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abstract ‘

It is just amazing that the cover time of a random walk on a finite graph, in which the vertex vis-
ited next is selected from the adjacent vertices at random with the same probability, is bounded
by O(n?) for any graph with order n, despite of the lack of global topological information. Thus
a natural guess is that a better transition matrix is designable if more topological information
is available. By investigating the transition matrix P = (Puy) proposed by Ikeda et al., this
paper shows that for any graph with order n, the cover time with respect to P is bounded by
O(n?logn), where H,, = min{1/deg(u), 1/deg(v)} for v € N(u), Puu = 1 = LyeN(u) Puvs and
deg(u) is the degree of a vertex u.
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Figure 1: A lollipop graph Lis.
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KETE, WA/ 57 6= (V,E) EOIVELIF—0%V xV L TOBBHERITH P =
(Pwo) € [0, 1]V ZFHOVOATIELHKTTLICT S, TTT, vHulCBELTWERD
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O(n3) M O(n? logn) "KEHRSD C L ZRT. Thbb, N(u) Zu DBELEEAOEE LT
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0 ifu# v and v ¢ N(u),
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1 =2 ven () Puv otherwise if u = v.
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Figure 2. A Cobweb graph Wig.
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2 Definitions and Notations

G=(V,E) ZEfEWaBEM I 57895, T, n=|V| BXUm=|E| T3, ueV,
KR LT BT B3TEHADERE N(u) = {v L (u,v) € E} LR G REAY T TRDT,
ve N(u) < ue N() NEICERDILD. ueV DOREE deg(u) = |N(w)| LESHS. £, G
DERIEE deg(G) = max deg(v) &7 _

TAEOEIRFIOESE O = VN 235, 12720, N GERMOESTHS. w = (wo,wr,-- ) €
QITHLT, ((+1)BHOERw & X;(w) L&d. Q Lo~ aTlEEEOEEE M(Q) &
5. e M), TENHE qO = (V) € 0,11V LBEBHEETI Q = (quw) € (0,1]V%
ERDOET S, Tixbb, w=(wy,w, )€ Q, te NU{0}, IZHLT,

thQ—VV, Xt(w):wt,

Z ¢ =1, w(Xo(w) =v) = ¢ for any v eV,

veV

qu, =1 foranyueclV,
v
WD u,v, 20,21, -, €V Eie NIIXFLT,

w(Xip1(w) = v|Xo(w) = 2o, Xy (w) = 21, , Xi_1(w) = 241, Xi(w) = u)
= p(Xip1(w) = v|Xi(w) = u) = qu
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vé Nw)U{u} = qu=20
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pe M), AAMTFIK BETu,ve VIEHLT, HOK (u,v) BEU CL(G,K) XD &
SEDB.
t(w,v)—1

Y kXX w)

i=0

HE X (u,v) = B, Xo(w) =u

;@) = mf{i 2 1X(w) = v}

Cﬂ(G7 I{) = l’l’laVX C;L(G7 I{> 7"); CM(Gv K) ’U,) = E/L [k(w)IXO(W) - u] .

ue



—Mic, HEH(u,v)# HS K (v,u) DD LD, Bald, HOK(u,0)% p & KICBT 2 ub b
NDOEIMFEFGC v T 1 2 B A L (the weighted mean hitting time), £z, C.(G,K) % G D
w & KICHd B2ERME D IN—K A L (the weighted cover time) EFES. &z, RHT A M TF
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g1 if v e N(u)U {u},
") 0 otherwise .

HEK (u,v), Cu(G,KY) DT &%, MLty T YT RALBRT WNR—RALEMRI LD
»%.

