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An Algorithm of Constructing a k—partite
Multigraph from a k-partite Multigraphical
Sequence Set

Masaya Takahashi (Department of E lectronic Enginéering, Aichi College of Technology)

For a given integer constant k which satisfies k=3, and a graph G= (V, E) , G is called a
k-partite (multi) graph if there is a set of "vertices V such that the following ( 1) through
(3) are satisfied ¢ (1) V=ViUV.U----UVy, , _

(2) For any two integer h and j, 1ShSk, 1555k, h#j; VaNV;=® is saiisfied, and

(3) For any edge é=(u,v), if ueV; then v¢V; is satisfied, where 1S j<k.

In this paper, when k digree sequences s; : dji, dje, vee+y dj,pjy for everj/ Js 1§j§ﬂk, and k
sets of vertices V;= {vj1, viz, -=*, v;,p;} , for every J, 1Sj<k, are given, propose an
algorithm satisfying the following ( 1 ) through ( 3 ) : o }

(1) Decide that whether a given non-negative integer sequence set S= (si, sz, -+--, sx)
is a degree sequence set of a k-partite multigraph.

(2) 1If S= (s1, se, *+++, s«) is a degree sequence set of a k-partite multigraph then
construct a k-partite multigraph G= (ViUVaU----UVy, E) such that the degree of viq is diq
for every q, 1=q=p;.

(3) The time complexity of above ( 1 ) through ( 2) is O (I1V I +k®) , where 1 Vi=
2"5:1 Pi. )

In the following sections, S= (si, sz, *-*+, s«) is called a k-partite multigraphical
sequence set if S is a degree sequence set of a k-partite multigraph.



1. Introduction

The subject of this paper is the problem of finding an algorithm of constructing a k-partite
multigraph from a k-partite multigraphical sequence set . ” For a given integer constant k which
satisfies k23, and, for k given non-negative integer sequences si, Se, ****, Sk, S; & dj1, dj2,
ceeey djLp; (p;=1)  for every j, 1=j=<k, decide that whether S= (si, sz, *-*+, s«) is a k-
partite multigraphical sequence set. If S is so then construct a k-partite multigraph G= (ViU
VaU----UV«, E) from it ", where V;= {vji, vj2, =**+, Vi.p;} for every Jj, 1=jSk, and, for
every q, 1=q=p;, the degree of v;q is djq. Set x;=X®ig-1d;q for every j, 1SjiSk.

In this paper, show that the k-partite multigraph construction problem {(kMC-problem, for
short) can be solved in linear time.

The problem of finding an algorithm of constructing a (multi) graph from a (multi) graphical
sequence, is solved in [1J[21[31[53]. In them, a polynomial time algorithm was given by Havel
and Hakini. The problem of finding an algorithm of constructing a bipartite (multi) graph from a
bipartite (multi) graphical sequence set, is solved in [6J]. In it, for a bipartite multigraph
construction, a linear time algorithm was given, and, for a bipartite graph construction, a
polynomial time algorithm was given.

In this paper, an O (1 V { +k3) algorithm of solving the kMC-problem is given, where
I VI=2.1p;. In the following sections, the following ( 1 ) through { 2 ) will be discussed :

(1) Show a condition C such that a non-negative integer sequence set S = (si, s2, *-**, s«
) is a k-partite multigraphical sequence set if and only if C holds.

(2) Propose an O (1 VI +k®) algorithm satisfying the following { i ) through (i i) :

(i) Decide that whether a given non-negative integer sequence set S= (si, s2, -+--, sk
) is a k-partite multigraphical sequence set.

(ii) If S= (s1, s2, ***+, sk} is a k-partite multigraphical sequence set then
_construct a k-partite multigraph G= (ViUV2U-:---UVy, E) such that V;= {vji, vijz, ----,
vi.p;} for every j, 1=3=k, and such that, for every q, 1=5q=p;, the degree of v;q is djq.

2, Preliminaries

A graph G= (V, E) consists of a finite set of vertices V and finite set of edges E such
that each element of E is an unordered pair of distinct elements of V : E= {(u,v) lu,veV} .

For a given 1nteger constant k which satisfies k=3, and a graph G= (V, E) , G is called a
k-partite (multi) graph if the following (1) through ( 3 ) are satisfied :

(1) V=ViUV:U----UV.,

(2) For any two integer h and j, 1ShSk, 1SJSk, h#j, ViNV; = is satisfied, and

(3) For any edge e=(u,v}, if u€V; then v€V; is satisfied, where 15j=k.

For an edge e=(u,v), u (v, respectively) is ad.]'aicentvto v (W), u (v) is incident to e, and
e is incident to v (u) . If u=v then the edge e is called a self-loop. For two edges ei = (u,v) and
e2=(u’,v’), e and ez are called multiple edges if and only if e; #ez2, u=u’ and v=v’ hold. For a
graph G, G is called a pultigraph if G contains some multiple edges and no self-loop. For a graph
G, G is called a simple graph (graph, for short) if G contains no multiple edge and no self-
loop. For a vertex v€V, a number of edges being incident to v, is called a degree of v and Tit is
denoted by deg(v).

A non-negative integer sequence set S = (si, s2, **-°, sk) is a k-partite multigraphical
sequence set if, for every j, 1=j=k, all vertices of V; can be labeled v;i, vje, -*-*, Vvj.5; such
that the degree of vjq is djq for every q, 1=q=p;, vwhere s; : d;1, dj2, *---, di.oj, P;i=1.

Set xj=3X°iq-1djq for every j, 1=j=k.



3. Necessary and Sufficient Condition of a k -partite Multigraphical Sequence Set

In this section, discuss the condition C such that S= (si, sz, ***+, sk) is a k-partite
multigraphical sequence set if and only if C holds, where s; : d;1, djz, *++, dj.p; (pi21 and «x;
21) for every j, 1=j=k, is a given non-negative integer sequence.

Such the condition C is obtained by the following theoren.

Theorenm 1. For every j, 1=j=k, suppose that s; : dj1, dje, **-*, dj.pj, Pi21, x; 21, is
a non-negative integer sequence, and suppose that x1=xe<-:--=x«. Then S = (s1, s2, **++, s«) is
a k-partite multigraphical sequence set if and only if the following condition ( 1 ) through ( 2)
are satisfied : (1) =%;-1x; is an even number, and (2) =14k =xk.

In the following, show the proof of Theorem 1.

Suppose that S= (si, s2, **-+, s«) is a k-partite multigraphical sequence set. Then it is
clear that above ( 1 ) and ( 2 ) hold.

Inversely, suppose that there are k non-negative integer sequences si, s2, ****, sk, satisfying
above (1) and ( 2 ). Then the following proposition can be obtained.

Proposition 1. For k non-negative integer sequences si, sz, ****, Sk, such that T*;-1x; is
an even number, assume that T ';.ix;Zx« holds, where s; & dj1, dj2, *-*, dj,p; (p;=1, x;=1)
for every j, 1S3=k. Set x¥’1=x1—t1, x’ 2xe—te, ****y K'x-1=xk-1—~tk-1 and ¥ 1;.1t;=x«, and
let £ I b1, b2, <-+-, bk-1, be a sequence which is a result of sorting a sequence £’ : x’1, x’2,

+++y X’k-1, and which satisfies biSha =+ =by-1. '

Then there is a sequence g & ti, tz, ***+, tk-1, which satisfies =% 2;.:b;=bx-:1 and which
satisfies that X¥~';.1b; is an even number.

Proof. Consider two sequences f and g being made by using the following algorithm.

Algorithm A.
Begin
1. For every j, 1SSk, x’; < xj and t; « 0; x’a « 0
2. For j=k—-2, 0, -1 do begin
(1) y € x'500=x"5 3

If {(x'«<y-(k—1-—3)} then begin q « j ; go to Step 3 end ;
(2) For r=k—1, j+1, -1 do begin tr ¢ tr+y ; &' & x'+—y end ;

X« & xX’x—=y-(k=1-3) ; If {x’«=0} then halt end ;

3. y «div (&'«/{k~1~q)) ; x’x « mod (x’«/(k—1—-q)) ;

4. For r=k~-1, q+1, -1 do begin tr « tr+y ; &' & x’r—¥y end ;r & r—=1;

5. while {x’«>0} do begin tr « tc+1 ; x’r ¢ &'r—1 3 x’x « x'xk—1 ;1 & r—1 end ;
6. Make a sequence f : b1, bz, -+-+, bx-1, which is a result of sorting a sequence f' : x’1,

%'z, ***+, x'k-1, and which satisfies b1 Sbz=----Zbk-1
Make two sequences g1 ! t'1, t’e, *++, t'k-1, and g2 1 V7’1, V2, -+, V’i-1, satisfying
the following : Assume that b ¢ x’» (1=rSk—1, 1=h=Sk—1) holds by the sorting of step
6. Then, t’r & tn and V’r & Vi, are satisfied ;
8. For every j, 1S§Sk—1, x; « bj, t; « t’; and V; « V’;
End. (Algorithm A terminates.)

~3

Suppose that xx-2=0. Then xk =x«x-1 holds since Xk 2x«-1 and xx= Z* ';.18; =Xk-1 are satisfied.



Thus bj=x’'; =0 for every j, 1=j<k—1, and, therefore, =¥ 2;-1b;Zbx-1 holds.

Suppose that x«-2>0. Assume that Algorithm A halts at Step 2 or that it executes Step 4 and
and does not execute Step 5. Then b;=x’; for every j, 1=j=k—1, and bx-1 =bk-2 holds. Hence b«-1
=Z%2;.1b; holds.

Assune that Algorithm A executes Step 5. If bx-1=bx-2 then it is clear that bx-1=Z*"2;.1b;
holds. Assume that bk-i1>bk-2 holds. Then it is clear that bx-1=bk-2+1 holds by the behavior of
Algorithm A. If bk-3=0 then Z¥;-1x;=2%"!;.1b; +2x« is an odd number, a contradiction. Thus bk-3
21, and, therefore bk-1 = X% 2;.1b; holds.

Hence, by above discussion, bk-1 = X% 2;.1b; is satisfied for every b;, 1=j=k—1, which is
made by Algorithm A.

Thus Proposition 1 can be proved. Q. E. D.

By Proposition 1, the following proposition is obtained.

Proposition 2. For three non-negative integer sequences si, sé, s3, such that =%;-.1x; is
an even number, assume that x: +x2=xs holds, where s; : dj1, djz, *-*+, dj.p; (p;i=1, x;=1) for
every j, 1S3=3. Set x’1=x1—t1, x’2=%x2—tz and t1 +t2=x3, and let f ! bi, ba, be a sequence
which is a result of sorting a sequence f’ : x’1, x’2, and which satisfies bi=bz. Then there is a
sequence g : ti, bz, which satisfies bi=bhz. Q. E. D.

By using Proposition land 2, it is easy to prove that, for k non-negative integer sequences
Sty S2y ***y Sty 1SKiISxeS-c Sxk, S= (s1, s2, **+, sx) is a k-partite nultigraphical
sequence set if the following conditions ( 1 ) through ( 2 ) are satisfied :

(1) ZX¥;=1x; is even number, and (2) Z%'.ix 2.

The proof is obtained by the following algorithm easily.

Algorithm B.
Begin

1. k ¢ a given integer constant n which satisfies n=3 ;

2. while {k=2) do begin perform Algorithm A ; k « k-1 end
End. (Algorithm C terminates.)

It is vclear that, by performing Step 2 at most k—1 times, a k-partite multigraph G which
is constructed from a k-partite multigraphical sequence set S=:({si, sz, ***+, sk) , can be
constructed. B

By above discussion, Theorem 1 has been proved.

4, Data Structure and Algorithm

By Theorem 1, an algorithm of solving the BMC-problen, can be obtained directly. In this
section, discuss such an algorithm.

