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[Abstract] The2-vertex-connecwity (2-edge-connedtity, respectiely) augmentatiomproblemfor specifiedvertices 2VCA-
SV (2ECA-SV) for short, is definedasfollows: “GivenanundirectedgraphG = (V, E), aspanningsubgraphG’ = (V, E’)
of G, specifiedverticesS C V, andaweightfunctionw : E — R* (nonngative realnumbers)find asetE” C E — E’ with
theminimumtotalweight,suchthatG’ + E” = (V, E’' U E") hasatleasttwo internally disjoint (edgedisjoint) pathsbetween
ary pair of verticesin S. In this paper we proposea (2 — 2/|L|)-approximationalgorithm R2VCor R2ECfor 2VCA-SV or
2ECA-SV, respectiely, if G’ hasaconnectedomponentontainingS, whereL is thesetof leavesof acertaintreeconstructed
from G’ andS. Its time or spacecompleity is O(|V || E| + |V |? log |V| + |L||V|?) or O(|V'|?), respectiely.

1 Intr oduction

[Problem definitions] For a positive integer k, the k-

vertex-connectivity (k-edge-connectivityrespectiely)

augmentatiomproblemfor specifiedsertices kVCA-SV

(kECA-SV) for short, is definedas follows: “Given
anundirectedgraphG = (V, E)), a spanningsubgraph
G' = (V,E') of G, specifiedverticesS C V, and
a weight functionw : E — R™ (nonngative real
numbers),find a set E” C E — E’ with the min-
imum total weight, suchthat x(S; G’ + E”) > k

\(S;G'+ E") > k)forG'+ E" = (V,E' UE");

wherex(S;G") > k (A(S;G") > k) meansthat G”

has at leastk internally disjoint (edgedisjoint) paths
betweenary pair of verticesin S. We assumethat
k(S;G) > k (A(S;G) > k) without loss of general-
ity. If S = V thenkVCA-SV (KECA-SV) is denoted
simply askVCA (KECA), which s calledthe k-vertex-

connectiity (k-edge-conneatity) augmentatiorprob-
lem. In this paper we exclusively consider2VCA-SV
and2ECA-SV.

By “an r-appoximationalgorithm’ we meanthat it
produces solutionwhosetotal weightis no morethan
r timesthe optimum. This solution is called “an r-
appioximatesolutiorf. It is also said that the perfor
manceratio of the algorithmis r, andthis statements
simplyrepresenteds PR = r.

[Related results] First, we state existing results for
2VCA and 2ECA. For 2VCA (2ECA, respectiely),
[1, 2] ([3]) proposedh lineartime algorithmfinding an
optimumsolutionwhenG is a completegraphandary
edgeweightis unity. Ontheotherhand,[4] provedthat
2VCA and2ECA are NP-hardif distinctedgeweights
exist. For 2VCA and 2ECA , [5] devised O(|E| +
[V]log |V|) time 2-approximatioralgorithmswhen G’
is connectedMoreover, for 2VCA (2ECA (andevenfor
kKECAfor ary k > 2), respectiely), [6] ([7]) shavedan
O(IVP|E]) (O(IVI(|E| + [V]log|V|) log [V'])) time 2-

approximatiorelgorithmfor ary givengraphG’.

Next, known resultsfor 2VCA-SV (2ECA-SV, re-

spectvely) are summarized. Since 2VCA (2ECA) is
NP-hard, so is 2VCA-SV (2ECA-SV). For 2VCA-
SV (2ECA-SV) [8] ([9]) proposedan O(|V||E| +
[V|21og [V]) (O(]V|?)) time 2-approximationalgo-
rithm when x(S;G’) = 1 (A\(V;G’') = 1), thatis,
G’ has a connectedcomponentcontaining S . In
[8] ([9]) 2VCA-SV (2ECA-SV) is reducedto 2VCA
(2ECA), whichis to be solved by the approximatioral-
gorithm of [5] ([4]). Someapproximationalgorithms
proposedor moregenerabroblemscontaining2VCA-
SV (2ECA-SV) as a subproblemcan be used. If the
OV +|VIE|a(|V], |V])) (O(|V]*1og |V])) time al-
gorithmproposedn [10] ([11]) is appliedthenPR = 3
(PR = 3 — 3/|S]), where« is the inverseof Acker
manns function (see[12]). In particular if x(S;G’) =
1(\(S;G’) =1)thenPR =2 (PR = 2-2/|S|). And,
[13] ([14]) proposeda polynomialtime (O(|V|'°|E|7)
time) 2-approximatioralgorithmbasedon a linear pro-
grammingechnique (In [13] theexacttime compleity
is notshown.)
[Main results]In this paperwe proposea (2 — 2/|L|)-
approximationalgorithmR2VSor R2ESfor 2VCA-SV
or 2ECA-SV, respectiely, for thecasenvhenk(S; G') =
A(S; G") = 1, whereL is the setof leavesof a certain
tree(calleda pathtree)constructedrom G’ and S. Its
time or spacecompleity is O(|V||E| + |V |?log [V | +
|L||[V]?) or O(|V|?), respectiely.

2 Preliminaries

2.1 BasicDefinitions

A graphG = (V, E) consistsof a finite andnonempty
setof verticesV and a finite setof edgesE. V and
E areoften written as V(G) and E(G), respectiely.
A directedgraphis often written asG = (v, ﬁ). In
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an undirectedgraph, an edgewith endwerticesu, v is
denotedby (u,v). In a directedgraph,a direct edge
which leaves v and entersv is denotedby (u,v). In
thetwo casesyerticesu andv aresaidto be adjacent
For (u,v), u is calledthe parent of v andv is called
the child of u. For two setsP and@, let P — Q =
{reP|z¢Q} ForVi Cc VandE; C E, let
G—-—(VUE))=(V-W,E—(E,UE(W))),where
EW1) ={(u,v) € E | {u,v} nV1 #0}. G —{x}is
simply denotedasG — x.

For an undirectedgraph (a directedgraph, respec-
tively) G andverticesu,v € V, an undirectedpath
(adirectedpath)from « to v is denotedby P(u, v; G)
(P{u,v; G)). If no confusionoccursthen P(u,v; G)
(P(u,v; G))is simply representeds P (u, v) (P{u, v}).

A directedgraphG is weaklyconnectedor a weakly
connectedgraph if andonly if, for ary two verticesu
and v, thereis a weakly directedpath (that s, if ary
directededgeis replacedoy anundirectedonethenit is
apath)from« to v in G. And, G is strongly connected
or astronglyconnectedyraphif andonly if, for any two
verticesu andv, thereis a directedpathfrom v to v.

An undirectedgraph G is connecteddr a connected
graph if, for ary two verticesu andwv, thereis a path
from u to v. A connecteccomponentf a graphis the
vertex setof amaximalconnectedubgraph.

If two paths P, P’ do not shareary vertex ex-
cept endpoints(ary edge, respectiely) thenthey are
calledinternally disjoint (edgedisjoint). Let x(u, v; G)
(A(u, v; G)) denotethe maximumnumberof pairwise
internally disjoint (edgedisjoint) paths. Let us denote
k(S; G) = min{k(u,v; G) | u,v € S} andA(S;G) =
min{(u, v; G) | u,v € S} for asetof verticesS C V.
If S =V thenwe simply representisx(G) (A(G)). A
k-vertex-connectedyraph (k-edge-connectegraph) is
agraphsuchthatx(G) > k (A(G) > k). Thatis to say
the graphhasat leastk internally (edge)disjoint paths
betweerary pair of vertices.

A k-vertex-connecteg@omponentgk-edge-connected
componentgespectiely) of G isamaximalsubset) C
V with k(Q; G) > k (AM(Q; G) > k). In particular 2-
vertex-connectecdomponentareoftencalledblocks A
vertex v (An edgee) is calledacutverte (abridge) of G
if thenumberof connected@omponentsf G —v (G —e¢)
is greatetthanthatof G.

A treeis an undirectedconnectedagyclic graph. A
leaf in atreeis a vertex to which only oneedgeis in-
cident. An arborescenceés a weakly connectedhgyclic
directedgraphsuchthatit hasonly one specifiedver
tex r, calledthe root, having no enteringedges,and
for ary vertex v exceptr, thereis apath P(r, v) andv
hasexactly oneenteringedge.For anarborescencwith
theroot r, a graphconsistingof edges(u, v) suchthat
theoppositelydirectededgesv, u) arecontainedn the
arborescences calleda reversearborescencewith the
root r, wherearoot in reversearborescences a vertex
having no leaving edges. If thereis P(u,v) in a (re-
verse)arborescencehenwe saythat v is an ancestor

of v andv is adescendantf u. For areversearbores-
cencewith therootr, supposehatu is notadescendant
of v andthatv is notadescendamf «. Thenaneaest
commondescendanbf v andv is a commondescen-
dantof u andv suchthatit is thenearesamongall such
commondescendantd cutvertex (leaf,respectiely)in
adirectedtreemeansa cutwvertex (leaf)in theundirected
treewhich is obtainedby replacingeachedge(u, v) by
anundirectedone (u, v).

A real numberassignedio eachedgeis called the
(edge)weightof theedge andafunctionassigningeach
edgeaweightis calledaweightfunction A graphwith
edgeweightsis calleda weightedgraph In aweighted
directedgraph G, a minimumarborescences a span-
ning arborescencwhosetotal weightis the minimum
amongall arborescencesf G. A shortestpath from
u to v of anundirectedgraphG is an undirectedpath
P(u,v; G) whosetotal sumof weightsis the minimum
amongall suchpathsof G.

2.2 A block-cutvertex-tree

As aninstanceof 2VCA-SV, supposé¢hatG’ = (V, E')
isagraphsuchthat|V| > 3 andlet S bethesetof speci-
fiedvertices(seeFig. 1). Wefocusonblocksandcutver
ticesof G’, whereif |[V/' N S| < 1 for ary connected
componen¥’ in G’ thenwe regardV’ asablock of G’
(suchastheconnectedomponento, p} in Fig. 1).

We construct a blok-cutverte-forest Tg
(Vs, E%) from G’ asfollows (seeFig. 2). Any block
or ary cutvertex in G’ is represente@sa new verte,
calleda block-vertex or a cutwverte, respectiely. Let
Vuy O V.., bethe setof block-verticesor of cutver-
tices (given as new vertices),respectiely, and denote
asVp =V, UV,,. Let E; bethesetof edges(u, v)
suchthatu is ablock-vertex andv representanindivid-
ual cutvertex containedn the block correspondingo
inG’.

Tp is aforestsuchthatblock-verticesandcutvertices
appearalternatelyin eachtree of Tg. Ty is calleda
blok-cutverte-treeif G’ is connected.Note that ary
leafof Tz is ablock-vertex. A block-cutertex-forestof
G’ canbeconstructedn O(|V| 4 |E’|) time[15].

For eachvertex u of T, leta~!(u) bethesetof ver
ticesof G’ satisfyingthe following (i) or (ii). (i) If
is a cutvertex of T thena ' (u) = {u'}, whereu/
is a cutvertex of G’ that correspond¢o w. (i) If u is
a block-\ertex of T thena™' (u) = B, — V., where
B, is ablock correspondingo u (seesetsrepresented
as{...} in Fig. 2) and V. is the setof cutwerticesof
G’. For ary pair of verticesu,v € Vg, let E% bethe
setof edgeq(u, v) suchthatthereexistsanedgewhose
end\erticesbelongto o~ (u) anda=1(v) in G — E'.
Let Ep = EIB U E;—;, andGg = (VB,EB) (Flg 2)
Eachvertex u € V3 is oftendenotedasa(z) for some
z € o™ (u).

Let Tp beary subtreeof Tz, andlet Tx denoteT’s
orTp. Let V., bethesetof cutverticesof T'x. For T'x
andasetof edgest””’, wewrite ask’(Tx + E"') > 2to
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meanthat,for ary cutvertex v € V.., s((Tx + E") —
v) > 1.

For a setof verticesS’ C V(Tx), let usdenoteas
K'(S';Tx + E') > 2 if andonly if, for ary cutverte
v € Vo, k(S'; (Tx + E") — v) > 1. Notethatthere
mayexist ablockvertex v € V;,,, suchthatx(S’; (Tx +
E") —v) = 0 evenif x/(S;Tx + E") > 2. In[4,
5] ([9], respectiely) it hasalreadybeenproved that if
K (Tx + E") > 2 (s'(S";Tx + E") > 2) thenwe
canobtainasetof edgest” from E” suchthatx (G’ +
E")>2(k(S;G"'+ E") > 2).

2.3 A path-tree

Supposethat x(S;G’) = 1. Let Sy, = {u € V3, |
(@ H(u) = Ve)N S #0} Se ={v € Ve | !(v) C
S} andSg = S, U S... Let T beasubgraplconsisting
of thoseedgeson P(u, v; T) for ary pairof u,v € Sp
(denotedby thick bold Iinesin Fig. 2). Clearly Tf is
atree. Let Tp = (Vp, E}) be the tree constructed
from T, by deletingall leavesv € V., N Sp (seecg
in Fig. 2). Tp is calledthe path-tree (of G’)[9]. Let
us partition Vp asVp = V,, U V,,, whereV}, and
V., aresetsof block-verticesandof cutwerticesof Tp,
respectiely. Let Sp = (Sp — Cr) U {z € V. |
x isadjacentou € Cy, in T;;}, whereC', is the setof
cutverticesdeletedin constructingl’s. (In Fig. 2, cg is
deletedfrom Sp andbs is addedto Sp.) Note thatary
leaf of T is containedn Sp NV, (seeFig. 3).

3 The 2-vertex-connectvity aug-
mentation problem for specified
vertices (2VCA-SV)

3.1 The proposed algorithm R2VS for
k(S;G') =

The algorithm 2-ABIS of [16] or the algorithm R2VS
to be proposedis a 2-approximationor (2 — 2/|L|)-

approximationone, respectiely, for 2VCA-SV when
k(S;G") = 1. 2-ABISutilizes the algorithmof [5] for

solving 2VCA, while R2VSrepeat2-ABISasfollows:

it repeatselectingeachleaf of agivenpathtreeT’» and
executingthe algorithmof [5] to solve 2VCA, andthen
selectghebestsolutionamongthoseobtained.Thepro-
posedalgorithmR2VSis statedn thefollowing.