LUSHT D VR VBR Y, 7, #15 pO = ) e (0, 1]V Th Y, EBHEGH P =
(ﬁuv) < [O, 1]VXV o)

0 ifus#vandvg N(u),
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KU, H, 3G#f#E T3, 34%bB5, Hy=> i ThHa.
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Proof Sy %V OETOIEFINSABEELL, v 2 Sy LO—RHESLTS. 7= (vi,v9,...,0) €
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%
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TEDD. £z, 7(w,v), Tj(w,m) BEUY(w,m) %, TRENRDEDICEET 3.
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FED 7 € S, T bf Tp(w, 7)) = n{w) B ILDDT,
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Z ]"}‘S(W)}*S-H(w) Z sz(w)Xs+1(w)

s=0 s=0
Tj(w,m)—1
> k&wmﬁuwi@1@WW%fﬂ%W4
s=T;_1(w,m)
Ty (w,m)—1 ‘
Z kX (@)X (w)  G-1(w,m) = & bi{w, m) = 77} :

=T;_1(w,m)

= Z > HCK (&, )Pulj-1(w,m) = & Li(w,m) = 7).

i=2&#neV

ma},{HGK(ﬁ,n C?‘WGV}ZZP 1w, m) =& Lij(w, ) =mn)
J=2&#n
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Theorem 1 DFHEIRETH 5. HIZIE. TR ST K, DIIN—2 A LeFER (3.1) ZfF->
THET AT L EEX S,
min H KK (u,v) = max H- "’Ko(u,v)
uyéve\/ v uAvEV ¥
2 .
C5(Kn, K°) = Hpot HE (0, 0)
725 Theorem 1 &, 52275 T DIEMHRAN—Z A L2 5EZ 2 &%,

Theorem 1 i3, BICXKD LS IC—R(LT B EHHKS. 4ETIE, COEEEFE>TOICH
TEHN—RALDTRZEZ 2757 0FEERT. FEBHI, Theorem 1 LMD TELZ
Lieygs. v

525N 757G=(V,E), QAMIHK, pe M¥(Q) BET ve V' CVIZHLT,
Cu(G, V' K) %

CulG, V', K) = max Cu(G, V', K,u), Cu(G. V', K, u) = Bylky ()| Xo(w) = o]

CEETD. L, ky(w) BROXSICEZENZLDET 3.

Tyt (w) -1

k(W)= 3 km(w)w(w), nyi(w) = inffi e N | {Xo(@), Xi(@), - Xim1(w)} = vl
1=0 .

Cu(G,V',K) % G=(V,E) J:@‘??/@J.x‘??f“‘ﬁbl?b‘“(@ V' cVIEHT BZERFEHIN—XZ
A s (the weighted cover time for the subset V' of V) LIS,



Theorem 2 fEED G = (V. E), AAMIII K, pe MT(Q) BLKTV' CV(|V/| =) IR LT

Hy_y min HM(w,v) <Cu(G,V/,K) < Hy—y max HI(u,0)
ustveV’ u;éUEV’

B D 7D,

b5z 5Nl G = (V,E), %%E&@ﬁﬁl | Q h;a:x MTFIK IS LT, ER A EFEI X
b (the weighted average cost) k = k(G,Q, K) 7%, {X;} DEEBEICET 3 K Xo(w), X1 (w) P
LT3 cOrx, Q=POEAR :

- k(G,P,K) Z > puvkuw

uEVvEV

BB DS,
RFED EEIAER 2 RITHBND .

Theorem 3 FED G = (V,E), JAMIFIKITHLT
C5(G,K) < 2n(3n — 4)H,_ k.
MDD,

Proof EFRICKD,

SR w,v) =3 Puw(buw + HS ™ (w,0)) — Pun HS ¥ (v,v) (3.2)
weV
MDD, P IZEHERTHENS
Z HG Ky = Z Z Puw (kuw + HE K (w,v) Z pm,HA (U v)
ueV ueV weV eV
= Z Z Puwkuw + Z HG K, HG K(v,v)
ueV weV weV
THaMMH,
= Z Z Puwkuw = k(G,K)n for any ve V. (3.3)
ueV weV,
RBAIKBNTu=vEBLE, wg N U{v} = Fpw =07%DT,
HAG K (v,v) Z Powkow + Z A" (w,v) Z pWHA K(w v)
weV weN( v) ) wEN(v)

ZNDR, EEDue Nw)ITHLT
HE K (0,0) 2 P HS X (u,0) = max{dea(u), deg(v)}) HS K (u, )
585, £oT, X (33) £bbET,
HG " (u,v) < max {deg(u), deg(v)} E(G, P, K)n for any ve V, ue N(v) (3.4)

BED. KT, KB4 EAOTEANEC Y 7o VT RA LOTHER TS, w0 THBKI %K
H‘%U)u,verﬂbfl§z<z+9<j§lT357f”LCof

(Nw)uin}) N (N u{v)) =0 (3.5)



LD u, v DEER Y =v,v, 0 =v BEITEAHES. L L, j>z+9T36%Ji97Em
LI UTwe N(v) N N(vy) Zililed we VIMFET 2%56,

U =vy,V1, ",V W, V5, -,V =V,

Bul v ERSESILDEBAERELZDT, u=v,v, -, u=vARERTHI LICKT
BB THD. X (3.5) Bl TEICH LT, |

Zdeg(v@ <3n-— (3.6)
. =0 .
THBTENDNE. (TED2,y,2e VICHLT Hg’l{(x, y) < HSM(2,2) + HS X (2,y) TH%
hb,

ZHA (i, vi41) (3.7)

RO IZD. = (34), (3.6) BXKU (3.7) 15
Hg’K(u,v) < 2n(3n—4)k for any u,veV (3.8)
%%%%. Theorem 3 (&, = (3.8) % Theorem 1 ITHEAT S & THLNS. O

4 HN—BA LKROMnlogn) E1BDTSTOEE

TDETIE, HIX—EA1LDERDBO(n2logn) THBT L%ERT. k(G P, KO =1TH5h5,
Theorem 3 (& /1 N—% A LD G EREEZ T3

Corollary 1 {TED G = (V, E)IZH LT,
Co(G, K% = O(n*logn)
PR D LD,

£07T, ﬁ/\—é?fb@_tlzﬂb‘@(nzlogn)'C%Z);}: ER Y TeDITIE A IN—5 A L Q(n? logn)
xBTS TNEEEREER V. 1 BTHEN L Cobweb 757 W, FOFICK>TNBRT &
7% Theorem 2 7 AW T HEAFIE TRT T LA HIRS.

Theorem 4
Co(W,,, K% = ©(n?logn).

Proof K, licBLTWEWHRDOESZ VE LB u#vTHALIBHERED u,ve VI ITH

LT,
g,KO(

u,v) = %nz +n
THAZ W brd. Ko T, Theorem 21K D
Cy(Wn, V3, K°) > (ln +n)Hn-2)/2
THBT bbb, AL, Co(W,, K% > Co(W,,, V3, K°) THZH5
( %n‘z +n)Hygy 0 < Co(Wh, KP). (4.1,)‘
Corollary 1 &£ (4.1) &b
(—;—n2 + n)H(n_Q)/Q < Cy{(Wh, KO) <2n(3n —2)Hp—

185, Thi, Theorem 4 #7E5 L T 5. O
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BRTS T LDI VA Ly x— 7 OFEEE, SHABFEBK T Ca— 29 A 10 AcB0 TS
S EFSNTERE. VI 720EHREREL TWRNE &, BRHEETY P OBRIOT
T, AN—ZALIEOMN?) L2 EDHENTVEHEIADERZFIATE RS, Hi—
ZA L% XVNE CHET D KD FRIEEBERANEESH ST EDAHEN G LIVRW. FRETIE, &
BRI PICHT B N2 A LERN . BHEHEA P, LU ESOREOEHRZF %k
BRGEICGT BLDTH 2.

FORR, PICInd B H3—4 1 L%, O(nllogn) itk L EFHR UK. %7z, cobweb
F5T W, QnPlogn) THAHT LAERT T LT, TOPICHIST 2 H/3—% 1 LOFHEE, F—
ZELTEERRTHAH LZRLE.
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