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A Design of Reliable Stochastic Graphs
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A graph G with n nodes and e edges maximizing the edge-connectivity A
(i.e.,satisfying A (G)=| 2e/n]) has been obtained by Harary in 1962.

Recently, the problem for finding a graph G with 2 (G)=L 2e/n ] which
ninimizes the number of cut-sets with L 2e/n ] edges has been solved. Such
graphs play an important role in analysis and maximization of network
reliability.

In this paper, we present the necessary and sufficient condition of a
graph to minimize the number of cut-sets with x edges, where x=2 or x=

2 2e/n ] -3.
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T, COREWIRL, Bite, HiAooFED 5
70)'43’6{ mi{(G)(i=_L2e/nFidi=<2]|2e/n]|-3)
ER/NCT B 57 ORBEFHEBEEHLHICT S,

2. EFE

RETRZS 7PEEFE DLW TOHELFERLTEBL.

HE 75 7EG=(V,E)T&RYT. T, VIERES,
ElHEaTh 2. Hiulsr > 7GCHEACHRLCSER L
felin & E B (simple) TH B EEW, Hifiln, Bl e @
B#tirs 7oBREEG(,e) TEDT. MEEAHX, vy €V
THLHRFEEFR L y) G 0)TEDT. (LVYEET
bbEE, HigudvidBEE(adjacent) LTVWB EEL,

Hi(u, v) ik v icEESE (incident) LCTWBEE S, Hikvic
BELTVIEOEARE v O (degree) EIFTF, K0
DEIREMIALR LIRS, /'S 7GCGORKS (G Lk, £T
DHISDRBOB/MEET 5. RTOHATENdIEL
W25 7idd—ERl (d-regular) THBEZS. KDL
8, HIRVEH (vi,vie) OBRBFZV DSV ~AD
B (path) EFES (B, vi=v .0 & SFK &) |

Vi, (viuve), Ve, (va,vg), . Viaot, (Va-1,ve), Vi,
73 7G=(V, E)»#& (connected) &itGO{LE 2
Au, VICEBSELETSAIETHS (| V] =10, &
bEELTB) . Y57G6=(V, E)hoHEAUCE%
BELETS7(V, E-U)EGDERY 7757 &Y
G -UTHDLYT. G-UNHEHFZIcRZLE, Uk
Ay by b(cut set) EMESR, i, |Ul=ko&E, U
KMy by b EBESR,

Fr, XUYCV, XNnY=¢ictL T,

E(X;Y)2 {(uv) €E|ué€xs»oveEyy},
Fie, E(X; V-X)ZE(X)&&bL,E({u}), ué€v
ZE(u)&EbT. ’

75 7 G OB #EEE (edge~connectivity) A (G) &3, G
DAy by PEFZDIBIERTESE. k< (G) R
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L2e/n 126 (G)=2(G) (2.1)

AT, PIFTHm (G)EB/NMNCTB7537G€G(ne)
DOERICODVWTEZ LY, esn-10 & EDFERIEET
HD,n(n-1)/2< e DL EIGMe)=¢ThH5B. £/, ¢
=n(n-1)/20 & EERTELHEM S5 7 3M—(E2 s S
7)CThHB. BE-T, ARXEELT,

n=e<n (n—-1) /2 (2.2)
(2Fv, 2= 2¢/n JSn-D)ERET 3.
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THIEREESMETHS. < IT HAK, 1 (G)=
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75 7HMmaBHoNTWE(L(H(na)=aThbd
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[F#%3.1] HararyZ 3 7H(n,a) € G(n, Ina/2NHdn
HOAENEIC0, 1, -, n-1& L& &,
CH)ARTOHIAL Eixl, i'+2,+, i+ a/2 ] (mod n)
(0sisn—1)EBELTVS.

(D)L s a BEKTHNIE, Hifiei+Ln/2l(i
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(a n BEROEEH(ne)lka—FRAITH B, anh
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LB LIER).
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[F#3.2] HG(n, e)CG(n, e)EBTOLS i,
EET 5.
(Dl2e/nl=20%%. (a) e=nDOLERHMN D%
HG(e)TEDLT. (b) e=2ntlo & & (FED 3 -BdE
757 Go€G(2(e-n), 3(e-n))icHL, TDG DR ICHIA
Zn-2(e-n) > 0EFEAT S &L (HiEM 1 >BAEh 3 LHEK
b1 OHMTBIEMNL)ELB 577G 3G €G(n,e),
A(G)=2%rd. B, G, ORBIBA I B3HAK
B, EOBOHTHENILUTRR S XH>HFESI SN
7275 7G €Gne)PDEAEHG (n,e) TEHDT, )
(i)l 2e/nl2z830&E. A (G)EBRITE7537G
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[ENEX | 2a-(x-DXEWHIL2(x=| X |).
Eoi, | E(X)|=2x(a-(x-1)). ft-T,
|E(X)[—(22-2)=x(a-(x-1))-(22-2) = (x-2) (a-x-1)

THBHDT, 1sx=a-10& %, | E(X) | 22a-288%7L
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ABELECHEETSEE. CNOEEICU,, us, -, U &Ed
7. ()aBEKOEE, E(u,)ONa/2K R u, DHR(E
A ERE L CHOA Y/ MHoRERICERLTVEDT,
e(u;)=a/2, e(ug)=a/2—1, =, e(u,,,)=1.

e (ux—a/2*1)=1-"" e(ux-1)=a/2-1, e{u)=a/2.
-,
|E(x)|=i>=":1 e(u;)=z?)§ i = (a2+22) /4

