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Abstract

In this paper, when k (Z2) degree sequences s; : dji, d;zy ~=-v, d,,:., Tor every j, 1
=j&k, is given, discuss the following (1 ) and ( 2 ) :
(1) Find the necessary and sufficient condition C of a k-partite graphical soquence set S =
(siy sz, vy 80)
( 2) By the condition C, propose the algorithn satisfying the folloving ( 1 ) througn (1ii) :
(i) Decide that whether a k-partite graph can be constructed from S.
(i i) If such the graph can be constructed then S is a k-partite graphical sequesce set.
(1ii)  The time complexity is O (k| V 1Z) , where | VI =3* .p,.
Y key words kjp?rtite grapl.l, ktpartite .graphical sequence set, necessary and sufficient
condition, polynomial time algorithm, data structure



1. Introduction

The subject of this paper is the problem of finding an algorithm of constructing =
k-partite graph from a k-partite graphical sequence set : ” For a given integer constant
k which satisfies k=22, and, for k given non-negative integer seguences si, Sz, -*-",
Sky Sj o+ dj1y djz, ccory diLe; (pi21) for every j, 1=j=k, if a k-partite graph G =

(V:UVaU--++UVyk, E) such that, for every q, 1=q=p;, the degree of v;q is d,q
for every j, 1=5JSk, is constructed from the sequences, then S = (si, sz, -"*+, si)

7, where V= {vji, vie, "<+, v;.o:} for every

is a k-partite graphical sequence set
J» 1=3=k. Set x; =Z%i,-1d;q for every j, 1=j=k.

In this paper, show that the k-partite graph construction problem { k C-problen, for
short) <can be solved in polynonial tinme.

The problem of finding an algorithm of constructing a (multi) graph from a {(multi
) graphical sequence, is solved in [11[2J[833[5]. In them, a polynomial time
algorithm is given by Havel and Hakini. The problem of finding an algorithm of
constructing a bipartite multigraph from a bipartite nultigraphical sequence set, is
solved in [61]. In it, a linear time algorithm is given. The problem of finding an
algorithm of constructing a k-partite mnultigraph from a k-partite multigraphical

sequence set, is solved in [7]. In it, a linear time algorithm is given.

"

In this paper, for a given integer constant k which satisfies k22, an O (k! V I
) algorithm of solving the k C-problem, is given, where | VI =2 F,.,p,.

In the following sections, the following ( 1 ) and { 2 ) will be discussed :

(1) Show a condition C such that a non-negative integer sequence set S = (s,
s2, *-*", 8) 1is a k-partite graphical sequence set if and only if C holds, where s; .
d,iy dyz, -ov+, di,es, pi21, for every j, 1SSk,

(2 By the condition C, propose an algorithm satisfying the following ( i )
through (iii) :

(i) Decide that whether a k-partite graph G= (V. UV:U-:--UV., E)
such that V= {vj1, vje, =+++, vj,p;} for every j, 1Sj=k, and such that, for every
q, 1=q=p;, the degree of vjq is djq, can be constructed from S = (s1, sz, *+-+, s«) ,

(i 1) If such a k-partite graph can be constructed then S = (s1, sz, *+*+, s«
) is a k-partite graphical sequence set, and

(iii) The time complexity of above ( i ) and (i i) is O (k! Vv 2) .

2. Preliminaries

A graph G= (V, E) consists of a finite set of vertices V and finite set of
edges E such that each element of E is an unordered pair of distinct elements of V
E= {(u,v) | u,ve V}

For a given integer constant k which satisfies k=2, and a graph G= (V, E) , G
is called a k-partite graph if the following ( 1 ) through ( 3 ) are satisfied :

(1) V=VviUVaU----UVyu,

(2) For any two integers h and j, 1

IIA
A

h2k, 1£jiSk, h#j, ViNV;=0 is



satisfied, and -
(3) For any edge e= (u,v), if u€ V, then vé V, is satisfied, where 1= j<k.
For an edge e= (u,v), u (v, respectively) is adj'acent to v (u) , u (v) is incicent
to e, and e is incident to v (u) . If u=v then the edge e is called a self-loop. For
two edges e1 = (u,v) and e2=(u’,v’), e1 and ez are called multiple edges if and only if
et #ez2, u=u’ and v=v’ hold. For a graph G, G is called a simple graph {graph, for

short) if G contains no multiple edge and no self-loop. For a vertex v V, a nunber
of edges being incident to v, is called a degree of v and it is denoted by deg(v).

A non-negative integer sequence set S = (si, s¢, "+, s¢) is a k-partite
graphical sequence set if, for every j, 1Sj=k, all vertices of V; can be labeled Vi,

Vizy """, Vi,pi, such that the degree of v;q is d;¢ for every q, 1=2q=p,, where s, ¢

div, dyzy crovy dipi, PiE1l. Set x; =¥ .1d;q for every j, 1SjiSk.

3. Necessary and Sufficient Condition of a k -partite Graphical S equence S et

In this section, discuss the condition C such that S = (s1, sz, “+++, s«) 1is a k-
partite graphical sequence set if and only if C holds, where s; I dji, diz, *+++, dj.4;
(piZ1, x;21) for every j, 1=j=k, is a given non-negative integer sequence.

Let f I by, b2, +-++, by, be a sequence which is a result of sorting a sequence s
disy, =ocy divpt, det, ccvey da.p2s ctvey dii, «+++, di.pxy and which satisfies b:i Ebh: =
--+=by, where p= Z€ia1py.

Make two sequences g1 § ur, uz, ----, up, and gz ¢ ni, nz, v+, np, satisfying the
following : Assume that br « d;n (1Sr=p, 1=jSk, 1Sh<p;) holds by above sorting.
Then, ur ¢« vin and nr « j are satisfied. Set V= {ur, uz, -+, u,) (i.e., set V=
ViUVaU----UVy) . Such the condition C is obtained by the following theoren.

Theoren 1. For every non-negative integer sequence s; dji, dje, vy dj, o,
1S JSk, suppose that dj1=dj2S--++=d,,,;, that p; =1 and that 1=d, ,; Sp—p,, and
suppose that up € V. for some r, 1Sr=k, and that x1Sxe=----=xy, where p=2Zk;-1p;.
Then £ I by, bz, «+-+, by, is a k-partite graphical sequence (i.e., S = (s1, sz, *+°,
s«) is a k-partite graphical sequence set) if and only if f’ : b’1, b2, +-++, b’ oo,
is a k’-partite graphical sequence, where k’ is an integer satisfying, k’=k—1 if p. =

1, k" =k otherwise, and f’ is a sequence which is made by the following algorithn.

Algorithm A .
Begin
1. X("Zk1=1Xj;b,p("bp;r‘_no;
2. For j=p—1, 1, -1 do begin
b’y « b; 3 h « n; ;
If (b’s>0} and {h#r) then begin
x7 ¢« x=235 % & xe—1; x'n & xo—1 3
z « nmin(r, h) ; q « max(r, h) ;

’ s’ -
< max(x’cy, K'hy K1, tc0, Kz-t, Kzviy v, Ka-1, Kq+ly ****y Kk)

Y
If {y=x’—y)} then begin



b’; <« b’;—1 b’y « b’p=13; x « x’ § % « x'¢ 3
Xn €« x'h end end end

End. (Algorithm A terminates.)

In the following, show the proof of Theorem 1.

Suppose that £’ : by, b’2, «+++, b’p-1, is a k’-partite graphical sequence. There
is a k’-partite graph Gi1= (Vi, E1) such that deg(u’;)=b’; holds for every j, 1=
sp—-1.

Let G= (V, E) be a new k-partite graph having V=V.U {u,} and E=E, UA,
where A= {(up,u’;) | every j satisfies b’;#b;} .

For every vertex u’ ;€ G, 1SjSp— 1, assume that the label of u’; is replaced to
u; € G. Then, for G, deg(u;)=b; is satisfied for every j, 1S jSp.

Hence £ ¢ b1, b2, *-+-, by, is a k-partite graphical sequence.

Inversely, suppose that f : by, bz, ---+, by, is a k-partite graphical sequence. ¢
i.e., suppose that there is a k-partite graph G such that deg(u;)=0b; holds for every
i, 1£23Zp.)

Assume that G contains a vertex u€ Vg4 for some q, 1=q=k, such that the following
(1) and ( 2 ) are satisfied :

(1) deg(u)=by, and

(2) For every j satisfying b’;#b;, there is an edge e= (u,u;).

Then a k”-partite graph G —u has a sequence f’ : b’1, b’2, -+-+, b’p-1, and,
therefore, f’ is a k"-partite graphical sequence, where k” is an integer satisfying, k"
=k—11if p¢=1, k"=k otherwise.

In the following, suppose that G does not contain a vertex u€ V such that above
(1) and ( 2 ) are satisfied. Then, for the vertex uy, there are two sets of -vertices
U: and U: satisfying the following conditions ( 3 ) through ( 5 ) :

(3 ) For any vertex u;€ Uy, b’ j#b; (1SjSp—1) 1is satisfied, and G does not
have an edge (up,u;),

(4) For any vertex u; € Uz, b’j=b; is satisfied, and G has an edge (up,u;),
and ( § ) I Uil =1 Uzl is satisfied.

Suppose that i1 € Vn (1=h=k, h#r) for any vertex wi € U;. For a vertex wze Uz,
set e1= (up, wi1) and e2=(up,we). (It is clear that e; is not contained in G.) Since
deg(wi)=deg(wz), there is a vertex v’ € V. such that there is an edge es= (w:1,v’) and
such that there is not an edge es= (wz,v’). Then the following [ 1 ] and [ 2 ] are
discussed.

[ 11 Assune that there is a vertex of Uz V. Let w2 be any vertex of Uz V..
Since v € Vi, set G’=G+ {ei, es} — {ez, es} . Then G’ is a k-partite graph and
has a same sequence f I b1, be, ¢+, by, of G.

[zl Assume that there is not a vertex of Uz V. Let w2 be any vertex of U.N
Vo (1=nSk, n#r, n#h) . Then the following ( 1 ) and ( 2 ) are discussed.

(1) Assume that there is a vertex v £ V,. Set G’'=G+ {e:, ei} — {e:, e
} . Then G’ is a k-partite graph and has a same sequence f ¢ by, bz, -+, by, of G.

(2) Assume that v’ € V, is satisfied for every vertex v', and that there is a
vertex ws€ U:NVq (159=k, q#r, q#h, q#n) . Set es= (up,ws), es= (ws,v’') and G’ =

G+ {e1, es} — {es ,es}) . Then G’ is a k-partite graph and has a same sequence f &



by, be, -+, by, of G.
(3) Assume that v’ € V. is satisfied for every vertex v’, and that there Is
not a vertex of U2NVe for every q, 1=q=k, q#h, q#an. Then the Tfollowing

proposition is obtained.

Proposition 1 . For every j, 1S j=k, let B; = {(up,v") 1 v’V ,} be a set of

edges in G, and Dj= {v"1 (up,v") € G and v"€ V;} be a set of vertices in G. Set t;
=1 B; I =1D;l, z=x—tn and a=Z%;-1(x;—t;)—z. (It is clear that b,=
Z%j-1t; holds.) Then z<a is satisfied.

Proof, Since G is a k-partite graph, z = a is satisfied. Assume that z = a is

satisfied. Let q be any integer satisfying 1=q=k, q#h and g#n. Since | U:NV,!
® holds, b’; #b; holds for every vertex u; € Dq, 1=3j=p. Similarly, b’;#5b. holds for
every vertex u; € Dn, 1SjiSp.

Set D’w= {u; | every j satisfies b’;#b;} and t’«= 1 D’s ! for every n, 1Zn

A

K.
Set z’=x.—t’s and a’=Z -y (x;~t’ ;)= 2z’ . Then t’~n2=ty holds and t’;=t, holds for
every q. If t’n>ty holds or, for some 4q, t’¢>te holds then t’.<t, holds, and,
therefore, z’>a’ 1is satisfied, a contradiction. (Contradict the behavior of
Algorithm A.) Thus t’»=¢tn and D’»=D, hold, and t’q=ty and D’,=D., hold for
every q.

Thus any edge e€ B can not removed and t, can not be increased since z = a .

Hence, since b’;#b; holds for every vertex u; € Dn=D’n, 1=3i=p, wi does not
become a vertex of Ui NV by the behavior of Algorithm A, a contradiction.

Hence z < a is satisfied. Q. E. D.

By Proposition 1, there is an edge e’=(w’1,%’2) such that w1 2 V., v 2¢ V., v
#up and we#u, hold. Set es={we,u’ 1), es=(v’,4’2) and G’ =G+ {e:, es, es) — {az,
ez, e’} . Then G’ is a k-partite graph and has a same sequence f & by, ba, <+--, bs, of
G.

By repeating above operation [ 1 1 and [ 2 7 until! Uit =1{U21 =0, a k-partite
graph containing the vertex uy, € V such that the following condition is satisfied, can
be obtained ! For every j satisfying b’;#b;, there is an edge e= (up,u;).

Then a k’-partite graph G —u, has a sequence set £’ & b’y, b’2, -+, b’p-1, and,
therefore, f’ is a k’-partite graphical sequence.

By above discussion, Theorem 1 has been proved.

4, Data Structure and Algorithm

By Theorem 1, an algorithm of solving the k C-problen, can be obtained directly.

In this section, such an algorithm is discussed.

4.1 Data Structure

Use two linked lists H: and H:. Their data structures are the following (1 ) and
(2)



(1) He: represents the vertex u,, and H: represents a set of vertices V — {u.

(2) The nodes in the linked 1lists have vthe form [VTX, DEG, BLG,
L INKJ], where VT X is a vertex number, DE G is a current degree of the vertex,
BL G is a set of vertices V; containing the vertex (I1Z£j=<k) and LINK is a
pointer field.

For every n, 1=n=2, use an array L S T containing p—1 listheads. Their data
structures are the following ( 1 ) and ( 2 ) ¢

(1) There are p—1 listheads. Each listhead represents a degree of vertices of
V — {up} . For every r, 1Sr=p—1, r-th element of the array indicates a node which
represents a vertex v with deg(v)=r.

(2) The nodes in the linked lists are the same of the form of H. and H:.

For example, suppose that si : 1, 3, that sz ¢ 2, 2, 2, that sz : 1, 2, 2, 3, that
Vi= {vii, vie} , that V:= {vz1, vzz, ves) and that Vs= {vs:1, vie, ves, vis)
Then three sequences f & 1, 1, 2, 2, 2, 2, 2, 3, 3, &1 % Vi1, Vil, Vaz, Vss, Vit, Vic,
Vesy Vsa, Vie, and g2 ¢ 3, 1, 3, 3, 2, 2, 2, 3, 1, are obtained. The data structures are
the following.

Hi [21 - [vsa, 3, 3, =] = [ves, 2, 2, 27 > [vez, 2, 2, =27 = [va1, 2, 2, =] =
= [vse, 2, 3, »1 = [vse, 2, 3, 21 = [vit, 1, 1, 21 > [vsi, 1, 3, Al
He [2]1 = [vie, 3, 1, Al
LST: :1[-2] - [vi1, 1, 1, 21 = [vs:, 1, 3, A1, 3[->]1 - [vss, 3, 3, Al R
2[-] > [ves, 2, 2, 21 = [vae, 2, 2, 21 > [ve:, 2, 2, o] >
= [vss, 2, 3, »1 = [vsz, 2, 3, AD,
4 LAY ,5[AY,86[AY, 7LA1, 8LA], where p=0.

In the following of this paper, for every j, 1S£3=2, a pointer of a listhead of H,
is denoted by POINT(H i), and an r-th listhead of L S Tw is denoted by POINT. (r) (1Zn
£12) . For every j, 1£j=k, VTX of a vertex v;q (1Sq=<p;) is denoted by ¥IX{v;.),
DEG of a vertex v;q is denoted by DEG(vis), BL G of a vertex viq is denoted by BLG(
vig) and L I NK of a vertex vjq is denoted by LINK(viq).

4.2 Algorithm

In this section, discuss the algorithm of solving the k C-problem. The algorithnm is

the following.

Algorithm Kk GC.
Begin

1. perform Procedure Prep ; I

.

{status#0)} then go to Step 5 ;
. perform Procedure Settle ;
8. while {POINT(Ho)# A} do begin
u « POINT(H:) ; perform Procedure E dgadd ;
If {status#0} then go to Step 5 ; perform Procedure S ettle end ;

4. f ¢ by, b2, =+-+, bo, is a k-partite graphical sequence and G is a k-partite
graph with, for every j, 1=j<p, deg(u;)=b; ; halt ;



BT SN

¢ b1y, b2, *-++, by, is not a k-partite graphical sequence

f
End. (Algorithm k G C terminates.)

Procedure P rep.

Begin
status « 0 ; POINT(H:) « A ; Make three sequences f, g: and gz
For j=1, p—1 do POINT~(j) « A for every n, 1=n=2 ;
For j=1, k do x; &« ZP*ig-1d;q 3
For j=1, p do begin
If {bi=p} then go to Step 8 end ;

TXi1R; 3zt & X — Rk
G= (V, E) , where E=9® ;
For j=1, p do begin
1 {b;>0) then begin
LINK(u;) « POINT: (b;) 5 DEG(u;) « by ; VIX(u;) &« wu; ; BLG(u;) « n;
POINT: (b;) « VIX(u;) end end ; halt ;

status « 1

-
If {x is an odd number} or {x«>z:} then go to Step 8
-

End. {(Procedure Prep terminates.)

Procedure E dgadd.
Begin
status « 0 ;
while {POINT(H1)# A} do begin
v & POINT(H:) ; POINT(H:) ¢ LINK(v) ; r ¢« DEG(v) ; LINK(v) « POINT:(r) :
POINT: (r) « VIX(v) end ;
Bor j=p—1, 1, -1 do begin
while {POINT:(j)# A} do begin
v « POINT: (j) ; r « BLG(u) ; h « BLG(v) ;
If {h=r} then §j’ « j

else begin

’

x” & x—=25 % & k=13 5’y & xn—13

z « min(r, h) ; q « max(r, h) ;

¥y o€ max(x7ry KM hy Kty vttty Xzot, Rzets tctty Ka-1, Kasts tcccy Ke) 0
If {y>x’—y} then j’ « j
else begin

G « G+e, where e= (VIX(u),VTX(v)) ; DEG(u) « DEG(u)—1 ;
DEG(v) « DEG(v)—1; x « x’ ; % ¢ x’r  %n « &'n
i’ e §j-1 end end ;
POINT: (§) « LINK(v) ;
If {DEG(v)>0) then hegin
LINK(v) « POINT2(3’) ;3 POINTz2(j’) « VIX(v) end ;
If {DEG(u)=0} then go to Step 5 end end ;
If {DEG(u)>0} then status « 1 ;
halt




End. (Procedure E dgadd terminates.)

Procedure Settle.

Begin
1. For j=1, p—1 do begin
For n=1, 2 do begin

while {POINT,(§)# A} do begin
v & POINT.{j) ; POINT.(j) & LINK(v) ; LINK(v) & POINT(H.) ;
POINT(H:) ¢« VIX(v) end end end ;
2. If {POINT(H:)# A} then begin
v « POINT(H:) ; POINT(H.) « LINK(v) ; LINK(v) « A ; POINT(H:) « VTX{v)

End. {(Procedure Settle terminates.)

E xample. Set dii=1, di2=3, de1 =2, dee=2, des=2, ds1=1, dez2=2, div=2 and
ds:=3. Then the following [11 through [4] are obtained.

[1] ByStep 1 and 2, f 31,1, 2,2, 2,2, 2,3, 3, g ' vsi, Vit, Vaz, Vaz,
Vel, Vezy V2s, Vsa, Viz, g2 o 3y 1, 3, 3, 2, 2, 2, 3, 1, and the following data
structure are obtained.

Hi [=2] = [vie, 3, 1, »1 = [vse, 2, 3, =1 = [vss, 2, 3, =1 = [vey, 2, 2, 2] -
- [vze, 2, 2, 21 = [ves, 2, 2, =1 = [vs1, 1, 3, »1 - [vi:, 1, 1, Al
H: [=] = [vss, 3, 3, A]

[21 By Step 3, three edges (vsa,viz), (vss,ves), (vsa,veez), and the following
data structure are obtained. )

LST: ¢ 1[-21>1[vit, 1,1, 21 - [vsr, 1,3, AT, 30A3, ----, 8[A]
2[-1 > [ver, 2, 2, 21 = [vss, 2, 3, »1 = [vsz, 2, 3, A]

LST: ¢ 1[=1 - [vee, 1, 2, »1 = [ves, 1, 2, AT, 2023 > [vie, 2, 1, AT,
3LAT, -, 8L[A]

[31] Similarly, the following edges are obtained.

(1) (viz,va1), (viz,vs3) (2) (vsz,vi1), (vsz,vez)
(3) (v3i,ves) (4) (va1,vss)
[41] Hence a final graph being shown in Fig.4.1, can be obtained.

A final graph G is a 3-partite graph (k=3) and G satisfies deg{vi:)=1, deg{viz)

=3, deg(ve:1) =2, deglvee)=2, deg(ves)=2, deg(vsi)=1, deglvse)=2, deg{vis)=2 and
deg(vsa)=3.

5, Time complexity

In this section, discuss the time complexity of Algorithm kK GC.

The time complexity of Procedure Prep is the following ¢ Step 1 is O (p-logep) ,
Step 4 is O (k) and Step 2, 3, 5 and 7 are O (1 VI) , where |V | =p. Thus
the time complexity of Procedure Prep is O (p-logzp)

The time complexity of Procedure E dgadd is the following : Step 2 is O (1 V1)



and Step 3 is O (k! V 1) . Thus the time complexity of Procedure Edgadd is O (k-
LV

It is clear that the time complexity of Procedure Settle is O (1 vi)

The time complexity of Algorithm k G C is the following : Step 1 is O (p-logep) ,
Step 2 is O (1 V1) and, Step 3 is O (kI V12) since Procedure E dgadd and
Settle are performed at p—1 times. Hence the time complexity of Algorithm kK G C is
O (k1V1?)

6. Conclusion

In this paper, a k-partite graph construction algorithm which perforns the following
(1) through ( 4 ), has been obtained :

(1) For a given sequence set S = (s1, sz, "<+, sx) , 85 & djy, div, oo,
di,vj, for every j, 1Z£j=k, decide that whether 3% 7 ;.,x,2x. is satisfied, where x, =
Tri,.idjq for every j, 1S jiSk.

(2) If ¥ 'j.1x; 2%« is satisfied then decide that whether a k-partite gragh G

= (ViUValU---+UVy, E) such that V= {vj1, viz, ~=++, vi.p;} for every i, 153
=k, and such that, for every q, 1Sq=p,, deg(vie)=d;q¢ holds, can be constructed fron
S= (s, s2, *+++, s«) , and

(3) If such a k-partite graph can be constructed then -S= (si, sa, +---, Sy )
is a k-partite graphical sequence set.

(4) The time complexity of above ( 1 ) through ( 3 ) is O (k! V 12) , where
I VIi=2Zk.ip5.

I want to find an (approximation) algorithm of weighted version for further

investigation.
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