[Algorithm R2V$

Input: An undirectedgraphG = (V, E), a spanning
subgraptG’ = (V, E’) of G with x(S; G’) = 1 (Fig. 1),

asetof specifiedverticesS C V, andaweightfunction
w: E — RT (nonngative realnumbers)

Output: A setof edgesE” C FE — E’ with x(S; G’ +

E”) >2

1. Construct a block-cutertex-forest Ty =
(Vs,E%) (Fig. 2) of G’ and a path-tree
Tp = (Vp,Ep) (Fig. 3) from Tp. Let EY
be the set of edges(u,v) suchthatu,v € Vg
and there is an edge (v',v') € FE — FE'

g 190

. LetL = {p,---

with v € o '(u) andv € o '(v). Let
Ep = E;B U Eg, Gp = (VB,EB) and
wp((v,v)) = minfw((W,v)) | () €
E—-FE,u € allu, v € a'(v)} for ary
(u,v) € E%, wherewp((u, v)) maybeundefined
for some(u, v).

. SetEp «— E} andconstructGp = (Vp, Ep) as

follows: for ary pair of verticesu,v € Vp with
(u,v) ¢ Ep, if Gg — E% hasa path P(u,v)
suchthat (V(P(u,v)) — {u,v}) N Vp = ) then
setEp «— Ep U {(u,v)} andlet wp((u,v)) be
theshortestengthof suchpathswith respecto the
weightfunctionwp, wherewe setwp ((u, v)) < 0
forary (u,v) € Ey; — E. (SeeEp — E, whose
edgesaredenotedy dottedlinesin Fig. 3.)

, p|| } bethesetof leavesof Tp.
SetE” « ( andi « 1 initially andrepeatthe
following Steps4 through8.

. Selectaleafp; € L astherootandconstructfrom

Tp areversearborescenc®, = (Vp, EZ) with the
root p; (seesolidarrovsin Figs.4 and7).

g . .. - p—g
. SetE « ( initially, and define E;" and w; :

l?f — R™ by executingthefollowing (1) through
(3) for eachedge(u, v) € Ep.

— —> —
(1) If {u,v) € E] thensetE;” «— Ef U {(u,v)}
andw;({(u,v)) « 0; otherwiseexecutethe
following (2) or (3).
_
(2) If uis anancestoof v in T; thensetE;" —
EF U{(v, u)} andw; (v, u)) — wp((u,v)).
(3) Otherwise (that is, ary one of {u,v}
E, not an ancestor of the other), set
Ef « E+ U {(, u), (t,v), (u,v), (v,u)}
andw; ((t, u)) = w;((t,v)) = w;({u,v)) =
w;((v,u)) «— wp((u,v)), wheret is the
nearestommondescendantf v andv in T;
(For example,in Fig. 4, if u = by andv = bg
thent = bg).

—
. E — Ej initially, and constructE as follows

(seeFigs.5and8): for eachedge(u, v) € E_f—EZ
suchthatw is a cutvertex andv is anancestoof u
in T, setE; «— E; U {(uy,v)} — {(u,v)} and
w;((Uy, v)) — w;({u,v)), whereu, is the parent
(ablock vertex) of u on P(v, u) in T (For exam-
ple,in Fig. 5, (co, bg) € l?f — EZ is changedo
<b6, b8> c f_‘j,;, Whereuv = bg if u= Cz.)

.Findaminimumarborescenc?? (Vp, A )Wlth

the root pi in G = (Vp, ) (seeFigs.6 and9).

SetE” — A — E’ Constructe! C E — E’
—

by replacingeachedgeof E; by the correspond-

ing undirectedcedgeof GG, wheremultiple edgesare
changedo asimpleone.
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8. If E” = Qorw(E") > w(E]) thenE" «— E.
Seti «— i + 1. If ¢ < |L| thengobackto Step4.
O

The correctnesandthe performanceatio of the al-
gorithm R2VSare going to be shavn later Here we
considerits time compleity. The runningtime spent
by all stepsexceptthe loop from Steps4 through8 is
O(|V||E|+|V|?log |V|) from theknown results(se€[8]
for example).Theloopis repeatedL| timesandeachit-
erationof theloop takesat mostO (| E;| + V| log |Vp|)
time [5]. Since|Vp|is O(|V|) and|E;| is O(|[V|?), the
total time spentby the loop from Steps4 through8 is
O(|L||V|?) time. Thus, time compleity of the algo-
rithmis O(|V||E| + |V |*1log |V | + |L||V]?).

3.2 Correctnessand performanceratio of
R2VS

Theorem3.1 x(S;G' + E") > 2.

(Proof) Thetheorenmfollows fromtheresultsof [8, 16].
0

We considetherelationshipbetweerthetotal weight

of ]ETf andthat of anoptimumsolutionE* C E — E'.
Let B3 = {(a(w),a(v)) | (u,v) € E*}. We may
assumehatthereareno multiple edgesn E% andthat
Ef C Ep — E3. SinceE* is an optimum solution,
k' (Sp;Tg + E}) > 2 andwp(ER) = w(E*). Thus,
we considerE7; insteadof £* in therestof the section.