=(a-2) (a-4)/4+ (2a-2)22a -2(a=2, 4, ).
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e (uy)2(a-1)/2»KILT 5. Ric, XNOHSILERL
TWBIELLXEV-XORIIIHARSDLIEES
min {| X1, [ V=-X1|} (22a) RRELETZ0T,
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= ((a-2)2+38)/4+ (2a-2)>2a -2
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ERELTWAE LTS, Hohi,
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i=1 i=1
(DX 1=a/2(i=1,2, ML &, X, cEbEWVuEY,
PoX  DECOFBICEPELETZ2DOT| E(X;Y,) |
= | X | Tho, B, |EXi;Yi-) 21X,
BE-T,

| E(X) | ;iz_":; 21X, 1222 >2a-2.
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(i) [X;1>a/2, |Y|>a/2(k#i,i-1)DE &, X, &X;
KR GEWU €Y OB s a/? | AH 5.
FIRRIC JE (XY i-1) 1=21a/2), |E (XY ) I2la/2],
| E(Xwnrs Y) I 2La/2]TH3. -7,

| E(X) | =4 La/2 J=24(a-1)/2=2a-2.
i) 1 Xl >a/2, | Y, | >a/2%i#itcd i BELET S
LE Y, DBRBAEX  WEVWERZEANIEIE(X ;Y )]
2 La/2 J+(La/2 J-1), -, +1 = La/2 I(La/2 J+1)/2,
E#ic, [E(Xi; Y- 1=2Lla/2], [IE(Xiey; Y2
La/2 J%#83%. Xim&tY (=Y., 0&&b55)0D0
bzl L bARADEB1 AL D,
[E(X) 1= La/2 J(La/2 J+1)/2+ L a/2 J+ | a/2 J+1.
aBSEMTHLE X,
|E (X) |- (23-2)
= (a®+10a+8) /8 — (2a-2) = ((a-3)2+15) /8> 0
aBHRTHELE (a=3,5-),
| E(X) ] —(2a-2)
2 (a%+8a-1)/8— (2a-2) = (a-3) (a-5) /8= 0. [

[#5.2) H3GEG(ne)BLY, a=21(G)»HE
5. 1o E(a) 2T e T s, CoLE FEOI-H
v by F(l121S2-Nic&k->THELZERZRIRIE A
220THD, 20351 2RIWIA, Boin-1 (22N
LofigEREo.

GEH) 2 LI LML SRR ICRGHBM 57 Th
5l EhoLREb2a-2>D)FOREERBENS S
DT, WAARELTHE L1 D2THB(HE-T,. n=23).
T, i—-Hw by bick - CHEERSD3SENLED
haedss, Cohndb0iE b2 o0 EEKSC,,
ColPUTAETHIR Y, BT, Cq, CDHAKX,, X2
Bx22, n—x12x,22%®7L, #$E.1X0C %25
BT3RO L b2 2A0ELELT BN, Chid
i £2a-3iKRT 3, H-7T, EL2#ERDREL 2T
H5., Ff, coLE&E, MAELLGMUKTRVWET B L,

VW EEBOHERTI <2a-3ICKT BT EHRE S, O

6 . w@ryRHE 2 DFEHH

PIFTiE, QL2)BXU[ 2¢/n 23%2@736G(ne)%
WHRETSE, CODEE, n,eBLUFZI37GEG(n,e)D
KA, i=12 - n3HASHICRDOEHEA (), (1) %2
=7

[&#A] ()n, e REEMTHD, e <n(n-1)/2.
a=|2/nl&lié%E, e2an/2, n=a+2 a==3.

GDBFId, (i=1,2-n)ik2e =i£=‘1d BXU,

Isd;sn-1, i=1,2,n%Kr?.
(ii)xidasx=2a—3%MlidBHTH2. O

EEDOTSF7GCGDX—Hy by FRETFHICEDTO
BRELVWOT, CITRRODIELEARMI T, e, x,
diSds=d i LIRDIEBRMERBMx, ) EEH
3. .

Mcda & (e-1+1—d.r)+' L (e-q-d;)
. i=1 x-d; i=q+tl\x-d;
FeZl, q(Efidr)idd <a(Frhidd; sx)2@rkd
BAOREITHB. (2=dDESE1FHIIBLALY, a



Sd, SxERBB3d,BEELBVEEE2HIEINRKEB).,
LIrTERO I RALT, :
e—ji+l—-d;=Zx~d;=0 (1£i=q)
e—q—d;2x—d;=20 (q+1<isr)
TRENLE BEEME DRELSERSNTYL, J0fid
KiRx2d BEASHPROT, e-q-x20THhIFEL,
CHRBROBECHRIFEN 3.

[(HE6.1)] &READTFTRe-q-x22.
(GE9) £9°, 8d, 13F4d sa-1(lsisq), d;

N
Sn-l, (q+1£i€n)THHDOT, ans2 e=):<lii§

i=
(a-D)a+(n-1) (n-q), &»T
g=n (n—a-—-1) /(n=-a)
% - T, e-g-x=an/2-n(n-a-1)/(n-a)-(2a-3) (%)
T, n=Ba(B>1)&BLE, (%) &
+{{a(a-2) (B-1)+2/(B-1)+(a-3)2-1}
2 ¥ {2/ 2a(a-2)+(a-3)2-1} >1.9. []

[#6.2]1 a(=|2n/e )23%MdG=(V,E)C
G(ne) DR % Sde<<d & Lt &, FBDasx
<2a-3ic L, my(GY2M(x,d)BKILT 5.
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