4.1 Data Structure

Suppose that V;= {vj1, vja, * v, Vi,0;} , P;=1, for every j, 1=jSk. Use an array
ADJLIST containing k listheads. Each listhead represents a set of vertices V ;. For every J,



0=<j=k, j-th listhead has the forn [NUM, PNT] , wvhere NUM contains a current x; and
PNT is a pointer field. The nodes in the linked lists have the form [VTX, DEG, LINK],
where VT X is a vertex number, DEG is a current degree of a vertex, LINK is a pointer
field and xe=0. Use an array EL I ST containing a listhead. The listhead represents a set of
edges of the final k-partite multigraph which is constructed from S= (si, sz, **, sx) . The
nodes in the linked list have the form [u, v, ENM, ELKJ], where u is a vertex of V; (1SjsSk
), v is a vertex of Va (1Sh=k, h#j) , ENM is a number of edge (u,v), satisfying ENM=21,
and ELK is a pointer field.

For example, suppose that k=3, that s; ¢ 5, 5, 5, that s2 : 6, 6, 6, that s3 : 6, 4, 4, 5, and
that a final k-partite multigraph is shown in Rig.l. Then the data structure is the following.

ADJLIST .
Ve [0, AT, Vi [15, »1 = [vi1, 5, =1 = [viz, 5, =] = [v1s, 5, Al
V2 [18, =1 - [vz1, 8, 31 = [vee, 6, 21 = [vez, 8, Al
Vs [18, =] = (va1, 8, =1 = [vaz, 4, 21 = [vss, 4, 21 > [vas, 5, Al
ELIST [=] = [va1, vit, 2, =1 = [vs1, iz, 2, =1 = [vs1, vi3, 2, =1 = [vse, vz, 1, 2]
= [vs2, vz, 1, 27 = [vsz, vez, 1, =1 = [vsz, ves, 1, 21 = [vas, vai, 2, =]
- [vss, vez, 1, =] - [vas, ves, 1, 21 = [vas, ver, 1, 21 = [vas, vee, 2, =]
- [vaa, ves, 2, 21 = [va1, vi1, 2, @1 = [va1, viz, 1, 21 = [vee, vi1, 1, =1
- [vez, viz, 1, 21 = [ves, viz, 1, =1 = [vaz3, vi3, 1, Al

In the following of this paper, for every j, 1=j=k, NUM of a listhead V; is denoted by
NUM(V;), PNT of a listhead V; is denoted by POINT(Vi), VT X of a vertex v;n (1ShSp;) is
denoted by VIX(vin), DEG of a vertex v;n is denoted by DEG(v;n) and LI NK of a vertex v;n is
denoted by LINK(vin), a listhead of EL I ST is denoted by PIR, ENM of an: edge e=(u,v) is
denoted by ENM(e) and EL K of an edge e=(u,v) is denoted by ELK(e).

4.2 Algorithm

Suppose that xiSxe S+ Sx.

Algorithm kMGC.
Begin
1. perform Procedure Prep ;
If ({status#0} then go to Step 5 ;
3. while {kZ2) do begin ,
perforn Procedure Edgdec ; perform Procedure Edgadd ; k « k—1 end ;
4. A k-partite multigraph G= (ViUVaU-:+--UV«, E) with, for every j, 1Sj=k, deg(vjq)
=d;q for every q, 1=q=p;, is constructed ; halt ; ) : .
5. A sequence set S= (si, s2, ****, sk) is not a k-partite multigraphical sequence set
End. (Algorithn k MG C terminates.)

N

Procedure Prep.
Begin .
NUM(V ;) « ZPiq.1d;q and POINT(V;) « A for every j, 1Sj=k ; PIR « A ; status « 0 ;
2. For j=1, k do begin
For q=1, p; do begin
If {d;ja>0} then begin
LINK(v;q) ¢ POINT(V;) ; DEG(vjq) ¢ djq

[o



VIX(viq) & via ; POINT(V;) « VTX(viq) end end end ;
3. x & ZTHNK(V;) ;3 y & x—NUM(V) 5 If (NUM(VW)>y} then status « 1

End. (Procedure Prep terminates.)
Procedure E dgdec.

