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[Abstract] The 	 -vertex-connectivity ( 	 -edge-connectivity, respectively) augmentationproblemfor specifiedvertices,	 VCA-
SV ( 	 ECA-SV) for short, is definedasfollows: “Givenanundirectedgraph
����������� , a spanningsubgraph
���������������
of 
 , specifiedvertices����� , andaweightfunction �! "�$#&%(' (nonnegative realnumbers),find aset� � � �)�+*,� � with
theminimumtotalweight,suchthat 
 �.- � � � �/������ �10 � � � � hasat leasttwo internallydisjoint(edgedisjoint) pathsbetween
any pair of verticesin � . In this paper, we proposea 2	3*4	6587 9:7;� -approximationalgorithmR2VCor R2ECfor 2VCA-SV or
2ECA-SV, respectively, if 
 � hasaconnectedcomponentcontaining� , where9 is thesetof leavesof acertaintreeconstructed
from 
 � and � . Its time or spacecomplexity is <��7;�(7;7 �=7 - 7>�?7;@BA;C8DE7>�E7 - 7 937;7>��7>@F� or <��7>�G7>@F� , respectively.

1 Intr oduction

[Problem definitions] For a positive integer H , the H -
vertex-connectivity( H -edge-connectivity, respectively)
augmentationproblemfor specifiedvertices, H VCA-SV
( H ECA-SV) for short, is definedas follows: “Given
an undirectedgraph IKJMLFNPORQTS , a spanningsubgraph
I?U4JVLWNXORQ?U�S of I , specifiedvertices Y[Z\N , and
a weight function ]_^4Qa` bdc (nonnegative real
numbers),find a set Q?U UeZfQhgiQ�U with the min-
imum total weight, such that jkLFYml6I UEn Q U U Sio H
( pqLFYml8I?U n Q?U UrSsotH ) for I?U n Q?U U�JuLWNXORQ?Uwv4Q�U U�S ,”
where jkLFYXl6I?U UrSxohH ( pqLFYml8I?U U�SyozH ) meansthat I?U U
has at least H internally disjoint (edgedisjoint) paths
betweenany pair of vertices in Y . We assumethat
jkLFYml6IdS{ozH ( pqLFYml8IdS|ozH ) without loss of general-
ity. If Y}J~N then H VCA-SV ( H ECA-SV) is denoted
simply as H VCA ( H ECA), which is calledthe H -vertex-
connectivity ( H -edge-connectivity) augmentationprob-
lem. In this paper, we exclusively consider2VCA-SV
and2ECA-SV.

By “an � -approximationalgorithm” we meanthat it
producesa solutionwhosetotal weight is no morethan
� times the optimum. This solution is called “an � -
approximatesolution”. It is also said that the perfor-
manceratio of the algorithmis � , andthis statementis
simply representedas ��b!J�� .
[Related results] First, we state existing results for
2VCA and 2ECA. For 2VCA (2ECA, respectively),
[1, 2] ([3]) proposeda linear time algorithmfinding an
optimumsolutionwhen I is a completegraphandany
edgeweight is unity. On theotherhand,[4] provedthat
2VCA and2ECA areNP-hardif distinct edgeweights
exist. For 2VCA and 2ECA , [5] devised �TL��>Q=� n
��N=�"���B���>N��;S time 2-approximationalgorithmswhen I?U
is connected.Moreover, for 2VCA (2ECA(andevenfor
H ECA for any Hso!� ), respectively), [6] ([7]) showedan
�TL���N=� ���>Q��;S ( �TL���N=�;L���Q�� n ��N=�"���B���>N��;Sq���B���>N��;S ) time2-

approximationalgorithmfor any givengraph I?U .
Next, known results for 2VCA-SV (2ECA-SV, re-

spectively) are summarized. Since 2VCA (2ECA) is
NP-hard, so is 2VCA-SV (2ECA-SV). For 2VCA-
SV (2ECA-SV) [8] ([9]) proposedan �TL���N=����Q�� n
�>N�� �����B����N=�>S ( ��L��>N=� �1S ) time 2-approximationalgo-
rithm when jkLFYml8I�UrSeJ�� ( pqLFNTl8I?U�S!J�� ), that is,
I?U has a connectedcomponentcontaining Y . In
[8] ([9]) 2VCA-SV (2ECA-SV) is reducedto 2VCA
(2ECA),which is to besolvedby theapproximational-
gorithm of [5] ([4]). Someapproximationalgorithms
proposedfor moregeneralproblemscontaining2VCA-
SV (2ECA-SV) as a subproblemcan be used. If the
�TL��>N=� � n ��N=����Q����PL���NT��O.�>N��>SWS ( ��L��>N�� �����B�3��N=�>S ) timeal-
gorithmproposedin [10] ([11]) is appliedthen ��b�J$�
( ��b�J��sge���B��Y�� ), where � is the inverseof Acker-
mann’s function(see[12]). In particular, if jkLFYml8I�UrSEJ
� ( pqLFYml8I?U�S�J$� ) then ��b�J�� ( �,b�J��Pg����B��Y�� ). And,
[13] ([14]) proposeda polynomialtime ( ��LF��N=���¡ ��>Q���¢�S
time) 2-approximationalgorithmbasedon a linearpro-
grammingtechnique.(In [13] theexacttimecomplexity
is notshown.)
[Main results] In this paper, we proposea ( ��g+���B��£�� )-
approximationalgorithmR2VSor R2ESfor 2VCA-SV
or2ECA-SV, respectively, for thecasewhen jkLFYml8I?U�S�J
pqLWYXl6I?U�S�J¤� , where £ is thesetof leavesof a certain
tree(calleda pathtree)constructedfrom I?U and Y . Its
time or spacecomplexity is �TL���N=����Qs� n �>N�� � ���B���>N�� n
�>£����>N=� �1S or �TL��>N=� �1S , respectively.

2 Preliminaries

2.1 BasicDefinitions
A graph I¥J¦LFNXO"Q�S consistsof a finite andnonempty
set of vertices N and a finite set of edgesQ . N and
Q are often written as NTLFIdS and QTLFIdS , respectively.
A directedgraphis often written as

g` I§J~LWNXO g` QxS . In
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an undirectedgraph,an edgewith endvertices ¨wOª© is
denotedby L�¨wOª©qS . In a directedgraph,a direct edge
which leaves ¨ and enters© is denotedby «¬¨wOª©® . In
the two cases,vertices̈ and © aresaidto beadjacent.
For «¬¨wOª©® , ¨ is called the parent of © and © is called
the child of ¨ . For two sets � and ¯ , let �°g°¯±J
��²M³K�[�:²´�³i¯,� . For N �/µ N and Q �¶µ Q , let
I�g/LFN � vxQ � S�J!LFNeg+N � O8Q·g+LWQ � vxQTLFN � SWSªS , where
QTLFN � SEJ¥�.L�¨wOª©�S3³�Qi���F¨wOW©���¸xN �x¹Jeº�� . I�g!��²�� is
simplydenotedas I�g4² .

For an undirectedgraph (a directedgraph, respec-
tively) I and vertices ¨wOW©t³´N , an undirectedpath
(a directedpath) from ¨ to © is denotedby �TL�¨wOª©ql6IdS
( �=«¬¨wOª©ql6I� ). If no confusionoccursthen �TL�¨wOª©ql6IdS
( �=«¬¨wOª©ql6I� ) is simply representedas �TL�¨wOª©qS ( �,«¬¨wOª©® ).

A directedgraph I is weaklyconnectedor a weakly
connectedgraph if andonly if, for any two vertices̈
and © , thereis a weakly directedpath (that is, if any
directededgeis replacedby anundirectedonethenit is
a path)from ¨ to © in I . And, I is stronglyconnected
or astronglyconnectedgraph if andonly if, for any two
vertices̈ and© , thereis a directedpathfrom ¨ to © .

An undirectedgraph I is connectedor a connected
graph if, for any two vertices̈ and © , thereis a path
from ¨ to © . A connectedcomponentof a graphis the
vertex setof a maximalconnectedsubgraph.

If two paths � , �?U do not shareany vertex ex-
cept endpoints(any edge,respectively) then they are
calledinternally disjoint (edgedisjoint). Let jqL¡¨wOW©ql6IdS
( pqL�¨wOª©ql6IdS ) denotethe maximumnumberof pairwise
internally disjoint (edgedisjoint) paths. Let us denote
jkLFYml6IdS?J�»s¼�½q�1jkL�¨wOW©ql6IdS?��¨wOª©)³+Y�� and pqLFYXl6IdS?J
»s¼�½q�1pqL¡¨wOª©�l8ITS��6¨wOª©y³¾Yw� for a setof verticesY+Z�N .
If Y�J¿N thenwe simply representas jkLFIdS ( pqLFIdS ). A
H -vertex-connectedgraph ( H -edge-connectedgraph) is
a graphsuchthat jkLFIdS:o�H ( pqLWITS�o�H ). That is to say,
the graphhasat least H internally (edge)disjoint paths
betweenany pair of vertices.

A H -vertex-connectedcomponents( H -edge-connected
components, respectively) of I isamaximalsubset̄}Z
N with jqLW¯Tl6IdS,oiH ( pqLF¯Tl8IdSTo¤H ). In particular, 2-
vertex-connectedcomponentsareoftencalledblocks. A
vertex © (An edgeÀ ) is calledacutvertex (abridge) of I
if thenumberof connectedcomponentsof I|gT© ( I)g�À )
is greaterthanthatof I .

A tree is an undirectedconnectedacyclic graph. A
leaf in a treeis a vertex to which only oneedgeis in-
cident. An arborescenceis a weaklyconnectedacyclic
directedgraphsuchthat it hasonly onespecifiedver-
tex � , called the root, having no enteringedges,and
for any vertex © except � , thereis a path �,«¬��Oª©® and ©
hasexactlyoneenteringedge.For anarborescencewith
the root � , a graphconsistingof edges«¬¨wO�©� suchthat
theoppositelydirectededges«¬©�O�¨� arecontainedin the
arborescenceis calleda reversearborescencewith the
root � , wherea root in reversearborescenceis a vertex
having no leaving edges. If thereis �,«¬¨wOª©® in a (re-
verse)arborescence,thenwe saythat ¨ is an ancestor

of © and © is a descendantof ¨ . For a reversearbores-
cencewith theroot � , supposethat ¨ is notadescendant
of © andthat © is not a descendantof ¨ . Thena nearest
commondescendantof ¨ and © is a commondescen-
dantof ¨ and© suchthatit is thenearestamongall such
commondescendants.A cutvertex (leaf,respectively) in
adirectedtreemeansacutvertex (leaf) in theundirected
treewhich is obtainedby replacingeachedge«�¨wOª©� by
anundirectedone L¡¨wOª©�S .

A real numberassignedto eachedgeis called the
(edge)weightof theedge,andafunctionassigningeach
edgea weight is calleda weightfunction. A graphwith
edgeweightsis calleda weightedgraph. In a weighted
directedgraph I , a minimumarborescenceis a span-
ning arborescencewhosetotal weight is the minimum
amongall arborescencesof I . A shortestpath from
¨ to © of an undirectedgraph I is an undirectedpath
�TL�¨wO�©�l8ITS whosetotal sumof weightsis theminimum
amongall suchpathsof I .

2.2 A block-cutvertex-tree
As aninstanceof 2VCA-SV, supposethat I�U�J�LFNXORQ?U�S
is agraphsuchthat ��N=�ko!� andlet Y bethesetof speci-
fiedvertices(seeFig.1). Wefocusonblocksandcutver-
ticesof I?U , whereif �>NGUm¸¾Y���Á~� for any connected
componentN(U in I�U thenwe regard N?U asa block of I?U
(suchastheconnectedcomponent�.Â1OªÃ®� in Fig. 1).

We construct a block-cutvertex-forest ÄÆÅ J
LWN�Å�O8Q?UÅ S from I?U as follows (seeFig. 2). Any block
or any cutvertex in I?U is representedasa new vertex,
calleda block-vertex or a cutvertex, respectively. Let
NÈÇÊÉ or NÈËÊÉ be the set of block-verticesor of cutver-
tices (given as new vertices),respectively, anddenote
as N�Å}J¿N�ÇÊÉxv|NÈËÊÉ . Let Q?UÅ bethesetof edgesL�¨wO�©�S
suchthat ¨ is ablock-vertex and© representsanindivid-
ual cutvertex containedin theblock correspondingto ¨
in I�U .
Ä Å is a forestsuchthatblock-verticesandcutvertices

appearalternatelyin eachtree of Ä Å . Ä Å is called a
block-cutvertex-tree if I?U is connected.Note that any
leafof Ä Å is ablock-vertex. A block-cutvertex-forestof
I?U canbeconstructedin �TL���N=� n ��Q�U2�>S time [15].

For eachvertex ¨ of Ä�Å , let ��ÌP�ÊL�¨mS bethesetof ver-
ticesof I?U satisfyingthe following (i) or (ii). (i) If ¨
is a cutvertex of ÄÆÅ then ��ÌÆ�"L¡¨mS¶JV�F¨ÆUr� , where ¨®U
is a cutvertex of I�U that correspondsto ¨ . (ii) If ¨ is
a block-vertex of ÄÆÅ then � ÌÆ� L¡¨mS,JhÍ�ÎxgeN�Ë , where
Í Î is a block correspondingto ¨ (seesetsrepresented
as �.Ï6ÏRÏ�� in Fig. 2) and N Ë is the set of cutverticesof
I?U . For any pair of vertices̈wOª©�³}N Å , let Q?U UÅ be the
setof edgesL�¨wOª©qS suchthat thereexistsanedgewhose
endverticesbelongto ��ÌÆ�ÐL�¨mS and ��ÌÆ��L�©qS in I°g}Q?U .
Let Q�Å�JÑQ?UÅ v�Q?U UÅ and I�Å�JÒLWN�Å�O8Q�Å3S (Fig. 2).
Eachvertex ¨�³�N�Å is oftendenotedas �XL¡²mS for some
²Ó³4��ÌÆ�ÐL¡¨mS .

Let ÄÆÔ beany subtreeof ÄÆÅ , andlet ÄÆÕ denoteÄÆÅ
or Ä�Ô . Let N�ËÐÖ bethesetof cutverticesof ÄÆÕ . For Ä�Õ
andasetof edgesQ U U U , wewrite as j U L�Ä�Õ n Q U U U S�o!� to
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meanthat,for any cutvertex ©)³4N Ë Ö , jkLWL�Ä Õ n Q U U U Smg
©�S�o!� .

For a setof vertices Y®UsZ�N,L�Ä�Õ=S , let us denoteas
jÈU�LWY®U�lªÄÆÕ n Q?U U UrSdo¿� if andonly if, for any cutvertex
©/³�NÈËÐÖ , jkLFY®U2lRL�Ä�Õ n Q�U U U�S�g¾©qS(o¿� . Note that there
mayexist ablockvertex ©x³4N�ÇÊÉ suchthat jkLFY�U�l8L�Ä�Õ n
Q?U U U�S�g+©qS×JuØ even if jÈU¡LFY�U2lWÄÆÕ n Q�U U U�S×oÙ� . In [4,
5] ([9], respectively) it hasalreadybeenproved that if
jÈU�L¡ÄÆÕ n Q?U U U�Syo~� ( jÈU�LWY®U2lWÄ�Õ n Q?U U U¡Sxo~� ) then we
canobtainasetof edgesQ?U U from Q?U U U suchthat jkLFI?U n
Q?U UrS�oe� ( jkLFYml6I?U n Q?U UrS�o!� ).
2.3 A path-tr ee
Supposethat jkLFYml6I?U�S)J±� . Let YÚÇ�JÛ��¨K³tN�ÇÊÉ¤�
LF��ÌP��L�¨mSmg!NÈËRSm¸)Y ¹Jeº�� , YÚËTJ&��©Ó³�NÈËÊÉ¾�®��ÌÆ�"L�©qS�ZY�� and YÚÅ!J$YÚÇmv�YÚË . Let Ä�UÅ bea subgraphconsisting
of thoseedgeson �TL�¨wOª©qlWÄ�Å�S for any pair of ¨wOª©y³4YÚÅ
(denotedby thick bold lines in Fig. 2). Clearly, Ä�UÅ is
a tree. Let Ä�ÔÑJVLFNÈÔEO8Q?UÔ S be the tree constructed
from Ä�UÅ by deletingall leaves ©�³°N�ËÊÉ|¸¾YÚÅ (see Ü�Ý
in Fig. 2). Ä Ô is called the path-tree (of I?U )[9]. Let
us partition N Ô as N Ô JÒN ÇÊÞ v�N ËÊÞ , where N ÇÊÞ and
N ËÊÞ aresetsof block-verticesandof cutverticesof Ä Ô ,
respectively. Let Y Ô JVLWY Å g¥ß�àPS(v���²�³zN ÇÊÞ �
² is adjacentto ¨Ó³4ß�à in Ä�UÅ � , where ß�à is the setof
cutverticesdeletedin constructingÄ Ô . (In Fig. 2, Ü Ý is
deletedfrom YÚÅ and á � is addedto YÚÔ .) Note thatany
leaf of ÄÆÔ is containedin YÚÔ+¸xN�Ç Þ (seeFig. 3).

3 The â -vertex-connectivity aug-
mentation problem for specified
vertices(2VCA-SV)

3.1 The proposed algorithm R2VS forã�äWåTæèç×é�ê�ë§ì
The algorithm 2-ABISof [16] or the algorithm R2VS
to be proposedis a 2-approximationor ( �{g¿���B��£�� )-
approximationone, respectively, for 2VCA-SV when
jkLFYml6I?U�S(JÙ� . 2-ABISutilizes the algorithmof [5] for
solving 2VCA, while R2VSrepeats2-ABISasfollows:
it repeatsselectingeachleafof a givenpathtreeÄÆÔ and
executingthealgorithmof [5] to solve 2VCA, andthen
selectsthebestsolutionamongthoseobtained.Thepro-
posedalgorithmR2VSis statedin thefollowing.

[Algorithm R2VS]
Input: An undirectedgraph IzJ�LFNPORQTS , a spanning
subgraphI?U�J$LWNXORQ?U�S of I with jkLFYml8I?U�SwJ$� (Fig.1),
a setof specifiedverticesY+ZeN , anda weightfunction
]�^kQ°`´bTc (nonnegative realnumbers)
Output: A setof edgesQ?U U�Z&Qeg�Q?U with jkLFYXl6I?U n
Q?U UrS�oe� .

1. Construct a block-cutvertex-forest Ä�Å J
LFNÈÅGO8Q?UÅ S (Fig. 2) of I�U and a path-tree
ÄÆÔíJ LFNÈÔ?ORQ?UÔ S (Fig. 3) from ÄÆÅ . Let Q?U UÅ
be the set of edges L�¨wO�©�S such that ¨wOW©h³îNÈÅ
and there is an edge L�¨ U O�© U S ³ QVgïQ U

with ¨ U ³í� ÌÆ� L�¨mS and © U ³í� ÌÆ� L�©qS . Let
Q�Å J Q?UÅ vtQ�U UÅ , I�Å J LFNÈÅEO8Q�ÅES and
]GÅ3LWL�¨mOª©qSWSîJ ð�ñ�ò���],LWL�¨®U�O�©�UrSWS±�¤L¡¨�U�Oª©ÈU�S±³
Qig°Q?U�O(¨�U)³h��ÌÆ��L�¨mSFOT©�U)³h��ÌÆ�"L�©qSF� for any
L�¨wO�©�S3³�Q?U UÅ , where]GÅ3LWL�¨mOª©qSWS maybeundefined
for someL�¨wOª©qS .

2. Set Q:Ô°óôQ?UÔ andconstructI�Ô°J¤LWN�ÔEORQ:Ô�S as
follows: for any pair of vertices ¨wOª©�³iN Ô with
L�¨wO�©�Si�³±Q?UÔ , if I Å g¿Q�UÔ has a path �TL�¨wO�©�S
suchthat LFNTLW�TL�¨wOª©qSWS3g���¨wOW©®�.S:¸¾N Ô JÙº then
set Q Ô óõQ Ô v·�.L¡¨wOW©qS�� and let ] Ô LWL�¨mOª©qSWS be
theshortestlengthof suchpathswith respectto the
weightfunction ]GÅ , whereweset]GÅELªL�¨wOª©qSWS�ó�Ø
for any L�¨wOª©qSE³¾Q?UÅ g�Q?UÔ . (SeeQ:Ô¶g�Q?UÔ whose
edgesaredenotedby dottedlinesin Fig. 3.)

3. Let £�J¥��ö � O6÷8÷R÷ªO�öÆø à ø�� bethesetof leavesof ÄÆÔ .
Set Q?U U�ó�º and ñ¾óù� initially and repeatthe
following Steps4 through8.

4. Selecta leaf öèú3³¾£ astheroot andconstructfrom
Ä�Ô a reversearborescence

g`Ä�úEJ�LWN�ÔEO g `Q Uú S with the
root ö�ú (seesolidarrows in Figs.4 and7).

5. Set
gR`Q cú óõº initially, and define

g8`Q cú and ]Gú4^gR`Q cú `´bTc by executingthefollowing (1) through
(3) for eachedgeL¡¨wOª©�S�³4Q:Ô .

(1) If «¬¨wOª©®�³ g `Q Uú thenset
g.`Q cú ó g8`Q cú v{�B«�¨wOW©®W�

and ] ú L�«�¨wOª©®�S|óíØ ; otherwiseexecutethe
following (2) or (3).

(2) If ¨ is anancestorof © in
g`Ä�ú thenset

gR`Q cú óg8`Q cú v��1«¬©®O�¨�W� and] ú LF«¬©®O2¨��S:óÙ] Ô LªL�¨wOª©qSWS .
(3) Otherwise (that is, any one of ��¨mOW©��

is not an ancestor of the other), setg8`Q cú ó g8`Q cú v$�B«�û"Oª¨�ªO6«¬û"O�©®ªO8«¬¨wOª©®ªO8«¬©®O�¨�ª�
and ]Gú2LF«¬û"O�¨��SdJ�]GúªLF«¬û"O�©®�SdJ&]Gú�L�«¬¨wO�©��STJ
]GúªL�«�©®O�¨�2S¦ó ]GÔ3LWL�¨mOª©qSWS , where û is the
nearestcommondescendantof ¨ and© in

g`ÄÆú .
(For example,in Fig. 4, if ¨)J°á ¢ and ©yJ$á�ü
thenû�J}á Ý ).

6.
g `Q�ú|ó gR`Q cú initially, and construct

g `Q:ú as follows

(seeFigs.5 and8): for eachedge«¬¨wOª©®w³ g8`Q cú g g `Q Uú
suchthat ¨ is a cutvertex and © is anancestorof ¨
in
g`Ä ú , set

g `Q ú ó g `Q ú v·�B«�¨Æý�Oª©®W�=g¿�1«¬¨wOW©®W� and
] ú L�«¬¨®ý�Oª©®�S=óÒ] ú L�«¬¨wO�©��S , wherëÆý is the parent
(a block vertex) of ¨ on �TL�©®O�¨mS in

g`ÄÆú . (For exam-

ple, in Fig. 5, «ªÜ � ORá2üÈ=³
g8`Q cú g g `Q Uú is changedto

«ªá�Ý�ORá ü �³ g `Q:ú , wherë ý J}á2Ý if ¨ÓJ}Ü � .)
7. Findaminimumarborescence

g `Ä Uú J!LFN Ô O g `þ ú S with
the root öèú in

g `IGú(JuLWN�ÔEO g `Q:ú�S (seeFigs.6 and9).

Set
g�`Q U Uú ó g `þ ú g g `Q Uú . Construct Q U Uú Z[Q¥g°Q U

by replacingeachedgeof
g�`Q U Uú by the correspond-

ing undirectededgeof I , wheremultipleedgesare
changedto a simpleone.
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8. If Q U U Jiº or ]�LFQ U U S�ÿ¥]�LFQ U Uú S then Q U U ó Q U Uú .
Setñ3óÙñ n � . If ñ3Á$��£�� thengobackto Step4. ��

Thecorrectnessandthe performanceratio of the al-
gorithm R2VSare going to be shown later. Here we
considerits time complexity. The running time spent
by all stepsexcept the loop from Steps4 through8 is
�TL���N=����Qs� n �>N,� � ���B�3��N=�>S from theknownresults(see[8]
for example).Theloopis repeated��£�� timesandeachit-
erationof thelooptakesatmost ��LF� g `Q ú � n ��N Ô �Ê���B����N Ô �;S
time [5]. Since ��NèÔ?� is �TL��>N=�>S and � g `Q:ú�� is �TL��>N=� �1S , the
total time spentby the loop from Steps4 through8 is
�TL���£�����N,� �1S time. Thus, time complexity of the algo-
rithm is ��LF��N=���>Qs� n �>N�� �����B����N=� n �>£����>N=� �1S .
3.2 Corr ectnessand performance ratio of

R2VS
Theorem 3.1 jkLFYml8I?U n Q?U UrS�oe� .
(Proof) Thetheoremfollowsfrom theresultsof [8, 16].��

Weconsidertherelationshipbetweenthetotalweight

of
g¡`Q U Uú andthatof an optimumsolution Q��,Z¥Q}g�Q?U .

Let Q��Å Jï�.LF�XL¡¨mSFO6�XL¡©®SªSÓ�,L�¨wO�©�S¾³tQ��"� . We may
assumethat thereareno multiple edgesin Q �Å andthat
Q��Å ZzQ Å g}Q�UÅ . Since Q�� is an optimum solution,
jÈU�LWY Å lªÄ Å n Q��Å Sdo¦� and ] Å LFQ��Å SGJ$]=LFQ��ÐS . Thus,
we considerQ��Å insteadof Q�� in therestof thesection.

Let ÄÆÅ°J¤L N�Å�O Q UÅ S be any fixed minimal subgraph
of Ä�Å suchthat Q?UÔ Z Q UÅ and jÈU�LWYÚÔ3l Ä�Å n Q��Å S:J&� .
(In Fig. 2, for example,LFá � O8Ü Ý SE³ Q?UÅ , while LFÜ Ý O8á��1S=�³
Q?UÅ : evenif therewereanedgeLFá ��  O8Ü � S:³4Q?UÅ , it would
not in Q�UÅ .) Wepartition Q��Å v�L Q?UÅ gyQ?UÔ S into thethree
sets,Q �Å , Q �Å and Q?�Å , asfollows:
Q,�Å J}�.L�¨wOª©�S�³ÓQ��Å vdL Q UÅ gxQ?UÔ S��8¨wOª©y³ N�Å�gxN�Ô?� ;
QE�Å J}�.L�¨wOª©�S�³ÓQ��Å v�L Q UÅ g+Q?UÔ S��6¨¾³ NÈÅ+g�NÈÔ?O©)³4N�Ô?� ;
Q �Å J}�.L�¨wOª©�S�³ÓQ �Å v�L Q?UÅ g+Q UÔ S��6¨wOª©x³ÓNÈÔ?� .
Let �
	 denoteany connectedcomponentof L N Å g

N Ô O8Q,�Å S . Since Q�� is an optimumsolution,the graph
whosevertex set is ��	 andwhoseedgeset is Q���4J
�.L�¨wOª©�Sx³iQ,�Å ��¨wOª©�³���	1� is a tree. Let ��	 denote
thegraphinducedby theedgeset Q�����vxQE�Å L�ñ�S , where
QE�Å L�ñ�S�J&�1À�³¾QE�Å �qÀ is incidentto a vertex of � 	 � . � 	
is alsoa treeandis calleda tent. Let � 	 denotethesub-
treeof Ä�Ô suchthatit consistsof all paths�TL�¨wOª©qlWÄÆÔ�S ,
onepathfor eachpair ¨wOW©Ó³+N=L�� 	 Sm¸)NÈÔ . � 	 is called
a floor. Let � 	 denotethegraphconsistingof a tent � 	
anda floor � 	 (Fig. 10(1),(2)). � 	 is calleda net. For
Q �Å , let us definea tent to be a graphconsistingof an
individual edgeof Q �Å andits endvertices.A floor and
anetaredefinedsimilarly (Fig. 10(3),(4)). Let ò bethe
numberof nets. For each� , the subgraphof

g`ÄÆú corre-
spondingto � 	 is denotedas

g `� 	 . g `� 	 is alsocalledafloor.g `� 	 hasexactly onevertex having no leaving edges.The
vertex is calledthe root of

g `� 	 anddenotedby � 	 . Let

²�	 be a vertex definedasfollows: if ��	 is a block ver-
tex thenset ² 	 óî� 	 , or if � 	 is a cutvertex thenselect
any block-vertex ¨ that is a parentof ��	 in

g `��	 andset
²�	?ót¨ (see²�	 in Fig. 10).

Lemma 3.1 For each net � 	 , a set of directededgesg `� 	 Z g `Q�ú�g g `Q Uú satisfyingthe following (a) and (b)
can be constructedfrom Q��Å : (a) all verticesof

g `� 	
are reachable from ² 	 in

g `� 	 n g `� 	 ; (b) If � 	 is the
leaf of

g `��	 then ] ú L g `� 	6S×ÁÙLª�=ge����Ã�	RS�] Å LFQdL���	RSWS else
] ú L g `� 	.S�Áô�Ð] Å LFQTL���	.SªS , where Ã 	 is the numberof
leavesof ��	 .
(Proof) Let ! 	 be a vertex definedasfollows: if � 	 is
a leaf of

g `� 	 thenset ! 	 JÙ� 	 , or if � 	 is not a leaf ofg `� 	 thenselectany vertex ! 	 in � 	 . For each� 	 , we
executethe depth-first-search(DFS) by selecting! 	 as
thestartingvertex, andassigntheDFS-numberto each
vertex. Supposethat £ 	 be the setof leavesof � 	 and
Ã 	 J&��£ 	 � . Note that £4¸|N=L"� 	 S�Z}£ 	 andthat Ã 	 o°�
since QTL"� 	 S ¹J~º . Then, leaves of

g `� 	 are numbered

as #�$ 	&%� O'#�$
	&%
� O6÷R÷8÷FO&#�$

	(%) � , whoseindicesdenotethe orderin

which they arevisitedby DFS,where # $ 	(%� maybeoften

denotedas # $ 	(%) � cÆ� for notationalsimplicity. Eachof Ã 	
paths�TL"# $ 	&%* O'# $ 	&%* cÆ� l"� 	 S�LW�yÁ°H|Á�Ã 	 S is calleda bypass

(connecting# $ 	(%* and # $ 	&%* cÆ� ). ��L+# $
	&%* O'# $ 	&%* cÆ� l"� 	 S is oftenrep-

resentedas �,$ 	&%* for simplicity. Thenthe following (1)
and(2) hold.

(1) For eachÀG³ÓQTL���	"S , thereareexactly twobypasses
containingÀ .

(2) For someH1U with �=Á�H1UPÁ+Ã 	 , thereis at leastone

weakly connectedpath �TL"# $ 	(%*.- O&# $ 	(%*.- cÆ� l
g `��	ÐS contain-

ing � 	 and ² 	 , where #�$ 	(%* - cÆ� is anancestorof ² 	 ing`ÄÆú .
Let usdefineasetof directededges

g `� 	 asin thefollow-
ing (i) and (ii) by appropriatelychoosingone weakly
connectedpath ��L+# $ 	&%*'- O'# $ 	&%*'- cÆ� l

g `� 	 S containing� 	 and ² 	
(²�	 maybeequalto ��	 ) in

g `��	 .
(i) If ��	 is aleafof

g `��	 (seeFig.10(1),(3)) then # $ 	(%� J���	 .
First, let

/ $ 	(%* J
$ Î�0 ý1%�2.3 $ Ô54 �768 %

] Å LWL¡¨wOª©qSWSFO and

/ $ 	&%* - - J$»:9<;P� / $ 	(%* ���=Á�H�Á+Ã 	6�1Ï
(Notethat / $ 	&%*'- - o �

Ã 	
) �
*>= �

/ $ 	(%* .)

If H1U U ¹J�� and H1U U ¹J·Ã 	 thenlet

g `� 	 J �B«¬² 	 O'#�$ 	&%� ªO8«¬² 	 O'# $
	&%) � W�Ev

�B«?# $ 	&%@ O'# $ 	&%@ cÆ� w����Á¶ðzÁ�H U U g·���?v
�B«?#�$ 	&%@ - cÆ� O&#�$

	(%@ - w�èH U U n �=Á¶ð U Á+Ã 	 g��È�
(Fig. 10(1)assumes# * - - JA# � )
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Figure 1: I\JVLFNPORQTS and I?U{J
LFNXORQ?U�S , wheresolid linesareedges
in Q?U , dottedlinesareonesin Q,g(Q?U ,
black verticesare thoseof YiZ�N ,
andnumbersshown besideedgesare
weights.
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Figure 2: I�Å J LFNÈÅEO8Q�ÅES
and a block-cutvertex-forest Ä Å J
LFN Å ORQ?UÅ S (edges are denoted by
solid lines), wheredotted lines are
edges in Q Å gzQ?UÅ , squaresare
block-vertices, circles are cutver-
tices, black squaresand circles are
verticesin YÚÅ , and ��ÌÆ�ÐL�¨mS for each
¨Ó³ÓN�Å is shown in braces.
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Figure 3: I�Ô´J LFNÈÔEO8Q�Ô�S (to be
definedin Step2 of R2VS) and the
path-treeÄ Ô J LFN Ô O8Q?UÔ S , where
dottedlines areedgesin Q Ô g�Q?UÔ
and black squaresand circles are
verticesin Y Ô .
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Figure4: Constructionof BÄ ú (solid

arrows) and BQ cú with the root áDC ,
wheredottedlinesdenoteedgesap-
pearedin Step5 (2) or (3)).
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Figure5: Constructing BQ ú from BQ cú .
In Step6, directededgesemanating
from Ü � in Fig. 4 are transformed
into thosewhich start from á2Ý with
resultingself-loopsdeleted.
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Figure6: A minimumarborescence
BÄ�Uú (solid lines areedgesof BQ?Uú , and
dottedlinesarethoseof BQ?U Uú ) with the
root á C . Thetotalweightis 49.

If HBU UÆJ�� (seeFig. 10(3))thenlet

g `� 	 J �B«¬² 	 O'# $ 	&%) � W�Ev
�B«?# $ 	&%@ - cÆ� O&# $

	(%@ - �����Á+ð U Á¶Ã 	 g·�È�
If HBU U ¹J�� and H1U UÆJ/ÃE	 thenlet

g `� 	_J �1«¬²�	8O&# $ 	(%� W�3v�1«?# $ 	(%@ O&#�$ 	(%@ cÆ� w���=Á¶ðzÁ+Ã 	 g+���1Ï
(ii) If � 	 is nota leaf of

g `� 	 thenlet

g `� 	_J �B«¬²�	.O&# $ 	(%* - cÆ� W�Ev
�B«?# $ 	&%@ O&#�$ 	(%@ cÆ� �����Á/ðzÁ+Ã 	 Oªð ¹J}H U �

( # *'- JF# ü and # *.- cÆ� JG# � in Fig. 10(2),and # *.- JA# �
and # *'- cÆ� JA# � in Fig. 10(4)).

Thefollowing importantpointsholdfromthedefinitions
of
g `� 	 , I�Ô and]GÔ :

(a)all verticesof
g `� 	 arereachablefrom ² 	 in

g `� 	 n g `� 	 ;
(b)
g `� 	 Z g `Q�úPg g `Q Uú ;

(c) ] Ô LªL"# $ 	(%* O'# $ 	&%* cÆ� SWS�Á / $ 	(%* for eachH ( ��Á�H�Á+Ã 	 ).
Now, if ��	 is a leafof

g `�H	 , thecondition(1) mentioned

above in this proof and the fact that ]Gú�L�«�² 	 O'#�$ 	&%� �SÓJ]GÔ�LWL"# $ 	(%� O'# $
	(%
� SWS and ]Gú�L�«¬² 	 O'# $ 	(%) � �S&J�]GÔ�LWL"# $ 	(%� O'# $

	(%) � SWS
(this follows from Steps5(2) and6 of R2VS) show the
following inequality

]Gú�L g `� 	 S�Á
) �

*>= � 0 * I=�* - -
]GÔ3LWL"# $ 	&%* O'# $ 	&%* cÆ� SWS

Á ��g �
Ã 	

) �
*1= �

/ $ 	(%*

J ��g �
Ã 	 ÷.�

$ Î�0 ý1%�2'3 $KJ � %
]GÅELªL�¨wOª©qSWS

J ��g �
Ã 	 ]GÅ3LFQTL�� 	 SªSFÏ
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Figure7: Constructionof BÄÆú (solid

arrows) and BQ cú with the root á ¢ ,
wheredottedlinesdenoteedgesap-
pearedin Step5 (2) or (3)).
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Figure8: Constructing BQ�ú from BQ cú .
In Step6, directededgesemanating
from ÜDL in Fig. 7 are transformed
into thosewhichstartfrom á2Ý .
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Figure9: A minimumarborescence
BÄ Uú (solid lines areedgesof BQ Uú , and
dottedlinesarethoseof BQ?U Uú ) with the
root á ¢ . Thetotalweightis 36.

If � 	 is not a leaf of
g `� 	 then ]Gú�L�«¬² 	 O&# $ 	(%*.- cÆ� �SMJ]GÔ�LWL"# $ 	&%*'- O&# $ 	(%*.- cÆ� SªS (this follows from Steps5(3) and6 of

R2VS) and,therefore,

] ú L g `� 	.S�Á
) �
*>= �
] Ô LWL"# $ 	&%* O&# $ 	(%* cÆ� SWS

Á
) �
*>= �

/ $ 	&%*

Á �Ê] Å LWQTL���	6SWSFÏ ��

2

5

3

6

1
7

4

2

3
5

8

4 1

l2

l3

l4

l5

l6
l7

l8

l9
2

5

3

6

1
7

4

2

3
5

8

4 1

l1l2

l3

l4

l5

l6
l7

l8

l9

r

l1=r

l1=r
3

l2 l1r

3

l2

x x

x x

(1) (2)

(3) (4)

j

j
j

j

j
j jj

Figure10: Four examples(1) through(4) of nets � 	 ,
wheretrianglesareverticesin N Å g4N Ô , andsolid lines,
dottedlines andpartially brokenlines representa floor
B��	 , a tent ��	 andedgesof B� 	 , respectively.

Lemma 3.2 For some M with �!ÁNM°Á±��£�� , a set of

directededges
g�`Í�OÓZ g�`QO�g g�`Q UO satisfyingthefollowing

(a) and(b) canbeconstructedfrom Q��Å : (a)
g `Ä�O n g>`Í�O is

stronglyconnected;(b) ]POqL g�`ÍOqS�Á�LW�qg������>£��>S¡] Å LFQ��Å S .
(Proof) We prove that the desiredset

g>`Í O is obtained
from Q��Å . First, for eachñ with �xÁ}ñTÁ¦��£�� , we show
how to constructa set of directededges

g `Í�ú suchthatg`ÄÆú n g `Í�ú is stronglyconnected.Initially set
g `Í:ú�ótº andQ �Å ó´Q��Å v�L Q UÅ gÓQ?UÔ S , andassign“accessible” to the

root ö ú of the path-tree
g`Ä ú JKLFN Ô O g `Q Uú S and“nonacces-

sible” to theotherverticesof
g`Ä�ú . Repeatthe following

pair of proceduresAL1 andAL2 until “accessible” is
assignedto every vertex of N Ô :

(AL1) Selectan accessibleblock-vertex ² satisfying
thefollowing (1) and(2):

(1) ² is in a net � 	 constructedfrom
Q �Å ;

(2) in
g `� 	 , if � 	 is a block-vertex then ²Mó � 	 ,

otherwise² is setto a parentof � 	 .
(AL2) For ² and � 	 , construct

g `� 	 by usingLemma3.1
(in which ² is writtenas² 	 ), andset

g `Í:úôó g `Í�úmv g `� 	 Ï
Thenassign“accessible” to all verticesof thefloorg `��	 of thenet �R	 , andset

Q �Å ó Q �Å g+QTL���	RS .
If we assumethat thereareno block-vertices² satis-

fying (1) and (2) of AL1 , while we have a nonacces-
sible vertex, then we can easily show a contradiction
that jÈU�LWYÚÅ�lªÄÆÅ n Q��Å S(o¿� is not satisfied.Henceit is
concludedthat “accessible” is assignedto every vertex
eventually, implying that

g`ÄÆú n g `Í:ú is stronglyconnected.
Next we show that thereis a directedgeset

g�`Í O with
] O L g�`Í O S�Á$Lª�(g·�����>£��>S¡]�LWQ��Å S . Let M beanindex such
that ] O L g�`Í O SÓJ�ðxñ�ò��F]Gú�L g `Í:úFSÓ�,��Á~ñ¾ÁÛ��£���� . For
any �Ó³�£ 	 g�£ , thereis an edgeL��BOª¨mSG³�QTL"� 	 S such
that Ä�Ô}g°L¡��Oª¨mS hasa connectedcomponentÄ�U with
NTL�Ä?U�SE¸+NTL"� 	 S{J±����� and £·¸�NTL�Ä?U�S ¹Jhº . Hence
thereis a reversearborescence,rootedatsome�BUP³Ó£�¸
NTL�Ä?U�S , suchthat any path �,«¬¨wOª�BU¡ with ¨�³hNTL"��	6S
passesthrough� toward �BU , meaningthat � is a root ofg `�H	 . That is, eachvertex in £�	 becomestherootof

g `��	 at
leastoncein

g `Ä � O6÷R÷8÷FO g�g�`Ä�ø à ø . SinceQTL���SèSP¸xQTL���TÈS�J·º if
² ¹JVU , Lemma3.1givesus

] O L g�`Í O S�Á �
��£��

ø à ø
ú = �
]Gú�L g `Í�úFS

Á �
��£��

W

	 = �
Ã 	 ÷ ��g �

Ã 	 ]GÅ3LFQdL�� 	 SWS

n LF��£��Bg{ÃE	6SP÷.�Ê] Å LFQdL���	RSWS
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J �
�>£�� ÷8�BL��>£���g+�BS

W

	 = �
] Å LFQTL���	6SWS

J ��g �
��£�� ] Å LFQ �Å SFÏ

��

Since
g `Ä O n g�`Í O is stronglyconnected,it hasa sub-

graphