpDMa)DH~ (pDa)
7. LpDLLp  or MMpDMp - )
8. TLpDLLp  or MpDO M Mp
9

L JD)DpDJa)  (bistribution Axiom of

: ' - Justification)
. KpDJp (Justification Axiom)
inference Rules:

1. p,pDq infer g (Modus Ponens)
2. p infers Kp (Epistemic Necessitation)
3. p infers Lp (Necessitation for L)
4, ”can’t infer —p” infers Mp, where

Mp= —L—p (Possibilitation for M)
(2) Definition of belief
The definitions of knowledge and belief

are given as follows.'®’

Def.1) Knowledge of p is defined as Kp, where K
is a modal operator defined in the axiom system
above. : B

Def.2) Belief of p, denbted‘by Bp, is defined as
KC(MKpAJp), that is, Bp= K(MKp/AAJp), where K, M
and J are modal operators defined in axiom

system shown above.



Def.3) The set of knowledges and beliefs of the
agent with the set of proper axioms A, denoted
by TH(A), is defined as

(]
THA)= U 20 THY (M),

where

THE(A)=Tk(A), B°=(J, K® =),

THN(A) =Tk(AUBY), BN=BN-1 U {Bpn},

KN=K"-* U {Kpn} for some proposition pn such
that = Kpn € ThR(AUKN-') and

K(MKpn AJpx) € ThR(AUKN-1), and

Th(A)={p | Arp},

Tk(A)={Kp | A—Kp}.

Note that Ap means that p is infered with set
of assumptions A using above modal propositional
system except Possibilitation Rule for M. Possi-
bilitation Rule for M is only applied when KM is
introduced from KN-1'.

Note also that each proper axiom is a formula
formed by using propositional symbols, modal
operator K and logical connectives correctively
in a usual way.

3. The Possible Worid Semantics and
the Submodality of Provability

(1) Possible worid semantics

Firstly let’s survey the possible world
semantics of modal logic. Following Moore!!®’,
we introduce a predicate T to describe the truth
of the proposition in a possible world, that is,
T(w,p) means that p is true in possible world wé€
W. Then we have
p = T(We,p),
Lp = VYweW (Re(We,w)DT(w,p)), and
Mp Iwe VW (Ru(Wa ,WIAT(W,p)) where Wo is the
actual world.

1}
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The following properties of the
predicate T are given by him‘'® .
-+ Atom .
L1: Vpi(TRUECp1) = T(We,p1))
* Logical connectives
L2 ¥ wi,p1,p2(T(wi ,AND(ps ,p2))
= (T(wi,p1 )A(T(w1,p2)))

L3: ¥ wi,p1,p2(TCws,0R(p1,p2))
= (T(wi,p1)V(T(ws,p2)))
L4: Vwi,pr,p2(T(wi, IMP(p1,p2))
= (T(w1,p1)2D(T(w1,p2)))
L5: Y wi,p1,p2(T(wi, IFF(p1,p2))
= (T(w1,p1 Y= (T(w1,p2)))
L6 Vwi,p1 (T(w1,NOT(p1)) = —T(w1,m)
where AND,OR, IMP,IFF,and NOT are functions in
metalanguage and they correspond logical
connectives A,V,D,=,™ in object language.
The above axioms state that logical connectives
in object language can be transformed to logical
connectives in metalanguage.
* Quantifiers (EXIST/ALL)
L7 ¥V wi (TCws , EXIST(X,P))
= Ix1(T(wi,P (8(x1)/X) D))
L8 ¢ Vw1 (T(w1,ALL(X,P))
= Vxi (T(wi,P (8(x1)/X] D))
where P is a formula in object language, X is a
variable of object language, @ is function which
maps constant of object language to its rigid
designator, that is the value of @(x) is x in
all possible worlds, and P (8(x1)/X) is a
countpart substituting 8(x1) to all X.

(2) Submodality N of modality L

Let L be the modal operator satisfying
the axioms mentioned above, and R. be the
accessibility relation of L on the set of possi-
ble worids W. Now, for any subset NCW, let Ry
be subrelation of R such that Rv(wi,w2) =
wi€N A w2€N A Ru(wi,we) for any wi,w2€W.
And let N also denote the modal operator
corresponing to this accessibility relation‘ku.
Thus, Np is true iff p is true in any possible
world which is accessible from the actual world

We through accessibility relation Rn.

Def.4) Let NCVW, and Ry be the subrelation of
accessibility relation Ru, and N be the modal
operatdr satisfying

Np = Yw€VW (Rn(We,w)DT(w,p)).

Def.5) N is a submodality of L, denoted by NCL,
iff Ywi,wa€W (Rewi,we) = wi€EN A w2€N A



Ru(wi,w2)), where Ry and R are accessibility

relation of N and L between possible worlds.

Def.6) Let NiCL and NeCL. Ni is a submodality
of N2, denoted by NiCNz, iff N1 is a subset of
N2«

Note that submodality NCL is not reflexive
since Rv(w,w) does not hold for w&N. So, NpDp
does not hold.

Lemmal) The accessibility relation Rv is transi-
tive, i.e., Ru(wi,w2)ARN(w2,w3) D Rn(wi,w3).
pr) Ru(wi,we) ARn(uz,wa) .
MEN A w2 €N A R w2)) A
(w2€N A wa€N A R(uz,w3))
D wiEN A wa€EN A Ri(wi,wa)

(since Ru is transitive)
Rn(w1 ,w3). Q.E.D.

Using the concept of submodality of L,
-Lp and Mp can be represented as follows.
Lp VWwEV (Ru(Wo,w)DT(w,p))
YNCL VYWwEW (Rv(Wo,w)DT(w,p))
For the proposition p satisfying Mp, that is,
IwE W(RL(Wo ,WwIAT(w,p)), by letting N°CW such
that YWEW (WEN* = Ru(Wa,WAT(W,p)),
and Rv? be the accessibility relation such that
VYWwEW (ReP(Wa,w) = w€NP), that is,
VWEW RuP(Wo,w) = Ru(We,WINT(wW,p),
and N° be the modal operator corresponing to

this accessibility relation Ry, then we have
Mp JwEW (RuWa,w) A T(w,p))

YWEW (ReP(We,w) D T(w,p)).

That is,

Mp = INSL VvEW (Ru(We,w)DT(wW,p)).

Thus, we obtain

Lp VNCL Np, and

Mp ANCL Np. '

The truth of Np, Lp and Mp in any possible world

“are extended as follows,

TCw,Np) = Vwi €W (Ru(w,w1)DT(wi,p))
T(w,Lp) YNCL Ywi €W (Rulw,w1)DOT(w1,p))
T(w,Mp) = INCL Vwi €V (Rn(w,w1)DT(w1,p)).

(3) Properties of submodality N
Some properties of the submodality N are
examined here.

Lemma2) The submodality NCL satisfies distribu-
tion axiom, i.e., N(pDa) D (NpDNa).

pr) N(pDa)= Y wEW (Ru(We,w)DT(w, I1MP(p,q))
VwEW RulWa,w)D(T(w,p)DT(w,q))
D VYwEW (Ru(Wa,w)DT(w,p) D

Y WwEW (Ru(Wo,w)DT(w,q))

NpDNg Q.E.D.

Cor.1) The submodality NCL satisfies normal
system K. '

Cor.2) If there is a possible world which is
accessible from the actual world We through the
accessibility relation Rv, then submodality NCL
satisfies KD. .
pr) TN(F) = Y wEW (Ru(We ,w)DT(W,F))
JweW " RuWo,w)DT(w,F))
FwEW (Rn(Wo , WA TW,F))
FwEW (Rn(We , wAT(W,NOT(F)))
FwEW (Ru(We ,wAT(W,T))
Jwey Ru(We,w)

And, since N satisfies distribution axiom, N
satisfies KD. Q.E.D.

i

Cor.3) If Mp is true in all the possible worlds
and the submodality NCL satisfies Mp = Np in
all the possible worlds, then N satisfies KD.
pr) Let N be the submodalitu such that Mp
for all possible worlds.
Then,
TCw, 7 NCF))
Y WEW (Rn(w,w1 )DT (w1, F))
IWEW T (Ry(w,w1 )OT(w1,F))
IweW Rulw,widA=T(wi,F))
= JweW (RaCw,wi YAT(ws ,NOT(F)))
= JwEV (Ru(w,wi)AT(w1,T))
= JweW Ru(w‘,u;)
Since T(w,Mp) = Fwe W Rulw,wiIAT(w1,p))
and VWEW Ruw,w1) = Ru(w,wi)AT(w1,p),
T(w,Mp) = Jw€VW Rv(w,w1). And, since
T(w,Mp)= T, T(w,"N(F})= T. Thus, N

Np

it



satisfies KD. Q.E.D.

Cor.4) Followings hold for any submodality NCL;
pDOq infers NpDONg, and
N(pAa) = NpANg.

Lemma3) Mp=Np  for some NCL.
pr) Mp INCL YweW (Ru(We,w)DT(w,p))
VwEW (Ru(Wa,w)DT(w,p))
for some NCL
Np for some N Q.E.D.

n

Lemmad) pDNp  for some NCL.
pr) p D Mp
= Np for some NCL. Q.E.D.

Lemma5) LpDONp  for any NCL.

pr) Lp = VWEW (Ru(We,w)DT(w,p))

D YweEW (Ru(Wa,w)DT(w,p)) for any NCL
Np for any NCL. Q.E.D.

Lemma6) Ni (pDag)ANzp D Nsq where Rws(Wa,w) =

Rt (Wo ,w)ARn2(We,w) for all wEW.
pr) Ni(pDa) A Nep
= YweEW (RNI(UB,V)DT(V.PDQ)) AN
VYwEW (Ruz(We ,w)DT(w,p))
D YweW (Rur(Wa ,w)ARn2(Wa,w) D
T, pPDAIAT(W, )
VYweEW (Rva(Wa,w) DO
T(W, PO AT, p))
VWEW (Rua(We,w) D Tw,(pa)Ap))
VWEW (Rus(Wa,w) DO
T, (7 pVa)AT(W,p))
VweV (Rvs(We,w) O
(T, " VTW,a) AT, p))
= YWEW (Rna(Wo,w) O T(w,a))AT(w,p)
D VYWwEW (Rva(Wa,w) DO T(w,q))
= Ni3q 0.E.D.

This is a generalization of Lemma 2.

" Lemma7) NipDNep if NeCNio
VwEW (Rvi(We,w) D T(w,p))
VWwEW ((Ruz(Wo,w) DRn1(We,w))
A (Ru1(Wo,w)DT(W,p)))
since YWEW Rz (Wa,w) D Rni(We,w))

pr) Nip

D VWGU (RNZ(”D;W) ] T("yp))
Na2p. 0.E.D.

Lemma8) NiNzp D Nsp where Rna(We,w2) =
Rt (Wa,wi) A Ruz(wi,u2) for all wi.
pr) NiNep = Ywi €W (Rvi (We,w1) D T(wi,N2p))
Vwi €W (Rvi(Wo,w1) DO
T(wi, Vw2 €W (Ruz(wi,w2)DT(we,p))
Ywi €W (Rui(We,w1) O
Vw2 €W T(w1,(Rna(wi, w2 )DT(w2,p))
¥ owi,wz €W (Ruy (Wo,w1) O
TCwi , (Ru2 (w1 ,w2) D T(wz ,p))
Vi ,w2 €W (Rut (We 1) D
Rz (Wi, w2) D TCwz,0)))
VWi w2 €W (Rut (W, wi DA RN2 (W1 ,W2)
D T(wz,p))
D VwEW (Rua(Wa,w) D T(w,p))
where Rna(Wa,w2) = Rwi(We,ws)A
Ruz(wi,w2) for all wi and we.
Note that RvaCRe.
= Nap. Q.E.D.
By denoting Ns by Ni.2, Lemma 8 can be
represented by NiNzpDNi-2p. Note that if NiClL
and NoCL, then Ny.2CL since Ru is transitive.

i
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Lemma9) NNp D Np.

Lemmal0) NipAN2g DO Ns(pAa) where Rnsz(We,w)
= Rui(Wa,w) A Ruz(Wa,w) for all wEW.
pr) NipANzg VYWwEW (Rvi(We,w) DO T(w,p)) A
VYwEW (Rnz(Wa,w) D T(w,q))
YweW (Rui(Wo,w)DT(w,p)) A
(Rwz (W, W) DT(w,0))

D Ywew (RNI(%,V)/\RM(U,V)

D Tw, ATV, a))
VWwEW (Rua(We,w)

D T, ATV, a))
VWEW (Rus(¥a,w)DT(v,AND(p,a))
Nz (pA@). Q.E.D.
By denoting Ns by Niz2, the Lemma 10 can be
represented by NipANeq D Niz2(pAa).

m

1

4. Reasoning with Beliefs



(1) Coexistence of knowledges and beliefs
Before proving the distribution axiom of
belief, it's better to examine the distribution

axiom of belief over conjunction.

Th.1) Distribution axiom of knowledge and belief
over conjunction, i.e., Kp/ABqa DO B(pAq) holds.
pr) KpABq = Kp A KN KaAJq)
for some submodality N1CL
D K(NzKpAJp) A K(N: KaA Ja)
for some submodality NoCL
KNzKp A KNiKa A KJ(pAa)

D KN1z2K(PADAKJ(pAQ) by Lemmal0
= B(pAu)
In the case of Niz2=(J, it means that Bq

causes contradiction. However, there can be
possible worlds where Kq and all the
knowledges including Kp coexist because the
model of all the knowledges have a possible
world where Kq exists. Thus, Nig2 #(, and
Ke/ABa D B(pAg) holds. Q.E.D.
‘Fig.1 illustrates Th.l in a manner of possible
worlds.

Th.2) The distribution axiom of beliefs over
B(pAq) holds.
pr) Any belief Bp can be represented as
K(NKpA Jp) for the same submodality NCL.
So we obtain
BpABa = K(NKpAJp) A K(NKaAJa)
= K(NKpANKa) A K(JpAJa)
= KN(KpAKa) A KUpAJa)
KNK(pAa) A KJ(pAq)
= B(pAa).

conjunction, i.e., Bp/A\Bq

by Cor.4
Q.E.D.

(2) Reasoning with knowledges and beliefs

We want to reason with beliefs és well
as knowledges. !t’s time to prove the
distribution axiom of belief by distribution
axiom of belief over conjunction.

Th.3) Distribution axiom of knowledge and
betief, i.e., KpAB(pDOgq) D Bg, holds.
pr) KpAB(pDa) D B(pA(pDa)) by Lemma2

D Bq by Th.12 in (6) Q.E.D.

Similarly we obtain the following theorem.

Th.4) Distribution axiom of knowledge and
belief, i.e.,Bp/AK(pDa) D Bg holds.

Th.5) Distribution axiom of beliefs, i.e.,
BpAB(pDq) DO Bg holds.
pr) BpAB(»Dq) = B(rA(pDa)) by Th.2

D By by Th.12 in (8) 0.E.D.

Thus any new belief Bq, derived from
current beliefs and knowledges by deduction, can
be also represented as K(NKa/AJq) for the same
submodality NCL. So, by the mathematical
induction, we can prove that all the beliefs
derived from two of the current beliefs and
knowledges by deduction are represented as
K(NKaA Ja) for the same.submodality NCL for
which new belief Bpo =K(NKpa AJpe) is introduced
by Possibilitation Rule.

(3) Belief as a justified and
' consistent knowledge

Thus, once a belief is introduced, one
can reason with this belief as well as previous
knowledges and also can reason with beliefs
derived from above reasonings.

Another way to get new belief is to get
it as a consistent and justified knwledge, i.e.,
Bp as K(NBpAJp) for some submodatity NCL.
In possible worlds semantics, new belief is
infered in the current possible worlds in the
same way as in the actual world. New belief, say
Bn, introduced as a justified and consistent
knowledge, can be written as K(NBg/\Jp) for some

submodality NCL. Thus, we obtain next theorem.

Th.8) All the beliefs can be represented as
K(NBaA Jp) for some submodality NCL.

The set of beliefs THY(A) is the inter-
section of all the sets of propositions which
are true in a possible world which contains Bpn,
that is, THN(A) is the smallest set of proposi-
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tions which are true in a possible world which
contains Bpn and the smallest.closure of the
propositions including all the axioms and Bpn
under the formal system except rule of possibi-
litation (Fig.2,3).

5. Consistency of the System

in the previous paper‘®’, we examined
properties of belief derived in our system, and
gave B pD —Bp as a theorem without proof.
Although it is intuitively appropriate, it may
not hold in a formal system based on
nonmonotonic or modal logic since M pD—Mp
does not hold in modal logic. Thus it is a
characteristic of our formalization. Now, we can
give its proof.

Th.7) Consistency with respect to Bp and B—p,
i.e., "(BpAB—p).
pr) By Th.6 we can.assume that any belief Bp can
be written as K(NKpAJp) for the same sub-
modality N. So we have
(B pABp)
= "(KNK—p A KJ7p A KNKp A KJp)
“KNK=p A J7p A NKp A Jp)
= “KINK(pAPR) A J(TpAp))
= K(NKCFY A JCF))
= TKINFY A JCFY)
“K(F A JF))
—K(F)
-F
T Q.E.D.

In our logic, the law of exclusive
middle, BpVB™p or Bp\VVB—p, does not hold, of
course. However, as shown above, the weak
consequence, the law of contradiction,
= (BpAB—p), or equivalently, —BpV —B—p
"holds.

Cor.5) Belief of negation implies negation of
belief, i.e., B—p>D—Bp.
pr) (B—pD—Bp) = "B~ p V —Bp

_ 1’9_

—“(B7™p A Bp)
T (by Th.2) Q.E.D.

Thus, we can summarize the relation between

knowledges and beliefs as follows'®’:

KKp KBp
_ ty ty
K- p<«< p<« Kp — BKp = Bp & BBp

R

Kmp = B p—=> —Bp — ~Kp & K™Kp
11 {
K—Bp = B—Bp - B Kp

Remark) — means the implication which holds in
S4 and S5. =» means the implication which holds
only in S5. Note that proof of BBpOBp is shown
in neither of the previous or current paper,
however, it is easily shown.

6. Conclusion

In the previous paper‘s’, a formal
system based on modal logic was presented for
knowledge and belief. The belief was defined as
a justified and consistent knowledge. That is,
belief is an information ofwhich consistency
with other knowledges and beliefs of the agent
and justification suggesting its validity he
knows. In that system we can represent and
reason knowledges and beliefs of many agents and
their nested beliefs including true facts which
are not known or believed by agents. Several
properties of beliefs, and relations between
beliefs and knowledges, which were derived in
the system, seem intuitively appropriate.

In this paper, by introducing the
concept of submodality of modality L which
represents provability, the concept of
consistency among knowledges and beliefs can be
made precise and some important properties of
the system, including the distribution axiom of



beliefs, i.e., BpAB(pDg) DO Bgq, have been
proved. Thus, we can reason with beliefs as well
as knowledges in our system. Thus, the
theoretical foundations of reasoning with
beliefs have been presented.
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