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ABSTRACT

We propose a new linear function of the form T(x)=Dx+l which can generate a set of pair-

wise relatively prime numbers from a finite set K.
to compute the only one parameter D is proposed.

Furthermore, a very efficient algorithm
These pairwise relatively prime generating

functions can be directly applied to "compute" minimal perfect hashing functions.

1. Introduction

Given a set of n distinct positive integers
K={kl,k ;+-..k_}, theoretically, there exists a
linear %unction of the form T(x)=Dx+E to trans-
form the elements in K into n pairwise relative-
ly prime numbers. Jaeschke [1981) proposed an
exhaustive algorithm, named Algorithm DE, to
find two integers D and E such that Dk.+E, Dk.,+E,
..., and Dkn+E are pairwise relatively prime to
one another. Since Jaeschke's method is heuris-
tic, in many cases, it may be unable to find such
a function. Besides, the expected computing
times for D and E are exponential in n, where n
denotes the cardinality of key set K.

Up to now, there is still no efficient algo-
rithm to compute such D and E satisfying that
T(k,),T(k ),-..,T(kn) are pairwise relatively
prime numbers.

In this paper, we shall consider pairwise
relatively prime generating polynomials first.
Then an efficient algorithm for "computing” these
polynomials is presented.

Finally, we shall show that these pairwise
relatively prime generating polynomials are use-
ful by applying them to design minimal perfect
hashing functions.

2. Palrwise Relatively Prime Generating Poly-
nomials .

In this section, a method is proposed for
computing pairwise relatively prime generating
polynomails of the form T(x)=Dx+l, where x be-
longs to a set K={kl,k2,...,k } of n distinct
positive integers. "For the convenience, in the
sequel, we assume that kl < k2 < .. < kn'

Before going further we give the formal
definition of pairwise relatively prime genera-
ting polynomials as follows:

Definition 2.1

T(x) is called a pairwise relatively prime
generating polynomial on a set K if T(x) is a

polynomial and T(x) and T(y) are relatively prime
to each other for x, y € K and T(x) > T(y) if
X >y.

For instance, let the set K={4,6,10}. Let
T(x)=12x+1. The mapping values for T(x) are 49,
73,121. It is obvious that T(x) is a pairwise
relatively prime generating polynomial. Consider
the polynomial Dx+l, we ask a question:

For what integer D does the polynomial Dx+l
produce a set of pairwise relatively prime for
an arbitrarily given set K={kl,k2,...,kn} of
positive integers?

A value of D which answers the above ques-—
tion is D=2cm({k,—k.|l <3j<i f,“}) denotes
least common multipie.

Lemma 2.1

Let x and y be two positive integers and
X > y. Let d be a multiple of (x-y). Then
d({x-y) and dx+1 are relatively prime to each
other.

Proof:

Let gcd(d(x-y), dx+l)=e, where gcd(a,b)
means the greatest common divisor of x and y.

1f e#l, that is e > 2, then there must exist
a prime number p > 2 such that p[e which means p
is a factor of e. This implies p[d(x-y). Since
p is a prime number, then we have p|d or p[(x-y).
Because d is a multiple of (x-y). We conclude
that p|d. This also implies

p|ax (1)

From the above discussion, it can be easily seen
that

p| (dx+1) (2)

Combining (1) and (2), we have p=1l, which is
contradictory to p > 2. So we can conclude that
e=1l. That is d(x-y) and dx+l are relatively
prime to each other.

0.E.D.
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Theorem 2.1

For a set K={k JKo,e..,k_} of n distinct
positive integers, iet k, <k, < ... <k, the
integer D=fem({k,-k, |1 f}j < f <n}), sabisfies
that Dk +l,Dk2+1,..., k +1 are pairwise rela-
tively prime numbers.

Proof:
For i > j,
gcd(Dki+l,ij+l)=gcd(D(ki‘kj),Dki+l).

Since D is the least common multiple of
{ki—k.[l <3ji<i i.n}, it is obvious that D is
a mulgiple of (ki-kj), for 1 < i, j < n and i>j.

By Lemma 2.1, we have D(k,~k,) and Dk, +1
are relatively prime to each othet. *

That is, gcd(Dki+1,ij+l)=l.

In other words, Dk.+1,Dk,+l,...,Dk +1 are
- . .1 % n
pairwise relatively prime n ers.
Q.E.D.

Example 2.1

Consider the finite set of keys {3,4,6,7}.
Let T(x)=Dx+1l

D=fcm(7-6,7-4,7-3,6-4,6~3,4-3)
=¢cem(1,3,4,2,3,1

=12,
From T(x)=Dx+l, we obtain

T(3)=3*12+1=37,
T(4)=4%12+1=49,
T(6)=6%*12+1=73,
and T(7)=7*12+1=85.

It is clear that, in this case, T(x) is a
pairwise relatively prime generating polynomial.

3. Minimal Perfect Hashing Functions

The design of minimal perfect hashing func-
tion has been studied by many researchers [Chang
1984, Cichelli 1980, Ghosh 1977, Jaeschke 1981,
Sager 1985]. By a minimal perfect hashing func-
tion, we mean a one-to-one and onto mapping
function h from a set of keys Kk={k ,k2,...,k
in the key space to the address space A={0,1?2,

..n-1}. The following is an example.

Example 3.1

Assume that the set of keys is {5,33,62,14,
21}. Then the function h(k)=k mod 5 is a mini-
mal perfect hashing function. Its minimal per-
fectness can be checked on the following mapping
diagram.

Since a minimal perfect hashing func-
tion can be used to organize our records such
that no collision occurs, so we may find the
record having a given key k quickly. Besides,
there is no waste of memory locations in storing
these records. Therefore, minimal perfect hash-
ing functions are desirable for many computer
applications, such as compiler construction,

Fig. 3.1

assemblers design, operating systems design etc.

" Recently, Jaeschke [1981) presented the fol-
lowing function h(k):LC/(Dk+E)j mod n, where n
denotes the total number of distinct keys, for
minimal perfect hashing function construction.

As mentioned in the previous section, Jaeschke
[1981] proposed an exhaustive search algorithm,
called algorithm DE, to find integers D and E for
a given set K={k 3 SRS } of positive integers
such that (Dk +E,Dki+E)=1 for 1 < i, j < n and
i#j. Thus, weé may fewrite Jaeschke's hashing
function as the form of h(k)=LC/T(k)J mod n, where
T(k) is a pairwise relatively prime generating
polynomial on K. Recently, Chang and Shieh [1985]
proposed an efficient algorithm instead of an ex-
haustive search method proposed by Jaeschke [1981]
to compute C values.

Chang [1984] proposed another minimal perfect
hashing scheme of the form h(k)=C mod P(k) based
upon the famous Chinese Remainder Theorem, where
P(k) is a prime number function. A prime number
function is defined as follows: A function P(x)
for a < x < b, where x,a,b are all positive inte-
gers, is called a prime number function if P(x)
is a prime number for a < x < b and P{x. )} > P(x2
if x, > x, He also reported several prime num-
ber %unction of quadratic-forms to transform some
particular set of positive keys into their cor-
responding distinct prime numbers. However,
Fendel [1985] showed that there are only seven
quadratics can be qualified prime number func-
tions, which are defined on small consecutive
integer ranges. Theoretically, in fact, Chang's
minimal perfect hashing scheme can be slightly
revised into h(k)=C mod T(k), where T(k) is a
pairwise relatively prime generating polynomial
on K. In [Chang 1984], he presented an efficient
way to calculate C values.

)

From the theoretical point of view, we see
the fact that the problem of "computing" either
Jaeschke's minimal perfect hashing function or
Chang's minimal perfect hashing function is com-
pletely equivalent to the problem of "computing”
pairwise relatively prime generating polynomials.
Thus our pairwise relatively prime generating
scheme is suitable for the construction of minimal
perfect hashing functions.
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4. Conclusions

We proved that T(x)=Dx+l is a qualified
pairwise relatively prime generating scheme. &an
efficient way is also presented for computing
the only parameter D in T(x) on the given key
set. We show that our pairwise relatively prime
generating polynomials is indeed useful in the
area of computing minimal perfect hashing func-
tions. However, the size of the coefficient D
used in the function grows exponentially in the
cardinality of the given set of keys. This may
render the approach impractical. Thus we be-
lieve that an research problem in number theory
has been opened. Is it possible to have another
approach to find the coefficient D such that the
representation of its value is drastically smal-
ler than our D value?
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