Begin

1. For every j, 1SjSk—1, t; « 0 ; NUM(Ve) « 0 ; POINT(Ve) « A ;

2. For j=k—2, 0, -1 do begin

1) y & NUM(V;+1)—=NUN(V;)

If (NM(V)<y-(k—1—3J)} then begin q « j ; go to Step 3 end

2 ) For r=k—1, j+1, -1 do begin t ¢ tr+y ; NUM(V:) « NIM(V:)=—y  end;
NUM(Vi) & NUM(Vi)—y - (k=1-3) 3 If (NUM(V.)=0} then halt  end ;

3. y « div (MM(V)/(k=1=q)) ; NUM(Vi) « mod (NUN(Vi)/(k—1—q)) ;

For r=k—1, q+1, -1 do begin tr « t-+y ; NUM(V:) « NIM(V:)—¥ end ;r «r—1;

S. while {x’«>0} do begin

te & te+1 ;5 NUN(V.) « NUM(V:)—1; NUN(Vi) « NUM(Vi)—=1;r ¢ r—1 end;

6. Make a sequence f’ I bi1, bi2, -**-, bi,x-1, which is a result of sorting a sequence f
NUM(V1), NUM(V2), -+, NUM{V«-1), and which satisfies bi1=bi2S----=Zbi,x-1 ;

7. Make two sequences g1 : t’i, t’2, *+*-, t’x-1, and go ! ber, b2z, ----, ba2,x-1, satisfying
the following : Assume that bir « NUM{V.) (18r=k—-1, 1=h=k-1) holds by the sorting of
step 6. Then, t’r ¢« tn and bzr « POINT(V+) are satisfied ;

8. For every j, 1S5jSk—1, NUN(V;) &« by, t; « t*; and POINT(V;) & be;

End. (Procedure Edgdec terminates.)
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Procedure E dgadd.
Begin
For j=k—1, 1, -1 do begin
u ¢ POINT(V«) 3 v « POINT(V;) ;
while {t;>0} do begin
y ¢ nin (t;, DEG(u), DEG(v)) ; ENM(e) « y, where e=(u,v) ; ELK(e) « PIR ;
PTR « u ; DEG(u) &« DEG(u)—y ; DEG(v) &« DEG(V)—~y ; tj & t;—y ;
If {d’«xn=0) then begin POINT(V.) « LINK(u} ; u &« POINT(V.) end
If {d’i-=0} then begin POINT(V;) « LINK(v) ; v « POINT(V;)  end
End. (Procedure Edgadd terminates.)
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5. Example

Set di11=5, di2=5, d13=5, de1=8, de2=6, d23=8, ds1=86, daz=4, d3s=4 and d2a=5 (p1 =3, p2
=3 and ps =4) . Then it is clear that S=-(s1, sz, ss) is a k-partite multigraphical sequence
set. ) i
1. By Step 1, the following data structure is obtained.

V. [15, =1 = [vis, 5, =] = [vi2, 5, =1 = [vi1, 5, Al

Vo [18, =1 = [vas, 8, =1 = [vez, 6, =1 = [vz21, 6, Al

Vs [19, =1 = [vsa, 5, =1 = [vas, 4, =1 = [vsz, 4, 21 - [va1, 6, Al
2. By Step 3, the following ( 1 ) through ( 3 ) are performed :

(1) By performing Procedure Edgdec, tz=11, t1 =8, NUM(V2)}=7 and NUM(V;)=7 are.obtained.

( 2) By performing Procedure Edgadd, the following data structure is constructed.

ELIST [=] = [va1, viz, 3, =1 = [va1, vz, 3, =1 = [vsz, vis, 2, =] = [vs2, vez, 2, 2]
- [vss, ves, 3, 31 = [vss, ves, 1, =1 = [vas, ves, 5, Al



(3) Then k=2 and the following data structure are obtained.
Vi [7, »1 > [vie, 2, 212 [vi1, 5, A, Ve [7, 21 = [vez, 1, =1 = [va1, 6, Al
3. By Step 3, the following ( 1) through ( 3 ) are performed :
(1) By perforning Procedure Edgdec, t: =7 and NUM(V1)=0 are obtained.
( 2) By performing Procedure Edgadd, the following data structure is constructed.
ELIST [-] > [va1, v11, 5, 23 = [va1, w1z, 1, =21 = [ve2, viz, 1, =1 = [va1, viz, 3, 2]
- [va1, viz, 3, 21 = [viz, viz, 2, =1 = [viz, v, 2, =1 = [vss, vaz, 3, =]
- [vss, vas, 1, =1 = [vas, ves, 5, Al
(3) Then k=1 and the following data structure are obtained : Vi [0, A] .
4. Algorithm k MGC terminates, and a k-partite multigraph being shown in Fig.2, is obtained.

The final graph G satisfies deg(vii)=35, deg(vi2)=5, deg(vis) =5, deg(ve1)=8, deg(ve2) =8,
deg(vas) =6, deg(vs1) =8, deg(vsa) =4, deg(vss)=4 and deg(vss)=5.

6. Time complexity

In this section, discuss the time complexity of Algorithm kMGC.
1. The time complexity of Step 1 is O (1 V 1) , vhere | VI =Zk;.ip;.
2. For Step 3, discuss the following [ 1 ] through [ 2 ].
[ 1] PFor Procedure Edgdec, discuss the following ( 1 ) through (4 ) :
(1) The time complexity of Step 1 is O (Zk;-23) =0 (k2) .
(2) The tine complexity of Step 2 is O (Z*;.232) =0 (k%) .
(3) The time complexity of Step 4 and 5 is O (k) .
(4) The time complexity of Step 6 through 8 is O (Z*;-2j-logaj) .
Thus the time complexity of Procedure Edgdec is O (k3) .
[ 21 Por Procedure Edgadd, discuss the following discussion.

Av,v-1y, Axik-2, *o0y  Axe, At | VVik-t, Vik-2z, o0, Vi, Vg
Av-1.xy Ax-1.k-25 ***y Ax-1.2, Ax-1.1 | VVi-1.ky VVk-1.x-2, 000y Vi-t,2, V-1t

Asv y Az.k-1, v, A2z, Axn V'ex » Vax-1, oo, V’a, V'’
A, Atx-1 ., ttry, Az, An Vi, Vik-1, 2000y Vi, Vi

Table.1 Table.2

For above two tables, let A;q (1SjSk, 1S5q=k, j#q) be a set of edges of a final graph
satisfying A;a= {(u,v) 1u€V; and v€ Vq} . Then Ajq=Aq; holds, and let V’jq be a set of
vertices of V; satisfying u€ V; and ve€ V. for an edge e={(u,v) € A;q. Two sets that exist side by
side in Table.Z share at most one vertex.

Hence Z*;=1Z%q=1 [ V?jq 1S 1 V1 +k-(k—=2) holds and Edge addition is performed at
T D (I V50 L+ TV g T =1DS IV k- (k=2 =k (k-1)/2=0 (1 VI +k?) tines.

Thus the time complexity of Procedure Edgadd is O (| V I +k2) .

By above [ 1 ] and [ 2 ], the time complexity of Step 3 is O (I V1 +k3) .

By above discussion land 2, the time complexity of Algorithm kMGC is O (1 VI +k3) .



7. Conclusion

In this paper, a k-partite multigraph construction algorithm which perforns the following ( 1 )}
through ( 2 ), is obtained, where k=3 : .

(1) For a given sequence set S= {si1, sz, ****, sx) , s; - dj1, dj2, ~*-*, dj.ei, for every
3, 123=k, decide that whether S is a k-partite multigraphical sequence set, and

(2) 1If S is so then construct a k-partite multigraph from S. Then the result is O (I V|
+k3) , where | VI =32%;.1pj.

I want to find an improved algorithm of Procedure Edgdec, and an algorithm of constructing an
n-partite graph from an n-partite graphical sequence set S = (si, sz, ***, sn) for further
investigation, where n is a given integer which satisfies n=3.
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