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Abstract

Synchronizers play an important role in an asynchronous distributed computing net-
work system, and there is a close connection between synchronizers and the structure of
spanners on the network. In this paper we show three types of spanners of undirected
binary jumping networks (UBJN’s for short). The stretch factors of these types of span-
ners of an UBJN with NV nodes are at most [log, N, 2k — 1 for any 1 < k < [log, V],
and 2k — 1 for any 0 < k < [log, N]—1. The number of edges of these types of spanners
are N — 1, at most N[(log, N)/k] and at most N(log, N — k)/2k + Nk, respectively.
Some of these spanners are superior, in both stretch factors and numbers of edges to
corresponding spanners for synchronizer v of UBJN’s. '



1 Introduction

A distributed computing network system
consists of processors and links. Each pro-
cessor communicates with a neighbor pro-
cessor by message transmission through a
link. If the system has a global clock, it
is called a synchronous system, and oth-
erwise an asynchronous system. A dis-
tributed computing network system is es-
sentially asynchronous. However, asyn-
chronous algorithms are in many cases
substantially inferior in terms of their time
and communication complexity to corre-
sponding synchronous algorithms [4][14].
It is frequently required for the proces-
sors to obtain some common notion of
time or some simulation mechanism of
synchronous behavior in the asynchronous
system.

Awerbuch introduced a notion of syn-
chronizers so that the user will be allowed
to write an algorithm as if it were run in
a synchronous system [4]. He proposed
the construction of three types of syn-
chronizers a, 3, and v [AW]. Since then
the construction and properties of vari-
ous synchronizers have been much studied
[3](5](6]{10}[13}~{16].

Let T(v) and C(v) be the time and
communication requirements added by a
synchronizer v for each time step of the
synchronous algorithm. Awebuch showed
that for synchronizers @, § and 7 in net-
work G = (V,E), T(a) = 0(1), C(a) =
O(|E|), T(8) = O(lv), C(8) = O(|E]),
T(v) = O(log; |v]) and C(7) = O(k[V]),
where k is a parameter in the range 2 <
k < |V| [4]. Given a connected simple
graph G = (V, E), subgraph G’ = (V, E')
is called a t-spanner of G if for every w,
and vin V,

dist(u,v,G") <t
dist(u,v,G) — "~

where dist(u,v, H) denotes the distance
from » to v in H. We refer to ¢ as

the stretch factor of G. There is a close
connection between synchronizers and the
structure of ¢-spanners on a network [13].
They gave the next theorem.

Theorem 1 [13]

(1) If the network G has no t-spanners
with at most m edges, then every
synchronizer v for G requires either
Tw)>2t+1orCv)>m+1.

(2) If the network G has a t-spanner
with m edges, then it has a syn-
chronizer § with T(6) = O(t) and
C(8) = O(tm).

From the avobe theorem, it is impor-
tant for us to know whether we can show
the existence of a family of spanners with
small stretch factors and small numbers of
edges for a given network family. Awer-
buch proved that for some network fam-
ilies the best possible improvements con-
cerning both stretch factors and numbers
of edges are within constant factors from
synchronizer vy [4]. However, this is not
true for some networks. In fact, Peleg
and Ulllman showed that the existence
of a 3-spanner with a linear number of
edges for the hypercube of dimenssion n
(i.e., with O(2") edges for the n-cube).
The 3-spanner is supperior to synchro-
nizer v of the hypercube. Another ex-
ample is the class of bounded-degree net-
works. For any bounded-degree network,
synchronizer a is optima in both time and
communication complexity {13].

Binary jumping networks have been
proposed for interconnecting processors
[1][8]. These networks can be considered
to be similar to hypercubes in a sense.
However, for any N there exists a binary
jumping network with N node, whereas
there exists a hypercube with N nodes
only if NV is a power of 2. An information
disseminating scheme in binary jumping
networks and its fault tolerance have been
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studied in [8][9]. In this paper we study
the construction of various spanners of bi-
nary jumping networks, and discuss the
time and communication complexity when
we use them as synchronizers (i.e., the
stretch factor and the number of edges).
We also implement the program given by
Awebuch [4] for constructing synchronizer
v of binary jumping networks for various
values for factor k and various network
sizes V.

2 Sparse Spanners

If a spanner of G = (V,E) has O(|V])
edges, the spanner is called sparse span-
ner. Any spanning tree is a sparse span-
ner, since it has exactly [V| — 1 edges.
The number of nodes in the network is
denoted by N. We denote m modulo
T by [m].. A graph is called an undi-
rected binary jumping network with N
nodes (UBJN with N nodes or N-UBJN
for short) if V = {0,1,---,N — 1} and
E = {{u,v}{u,v € V and either (or
both) [v — u]y or [u — v]y is 2% for some
0 < k < [loggN] —1}. Let us con-
side the breadth-first-search tree (BFST
for short) of a UBJN. Then we have the
next thorem.

Lemma 1 The depth of the BFST of N-
UBJN is at most [Egﬂ]

Proof. For N < 8 the assertion of the
lemma obviously holds. Let n = [log, N1,
and let D(N) denote the depth of the
BFST of N-UBJN. Since the depth of any
node between 2”2 and 3 x 2"~2 is at most
D(2"~%) + 1, we have the following recur-
rence inequality:

D(N) < D(2") £ D(2"7%) +1,

D(2%) =1 and D(2%) = 2.

From the above inequality and the val-
ues of D(2%) and D(2%) we have D(N) <

D(2") < [n/2]. O

Theorem 2 The stretch factor of N-
UBJN is at most [log, N1.

Proof.  Let n = flog, N]. If n is even,
then from Lemma 1 its stretch factor is
at most n. Suppose that n is odd. Con-
sider 2"-UBJN and two subgraphs A4, and
B, of the 2"-UBJN, where A, consists
of all even numbered nodes and their in-
duced edges, and B, consists of all odd
numbered nodes and their induced edges.
Then from Lemma, 1 the distance between
any pair of nodes in A, or any pair of
nodes in B, is at most n—1. The distance
between any node in A,, and any node of
B, is at most 2(n — 1)/2+ 1 = n. Since
D(N) < D(2"), the theorem holds. a

The BFST of 12-UBJN is shown in
Figure 1. The number of edges of the
BFST is 11.

Figure 1: The BFST of 12-UBJN

The stretch factors of the BFST’s of
N-UBJN’s up to N = 130 are shown in
Table 1. We note that for many values of
N the bound given in Theorem 2 is tight
and that for some values of N the stretch
factors are less than [log, N] by 2. For
example, the stretch factor of the BFST
of 43-UBJN is [log, 43] — 2 = 4.
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(2] 1]2]3]4]5]6]7]8]9]10]
ofi[1]2]2][2[3[2][3][3] 3
1]4(4|4|3|4|4[4|4|4]| 4
2[4|5]4|5|4|5|4(4]4]5
3[4[5|5(5]|4|5(4]|5]|5]5
4]5|6]4(6]6(6]|6(6]6]6
5]6/6/6(6]|6|5]6|6|6] 6
6]6/6|6]6]6/6]6]6]6]6
7]6]6]6/6]6|6|6]6]|6]| 6
8]6(6]6/6]6]6]6|7]|6]7
9]6]6(6]|7]6|7]6|7|6]|6
10(6|7|6|7|6|7|6|6|6]6
11]6/6]6|6]|6]6]|6]7]|6]7
12]6(7(6]6(6|7(6[7[7]7

The value in entry (a,b) denotes the
stretch factor of the BFST of (10a + b)-
UBJN (i.e., N = 10a +b)

Table 1: Stretch factors of BFST s of N-
UBJN’s

3 2¢-l_Spanners

Let N-UBJN(k) be a spanner of N-UBJN
defined as follows: N-UBJN(k)— (V, E),
where V = {0,1,: -1} and E =
{{u,v}|[u - v]¥ {0f [v - u]N is 2¢ for some
i such that ¢is'0 modulo k, 0 < ¢ <
[logo N1 — 1}. ~Then the stretch factor
of N-UBJN(k) is obviously at most 2571,
and the number of edges of this’ spanner
is at most N[(logy N)/k].

For k = 1, this spanner is N-UBJN
itself and the spanner for a-synchronizer
[4]. For £ = 2, it is a 2-spanner with at
most N [(log, N)/2] edges. We show the
2-spanner and the 4-spanner of 12-UBJN
constructed in this way in Figure 2. At
present we do not know whether there ex-
ists a 2-spanner of N-UBJN with a smaller

number of edges than the number of edges
of N UBJN(Q)

4 Spanner Construc-
tion by Partition

Let N-UBJN = (V,E), and let K =
2k 0<k< [logz NT-1. “In this section
we assume that N is a multlple of K. For
each 1(0 < i < K — 1) let G; = (V;, Ey),
where V; = {v]0 < v’ < N—-landv =
i modulo K} and E; is the set of all in-
duced edges by V; in E of N-UBJN. Then
G; is isomorphic to N/K-UBJN, where
each node u in N/K-UBJN corresponds to
node uK +i in G;. We'show 4 partitioned
subgraphs G;(0 < i < 3) of 20-UBJN in
Figure 4.

Let B' = E"ﬁ(EtUEzU"' 'U,EI\'—l),.?md
let G' = (V,E"). Then G"is a spanner of
N-UBJN. For any edge {u,v} € E;UE,U

U Epy, dist(u,v,G) <2(k-1)+ 1=
2k — 1. Therefore, the stretch factor of G’
is at most 2k.— 1 and the number of edges
of G is at most N(log, N — k)/2* + Nk.

* The product. of £ and m of & t-spanner
with m edges is an interesting measure of
the spanner.- It was an interesting ques-
tion whether for N-UBJN. there exists of
a t-spanner with m edges such that mt =.
o(N log N). If we choose k = log, log, N,
for the spanner constructed in this section
the product of the stretch factor and the
number of edges is O(N loglog V). Hence,
we’'can afﬁrmatlvely answer to the- above,
question. : :

5 Spanners as Syn-‘
chronlzer v

As described in [4], synchrohiz‘er v is a
combination of two synchronizers « and
(. The spanners for synchronizer o and
of a network are the network itself and
the BFST of the network, respectively.
Awerbuch demonstrated that spanners for
synchronizer + is optimal for some net-
works in the sense of time and commu-
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(a) a 2-spanner

Figure 3: A 3-spanner of 20-UBJN

nication complexity within constant fac-
tors [4]. However, as shown in [13] for
some networks there exist better spanners
than spanners for synchronizer v. We im-
plemented the Awerbuch’s algorithm for
UBJN’s to construct spanners. The result
of this implementation is shown in Table
2. Notice that many spanners constructed
in the ways in Sections 2, 3 and 4 are su-
perior to spanners of UBJN’s for synchro-
nizer y.

e
- (b) a 4-sppaner

Figure 2: Spanners of 12-UBJN

6 Concluding Remarks

- We have shown various spanners of

UBJN’s. We do not know at present
whether spanners given in Section 4 can
be optimal within constant factors in the
sense of the smallest value for the prod-
uct of the stretch factor and the number
of edges if we choose an appropriate value
for k. We therefore are interested in deriv-
ing a nontrivial lower bound on the prod-
uct of the stretch factor and the number
of edges. The following problems are also
worth of further studies:

(1) Construct various spanners of di-
rected binary jumping networks.

(2) Find efficient methods for construct-
ing superior sp&hners of more gen-
eral families of networks.
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kT 2 3 4 ] 6 7 8 9 10 11 12 13
Nt mlii m|t m|t m|[t m[ft m|[t m]t m|t m|t m|t m|t m
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412 312 31T 6jT 6 ‘
1ofl2 412 412 471 10f1 10]1 10
6|3 513 5{3 5[1 15]1 15{1 15
12 6{2 6(2 612 6[2 611 21
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9113 913 93 913 913 91 36[1 361 36
1014 913 1273 12|13 1213 12|1 45[1 45[1 45
T3 1113 1173 "11(3 11(3 11(3 1i[3 11|1T 55
12114 1474 12[3 21[3 21|13 21]1 661 661 66
1313 1873 18{3 18]3 1813 18[{3 183 18|1 78
1414 1314 1314 1313 2313 23{3 2313 23|11 01
154 2014 17|3 29(3 29[3 293 29|3 29|1 105
16114 2574 25(4 2113 43{3 43[3 43|1 1201 120 -
17151714 2274 22[3 44[3 4413 443 44|1 1361 1361 136
18114 2714 2714 2714 23|13 S53[3 &53]3 B53|1T 153]1 1831 153
19115 1974 2474 24[3 463 46[3 46]3 46|3 463 46[1 171
12014 2274 4014 40|4 34]3 74]3 74[3 74[1 190|1 T190|1 190
2T]4 35(5 30|5 30|56 30|5 26(3 65|38 65|3 65|83 65i1 210
2214 3114 31(4 31j4 31j4 31{3 7V6[(3 76]|3 76f3 T6{1 231
2314 3715 25[5 2574 43]5. 37[3 88[3 88[3 88[3 881 253
2414 4415 2915 444 683 128]3 1283 128|1 276[1 2761 276
255 30[5 30|56 304 52(4 52|3 115|383 115|3 115|3 1151 300
26|55 46|4 ©61|4 61|4 61|4 61{4 53[3 130[3 130(3 1301 325
2715 27|5 365 b54|4 7i[4 713 146|3 146|3 146|3 146|1 351
2814 3014 3074 30]4 82[4 82[4 72|3 163[|3 163|3 163|1 378
29114 5614 7315 49]5 495 94[3 1813 18I[3 1813 1811 406
30114 65615 445 65[4 107[4 107[4 95[3 200{3 200]3 200}1 435
315 36|4 45(4 45|5 60|4 121|4 108|383 220]3 220|3 220|1 465
325 34[4 86{5 59[5 52[4 1513 2623 262|3 262{1 496|1 496 j
335 33|65 42|15 60|5 7|5 1774 137|3 263|3 2063|3 203|1 528]|1 528|1 528
345 364 69[4 605 09[4 1604 153[3 286|3 286|3 2861 561|1 561|1 561
35]5 35(4 5514 70|4 719|4 794 139[3 265|3 265|3 265/3 260|3 265|1 595
36f|5 38[4 9014 90i{5 635 113[4 188[3 335{3 335[3 335]1 630]1 630[1 630
7|5 375 4214 10215 102]5 172]5 172[5 1563 3123 312]3 312|3 312]1 666
3815 475 735 7315 103[4 173[4 17314 173[3 337]3 337[3 337|3 337{1 703
395 30|85 53|5 53|65 03|56 93|5 104|5 1013 363|3 3633 363|383 363|1 741
40([6 42]5 105|4 144[5 1055 94|4 270|3 445|3 445|3 445(1 780|1 780|1 780
41|[5 41[5 615 85(4 131]4 1314 230[4 230(3 4183 418|3 418[3- 4I8[1 820
14215 445 86|55 86{5 86|5 146(5 132[4 251[4 231[3 447|3 44713 447|1 861
434 42[5 45|55 97 |5 1205 195(4 20513 477|3 4717|3 4r7{3 47713 477]1 903
44| 464 084 O8|4 OB[4 98|5 163|4 296|4 274|3 508]3 508|3 H08|1 946
455 4516 595 11015 122)o 1974 3445 3203 540]3 5403 540]3 540[1 990
467 465 60 5 1360 1115 198(4 345[4 3213 573[3 573[3 57311 1035
7|6 47|65 O1|5 0115 745 74|5 2i7|b 199[4 346|3 607[3 607|3 607|1 1081
48116 535 62[5 1385 15215 2184 4823 7i3|3 T7i3|3 7I3|1 11281 1128]1 1128
497 545 1395 139|5 93|5 93|5 126|5 238{4 399{3 678|3 678]|3 6781 1176
5016 50(5 94|5 7r|5 70|4 18575 280[5 259[4 427{3 7153 T715{3 T715|1 1225
513 56|5 56|6 78|5 221|5 a26(4 260|4 20604 456]3 153|3 153|3. 7p3|1l 1275
52116 615 1204 222|4 222|4 222|5 1715 304{4 486|3 79213 792{3 7921 1326
53116 o3|5 boo|o 1185 157|4 242|5 3285 328]3 83213 832}13 832|3 832[1 1378
54116 56|5 6a|o 173|5 243|5 243|5 3785 3534 5493 873(3 87313 873[I 1431
B51|5 69]5 605 174|5 174|5 285|5 354|565 do4|4 5823 91513 - 915|3 9151 1485
5616 56|06 565 100(5 208|4 308(5 245(5 226|4 616|3 058|3 058|3 9581 1540
376 62[5 665 102|5 200|5 300|5 28715 407|4 ©0b1|3 1002{3 10023 1002]1 1596
587 6716 63|5 14815 14815 35715 49214 72314 6873 1047|3 1047{3 10471 1653
5016 645 73]5 149(5 208|4 383|5 311|5 493]3 10933 1093|3 109313 1093 |1 1711
6016 74|5 80| 212({5 195(4 410(5 335[5 312[4 7623 1140[3 11403 11401 TI770
616 5|5 o81|6 1155 138|b 41T|5 58814 52514 801[3 1188|3 11883 11881 1830
626 71|16 B82|b 1815 3375 314(5 232[5 3614 8413 12373 1237[3 1237]1 1891
636 83]6 77|5 108|5 1085 108|5 413|5 38714 88273 12873 1287[3 12871 1953
647 73|5 10815 1835 141]5 388|5 528|4 1009{3 13893 I389(3 1389|1 201611 2016

Table 2: Spanners for synchronizer -y
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