LetTg = (Vg, EY;) beary fixed minimal subgraph
of T suchthat 4, C E7, andw’(Sp; T + Ej) = 2.
(In Fig. 2, for example, (b3, cg) € EY, while (cg, by) ¢
E_jg: evenif therewereanedge(byo, ¢1) € E’, it would
notin E7;.) We partition £, U (E’; — E/,) into thethree
sets,Ey, E% andE3,, asfollows:

Ejy = {(u,v) € E5U(Ep — Ep) | u,v € Vp —Vp};

E% ={(u,v) € E§U(Ey — Ep) |u € Vg — Vp,
veVpl L

EY = {(u,v) € E5U (E}y — Ep) | u,v € Vp}.

Let Z; denoteary connectedcomponentof (Vg —
Vp, EL). Since E* is an optimumsolution, the graph
whosevertex setis Z; andwhoseedgesetis Ez,
{(u,v) € Ef | u,v € Z;} is atree. Let 7; denote
the graphinducedby the edgeset £, U E% (i), where
FE%(i) = {e € F% | eisincidentto avertex of Z;}. 7;
is alsoa treeandis calledatent Let F; denotethesub-
treeof Tp suchthatit consistf all pathsP(u, v; Tp),
onepathfor eachpairu,v € V(7;) N Vp. Fj; is called
afloor. Let N; denotethe graphconsistingof atent7;
andafloor F; (Fig. 10(1),(2)). N, is calledanet For
E%, let us definea tentto be a graphconsistingof an
individual edgeof E% andits endertices. A floor and
anetaredefinedsimilarly (Fig. 10(3),(4)). Let n bethe
numberof nets. For eachy, the subgraphof T; corre-
spondingo Fj is denotechsﬁ. F; is alsocalledafloor.
}7} hasexactly onevertex having no leaving edges.The
vertex is calledthe root of f; anddenotedby r;. Let

x; be avertex definedasfollows: if r; is a block ver-

tex thensetx; «— r;, orif r; is a cutvertex thenselect
ary block-vertex u thatis a parentof r; in FJ’ andset
x; — u (seex; in Fig. 10).

Lemma 3.1 For ead net IN;, a setof directededges
,T; Cc EZ — EZ satisfyingthe following (a) and (b)

can be constructedfrom E%: (a) all verticesof F"J

are readable from z; in F; + A;; (b) If r; is the
leaf of F; thenw;(A;) < (2 — 2/p;)wgs(E(T;)) else
w,-(z;) < 2wg(E(7;)), whee p; is the numberof

leavesof F;.

(Proof) Let s; beavertex definedasfollows: if r; is

a leaf of F; thensets; = r;, orif r; is nota leaf of

?} thenselectary vertex s; in 7;.  For each7;, we

executethe depth-first-searcDFS) by selectings; as
the startingvertex, andassignthe DFS-numbeto each
vertex. Supposdhat L; bethe setof leavesof F; and
p; = |L;|. NotethatL N V(F;) C L; andthatp; > 2

since E(F;) # 0. Then, leaves of F; are numbered
as!? 1§ ... 1), whoseindicesdenotethe orderin

whichthey arevisited by DFS,Wherelgj) may be often
denotedasl]ffj',lrl for notationalsimplicity. Eachof p;

pathsP(l,(j), lfjﬁﬁ?}) (1 < k < p;) is calledabypass
(connecting”) andl,(jll). U2 l,(jzl; T;) is oftenrep-
resentechs P? for simplicity. Thenthefollowing (1)

and(2) hold.

(1) Foreache € E(T;), thereareexactly two bypasses
containinge.

(2) Forsomek’ with 1 < k' < p;, thereis atleastone
weakly connectechath P(1\, ¢ | ;) contain-
ing r; andz;, Wherel,(j,')+1
=4
T;.

Let usdefineasetof directededges?} asin thefollow-
ing (i) and (i) by appropriatelychoosingone weakly
connectechath P(I$)), 1\, |; F;) containingr; and;
(z; maybeequaltor;) in F.

(i) If r; isaleafof 7 (seeFig. 10(1),(3)) thenit?) = r;.
First, let

is anancestonf z; in

)

w,(cj = Z wp((u,v)), and
(uw)eB(P)
w,(cj,,) = max{w,(cj) |1 <k<p;}

1 Pj .
>3 W)
Pi =

If £ # 1 andk” # p; thenlet
— 1 P
A = {1, (@10 U
(P, 1) 12 <m <K' =1}U
{9 9N K+ 1 <m! <py—1)
(Fig. 10(1)assumes,» = I3)

(9)
(Notethat w,’;
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Figurel: G = (V,E) and G’ =
(V,E"), wheresolid linesareedges Figure 2: Gp = (Vp,Ep) Figure3: Gp = (Vp, Ep) (to be
in E’, dottedinesareonesin E—E’, anda block-cutertex-forest Ty = definedin Step2 of R2VS andthe
black verticesarethoseof S C V, (Vg, E%) (edgesare denotedby path-treeTp = (Vp, E%), Where
andnumbersshown besideedgesare solid lines), where dotted lines are dottedlines areedgesin Ep — E},
weights. edgesin Ep — EJ;, squaresare and black squaresand circles are

block-\ertices, circles are cutver verticesin Sp.

tices, black squaresand circles are

verticesin Sg, anda ' (u) for each

u € Vg isshonnin braces.

bs=root bs=root

bg

Figure4: Constructionof T; (solid Figure5: Constructingt; from E:*. Figure6: A minimumarborescence
arravs) and E:* with the root b5, [N Step6, directededgesemanating 7, (solid lines areedgesof E;, and
wheredottedlines denoteedgesap- from c2 in Fig. 4 are transformed dottedlinesarethoseof E’) with the

pearedn Step5 (2) or (3)). into thosewhich startfrom b with  rootbs. Thetotal weightis 49.
resultingself-loopsdeleted.

If k" = 1 (seeFig. 10(3))thenlet (@) aIIverticesofE)- arereachabléromz; in F;+I;;

(b) 4; C E; - E;

' ' ©) wp((1Y, l,(jzl)) < w for eachk (1 < k < p;).

{9, |2 <m/ <p;j—1} Now, if r; is aleafof 7, thecondition(1) mentioned

above in this proof and the fact that w;((z;, 1)) =
wp((5,15)) and wi((z;, 15))) = wp((ly”,4:))

z]% = {{a;, lgj)>} U (this fc_)Ionvs from.StepSS(Z) and6 of R2V$ shaw the
following inequality

—

Aj = {{z; 1§}V

If £ # 1 andk” = p; thenlet

{919 Y2 <m <p; —1}.

m o 'm+1

Pj

(ii) If r; is notaleaf of F; thenlet wiA)) < Z wP((ll(cJ)7 ll(f+)1))
N . k=1,k#k"
A= o m

IN

D19, |1 < m < pjym £ K) (
(lk’ =g andlkl+1 =l in Flg 10(2),andlk/ =1 1
andly ;1 = Iy in Fig. 10(4)). = (1 - —) 20 Y wa((w,v))

The_f)ollowing importantpointsholdfrom thedefinitions
of A;, Gp andwp: -
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Figure 7: Constructionof T} (solid Figure8: Constructmg& from E+
In Step6, dlrectededgesemanatmg T’ (solid lines areedgesof E’, and

arravs) and EJr with the root b7,

Figure9: A minimumarborescence

Wheredottedlmesdenoteedgesap- from ¢, in Fig. 7 are transformed dottedlinesarethoseof E/') with the

pearedn Step5 (2) or (3)).

If r; is not a leaf of F; then wi(<xj,l,(j,'1r1)) =

wp (19, l,(j,zrl)) (this follows from Steps5(3) and6 of
R2V$ and,therefore,

Zw

pPj

l(]) l(])

= K1)

wi( A7)

Figure 10: Four examples(1) through(4) of netsV;,
wheretrianglesareverticesin Vz — Vp, andsolidlines,
dottedlines andpartially brokenlines represent floor
F;, atentT; andedgesof A;, respectiely.

Lemma 3.2 For someh with 1 < h < |L|, a setof
directededgesB,, C E, — E,’: satlsfymgthefollowmg
(a) and(b) canbeconstructedrom E%;: (a) Ty + By, is
stronglyconnected(b) wy, (By) < (2—2/|L|)wp(EFR).

(Proof) We prove that the desiredset B, is obtained
from E%. First, for eachi with 1 < 4 < |L| we shov
how to constructa set of dlrectededgesB suchthat
T; + B is stronglyconnectedinitially setB — (pand
&5 «— E5U(E;, — E}), andassigrt‘accessiblg to the
root p; of the path-treeT], = (Vp, E:’») and“nonacces-
sible’ to the otherverticesof 7;. Repeathe following

into thosewhich startfrom bg.

rootb;. Thetotalweightis 36.

pair of proceduresAL1 andAL2 until “accessibl is
assignedo every vertex of Vp:

(AL1) Selectan accessibleblock-\vertex = satisfying
thefollowing (1) and(2):

(1) xisin anetN; constructedrom £5%;

(2) in F, if r; is a block-vertex thenx «— r;,
otherwiser is setto a parentof ;.

(AL2) ForzandNy, construct?; by usingLemma3s.1
(in which z is written asz ;), andset

E; — EUZ

Thenassngrt‘ accessiblé to all verticesof thefloor
F; of thenetN;, andset&}, — £ — B(T;).

If we assumehatthereareno block-verticesz satis-
fying (1) and (2) of AL1, while we have a nonacces-
sible vertex, thenwe can easily shav a contradiction
thatx'(Sp;Tp + E%) > 2 is notsatisfied.Henceit is
concludedthat“accessible is aSS|gnedo every vertex
eventually implying that7; + B, is stronglyconnected

Next we shaw thatthereis a dlrectedgesetBh with
wi(Br) < (2 = 2/|L))w(E *). Let h beanindex such
that wy(By,) = min{wi(E) | 1 <4 < |L|}. For
ary r € L; — L, thereis anedge(r, u) € E(Fj;) such
that Tp — (r,u) hasa connectedcomponentI” with
V(T NV(F;) = {r} andL N V(T") # 0. Hence
thereisa reversearborescenceootedatsomer erLn
V(T"), suchthat ary path P(u,r’) with u € V(F})
passeshroughr towardr’, meaningthatr is a root of
F;-. Thatis, eachvertex in L; becomesheroot of F; at

leastoncein T, - - -, T r,|. SinceE(T,) N E(T,) = 0 if
x # y, Lemma3.1givesus
_ 1
wp(Bp) < mzwi(Bz)
i=1
< LS (- (2= 2)unr)
|L| =1 pj
+(IL = py) - 2ws (B(T;)) )
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1 n
| 2(1L1 = 1) Z
(-1

L]
SmceTh + Bh is strongly connectedjt hasa sub-
—

graphTx = (Vp, En) whichis anarborescenceoted
at pn. Since wy,((u, v)) 0 for ary directededge
(u,v) € E,’: we have wy, (Eg) < wn(By). (Notethat
— . —

B;, mayhave someedgesot containedn Ex.) Hence
we obtainthenext corollary.

O

= )ws(Bh).

Corollary 3.1 Th + Bh of Lemma3.2 contams asa
subgaph, an arborescencéTH = (Vp,EH) with the
root py,, sudh thatwy, (Ex) < wy(By).

We obtainthe next theoremfrom the above discus-
sion.

Theorem 3.2 If k(S; G') = 1 thenthe proposedalgo-
rithm R2VSgenentesa (2 — 2/|L|)-approximatesolu-
tionto 2VCA-SMn O(|V||E|+ |V|?1og |V | + |L||V|?)
time,whee L is the setof leavesof the path-teeof G’.

(Proof) Sincetime compleity of thealgorithmhasal-

readybeengivenin Section3.1,we consideitheweight
of any approximatesolutionE”’ givenby szsﬂ con-
structedin Step7 |s a minimum arborescence a di-

rectedgraph(Vp, Eh) with respectto theweightfunc-

tion wy,. Thatis, wh(E_,:) < wh(EH). By considering
therootedtree Ty = (VP,E_)H) mentionedin Lemma
3.2andCorollary3.1,we obtain

w(E") min{w(E;) |1 <i <|L[}

< w(B}) < wn(E}) < wn(En)
< wn(By) < (2-2/|L)w(E). D

The 2-edge-connecuity aug-
mentation problem for specified
vertices (2ECA-SV)

4.1 The proposed algorithm R2ES for
A(S;G) =

The algorithm of [9] is a 2-approximationone for

2ECA-SVwhen)\(G’) = 1 andutilizesthealgorithmof

[4] for solving2ECA. Onthe otherhand,our algorithm
R2ESs a (2 — 2/|L|)-approximatioronefor 2ECA-SV
whenA(S; G') = 1 andutilizesthealgorithmof [5] for

solving 2ECA in orderto improve the time and space
compleity. The differencedrom [5] arethe following

(1) and(2): (1) we selecteachleaf of T astherootin

Step4 andexecutethe algorithmof [5], andthenselect
the bestsolution; (2) we have modifiedconstructionof

E in Step6(3) andadd Steps2, 3 in orderto extend
2ECA to 2ECA-SV. The proposedalgorithm R2ESis

statedn thefollowing.

[Algorithm R2E$

Input: An undirectedgraphG = (V, E), a spanning
subgraph’ = (V, E’) of G with A\(S; G’) = 1, aset
of specifiedverticesS C V, andaweightfunctionw :
E — R* (nonn@ative realnumbers)

Output: A setof edgesE” C E — E’ with A(S;G' +
E//) > 2

1. Constructa graph G, = (Vs, EY) from G’ by
shrinkingeach2-edge-connectecbmponenof G’
into an individual vertex, where ary connected
componentnot containing S is regardedas a 2-
edge-connectedomponentin this construction.
For u,v € Vy, let B/ = {(u,v) | (v,0v) €

E—FE' J e ﬁ_l(u),v' S ﬁ_l(v)}, ws((u,v)) =
min{w((w',v) | @.v) € E - B u' €
B~ (u),v" € B~ (v)}, Es = E{U Ef andG;s =

(Vs, Es), where 3~1(z) is the componentrepre-
sentedby xz € V;

2. LetS = {u eV, | p(w)nS # 0} and
T = (Vr, El) (calleda path-tree)be a subgraph
consistingof thoseedgeson P(u,v; G%,) for ary
pairof u,v € 5.

3. SetEr « El andconstructGr = (Vr, Er) as
follows: for ary pair of verticesu, v € Vr if G5 —
E’. hasa path P(u,v) suchthat (V(P(u,v)) —
{u,v})NVr = thensetEr «— ErU{(u,v)} and
let wr((u,v)) betheshortesiengthof suchpaths
with respecto the weight function ws, wherewe
setw;((u, v)) « 0 forary (u,v) € E!, — Ef..

4. LetL = {p1,---, pr|} bethesetof leavesof T
SetE” «— ( andi < 1 initially andrepeatthe
following Stepsb through8.

5. Selectaleaf p; of T astheroot andconstruclfrom

Ta reversearborescenc@ (Vr, E ) with the
root p;

6. SetE, « 0 initially, anddefineE; andw; : E; —
R by executingthe following (1) through(3) for
eachedge(u,v) € Er.

() If (u,v) € B} thensetE, — E, U {(u,v)}
andw;({(u,v)) « 0; otherwiseexecutethe
following (2) or (3).

2 If If w is anancestoiof v in 7; thensetE; «—
EU {{v,u)} andw;({v, u)) — wr((u,v)).

(3) Otherwise (that is, ary one of {u,v}
is not_an ancestor of the other), set
E, «— E, U {(t, uw), {t, v), (u,v), (v,u)} and
wi((t,w) = wi((t,v)) = wi((u,v))

wi(<v,u)) — wr((u,v)), wheret is the
nearestommondescendantf v andv in T{

7. Flndamlmmumarborescenc@ (VT, )Wlth
theroot p; in G; = (Vir, ). SetE” — A - E’
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ConstructE! C E — E’ by replacingeachedge
—

of E;' by the correspondingindirectecedgeof G,

wheremultiple edgesarechangedo a simpleone.

8. If E” = Qorw(E") > w(E}) thenE" «— E!.
Seti «— i + 1. If ¢ < |L| thengobackto Step5.
O

Note that, in solving 2ECA-SV, we may restrict
pathsP(u, v) in Step3 to thosehaving (V (P (u,v)) —
{u,v}) N Vr = 0, eventhoughit is usualto require
E(P(u,v)) N EL = 0.

4.2 Correctnessand performanceratio of
R2ES

Theorem4.1 \(S;G' + E") > 2

(Proof) The theoremfollows from the resultsof [8],
[9]. 0

We considetherelationshipbetweerthetotal weight
of Ef andthatof anoptimumsolutionE* C E — E'.
Let E¥ = {(u,v) € E; — E. | (v/,v') € E*,v €
B~ (u),v" € B~(v)}. SinceE* is anoptimumsolu-
tion, \(S"; G, + E¥) > 2, thereareno multiple edges
in EX andw(E?) = w(E*). Thus,we considerE?
insteadof E* in therestof thesection.

Let G%, = (Vs, E7) be ary fixed minimal subgraph
of G’ suchthat B}, C E/ and\(S';G’, + E¥) = 2.
Analogouslyto Section3.2, we definea tent7;, afloor
F; (orf’) anetN;, arootr; andz; = r; by replacing
EB' Ts = (VB,EB) andTp = (VP,EP) with E%,
Gl = (V;,EY) andT = (Vr, E}), respectiely. We
canprove Lemmad4.1and4.2 and Theorem4.2 belov
similarly to Section3.2.

Lemma4.1 For eadh net IV;, a setof directededges
X; CE - EZ satisfyingthe following (a) and (b) can
beconstructedrom E*: (a) all verticesofF; arerea-
able from r; in F; + Aj; (b) If r; is the leaf of F;
thenw; (A7) < (2 — 2/p;)w(E(T))) elsew;(A;) <
2w(E(7;)), wheep; isthenumberof leavesof F;. O

Lemma4.2 For someh with 1 < h < |L|, a setof
dlrectededgeth CEy— E;: satlsfymgthefollowmg
(a) and(b) canbe constructeo‘rom E*: (a) Th + Bh is
strongly connected(b) wy,(Br) < (2 — 2/|L|)w(E¥).
O

Theorem4.2 If A(S; G') = 1 thenthe proposedalgo-
rithm R2ESgenentesa (2 — 2/|L|)-approximatesolu-
tionto 2ECA-SMn O(|V||E|+ [V |?log |V | + |L||V]?)
time,whee L is the setof leavesof the path-teeof G’.

0

5 Concluding remarks

We have proposedapproximationalgorithms for 2-
vertex- or 2-edge-connedtity augmentatiorof speci-
fied verticesand have shavn that PR = 2 — 2/|L| if

k(S; G") A(S;G') = 1. Thetime compleity is

O(|V||E| + |V|*log |V| + |L||V|?). Comparingour
algorithmswith the other approximationalgorithmsin

[10, 13 or[11, 14 throughcomputationakxperiments
is left for futureresearch.
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