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Abstract The concept of M-convex functions was introduced by Murota (1996) as a class
of functions defined over integer lattice. It is shown that M-convex functions have various

~ desirable properties as convexity in discrete optimization. We can find a global minimum of
an M-convex function by a greedy algorithm, i.e., so-called descent algorithms work for the
minimization. In.this paper, we apply a scaling techique to.a greedy algorithm and propose an
efficient algorithm for the minimization of an M-convex function.
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(M-EXC) V2. y € dom f, Vu € supp™ (2 — ), v € supp~(z — y) such that
F@)+ F@) 2 f2 = xu+X0) + FY + xu — X0)-
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4 RIy— ) UTHE%

BT, f:ZV > RU {+oo} ¥ dom f AERAMMBMKE T 5. FHE 31 pbKROBEAETE
DEMENRESICEIND.
3% STEEPEST_DESCENT
FIE 0: 2z % dom fITEENAEEDRY bve L, B:=dom f &B<.
FIE1: bL f(2) = min f@—xs+x:) ROERT. 213 f OBRIMETHS.
FIE 2: 2~ xy + 0o € BPD

fx—xu+xe)=min{f(z—xs+xt)| 8.t €V, 2—xs + x¢t € B}

2BuveV ZROT3.
FES: z:=2—xu+Xo- B:=BN{yeZ' |yu) <z2() -1, y@v) > 2@)+1} 8L, FE
1~E5. ]
EHE32H0, B8 BT f OF/IMERET. WX IZ. B STEEPEST_DESCENT 1 f O&/)
fRERDD. REEKEFENT 50, | Zwev{rgleaé(y(w) - géigy(w)} EEZD. ZOMEIZnL
THzoh, ERETHRL LS 2WPT S, Led> T, Bt STEEPEST_DESCENT 1% O(nL)
BIORBETHRTT5. £, 1EORBIZ1H15RIL. O(n?) BEITHS. D IZ, ZBRBTIER
O(n®L) WM CTHR/AMEEL R 2 |MEERNEELE TH 5.
RIZ, A=Y IREEZRAVWEDENLRBEFRETS. f 32—V AL THLT
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H% SCALING _STEEPEST_DESCENT
FIE 0: o= [L/4n], B:=dom f £B<. 23, % dom f KA ENDEEDRY M ET 5.
FE1: [0 RT—Y I T =4 X
B f:Z - RU {+oc} 2RO X 5 TED, £DR/ME y, % STEEPEST_DESCENT {2 & ¥ 3K
»5, :
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Y +00 if oo +ay & B.

Ty = Toq +ayy EBL.

FIE2: a=1725EHKT. 212 f ORAETHS.

FIE 3: B:=Bn{y € ZV | zo(w)—(n—-1)(a-1) < y(w) < zo(w)+(n-1)(a~-1)}, a = [a/2]

L. FIE1I~RS. ' O
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5. FIE3TD B DWRHF LY, FlE 1 OETHEMIT O((dna x n)/a x n?) = O(n?) L7223,

%7z, fE L1k O(n?logl) MM TRHETE 3. Lo T, KOKRESBS.

FE 4.1. dom f ICEENERI PABEZHITVWS 72 51E, SCALING_STEEPEST_DESCENT
EAF—Y T LT CTW A MM f O&R/IMEE O(ntlog(L/n)) BHEITRD 3.



5 S

B2ECRLIEE DI, Y —RBEHKIA =V ZCBELTHLTOAMMERTH S, &
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REETH 5 REAHK > X ERBBEECH LTIHEL Rt a— ) AT 4y 7 BR/RESNA TS
B, WK 2Dt 2—JRF 4y 7 TREBEIREEATF D a—0 T D 20D T =2 XEH| &1
BRYF->TNDE. ThbDba—I AT 4y 7 TiE, ETREBREO 7 = A4 ZIZB W TEIEREIZ
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ZOARFVa—Y YR NT, EIRERRT R 0 2K 0 ICHB L, BEE 123 .00
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B) i ~OBBICET 5RME 2 KEDVERT. Z2C 2n X BEE n B BT RA~OBBICET
BEMERT. 0Ly BE i OBRREIE YL 2 LESNB.

EERRER D S OBRBIIZMEBEEA N TRFAT 4 2525, BRI 2BWT, BRERER
2o ORI & VBENBFAT 4 2 OBIK bi(Sh_, 20) L E D FRT. BT, BRI 28
Liw] CEDEZ BN TVWAEEIEL, <7 1 B & LT RO LD REERET NS,

Ml — i) (a5 <)
bi(a;) =4 0 (b € oy <)
: J\/[(ai — ?.Li) (OLIL' > Ui)

ZIT, o R | OBRIRK, M Ik E RERL T, $i, ERECIABEENCRET S
L RVEAS T L ERL, EREOEE (FR) - 1 hbBE (FR)i ~OBBREICET 5
FAT 4 BB fi(2) R DRT. TOLE, Ry Ua—Y v SRR, AEEO R
b DBBIC L BFAT 1 LIEREOBEIRMIC &L 5=F AT £ DAEE BN B EREDH
RS R R T AL 25, ZOMEITRO X > REELEELE LTEY 5.

n41 i
minimize Z {bi (Z a:k) + fz(ll)}
i=1 k=1
n+1
subject to Zmi = N,
=1
z; >0, integeri=1,...,n+ 1.
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BELIERAFr—Y U HERZBEATAZLICIY ZOMBESRNICHEL Z LA HKS.

—33—



2E XEk

1] R. K. Ahuja, T. L. Magnanti, J. B. Orlin, Network Flows — Theory, Algorithms, and
Applications, Prentice Hall, New Jersey. 1993.

[2] J. Destrosiers, Y. Dumas, M. M. Solomon, F. Soumis, Time constrained routing and
scheduling, in Handbooks in Operations Research and Management Science, Volume 8:
Network Routing, (G‘.L. Nemhauser, A.H.G. Rinnooy Kan, eds.), North-Holland, Amster-
dam, 1995.

[3] A W. M. Dress, W. Wenzel, Valuated matroid: a new look at the greedy algorithm. Appl.
Math. Lett. 3 (1990) 33-35. ’

(4] A. W. M. Dress. W. Wenzel. Valuated matroids, Adv. Math. 93 (1992) 214-250.

[5] S. Fujishige, Submodular Functions and Optimization, Annals of Discrete Mathematics,
Vol. 47. North-Holland. Amsterdam. 1991.

[6] D. S. Hochbaum, Lower and upper bounds for the allocation problem and other nonlinear
- optimization problems. Math. Oper. Res. 19 (1994) 390-409.

[7] K. Murota, Submodular flow problem with a nonseparable cost function, Combinatorica
19 (1999) 87-109.

[8] K. Murota, Convexity and Steinitz’'s exchange property, Adv. Math. 124 (1996) 272-311.
[9] K. Murota, Discrete convex analysis. Math. Prog. 83 (1998) 313-372.

[10] K. Murota, Discrete convex analysis — Exposition on conjugacy and duality, in Graph
Theory and Combinatorial Biology (L. Lovész et al., eds.), The Jénos Bolyai Mathematical
Society, 1999, 253-278.

(11] sE—kE, BEBOARNT, [HEBEIEL 73V XA V) (BREER), IABHRAL, HR, 1908,
51-100.

[12] K. Murota, A. Shioura, Characterizations of quadratic M-convex and L-convex functions,
in preparation.

[13] A. Shioura, Minimization of an M-convex function, Discrete Appl. Math. 84 (1998) 215-
220.



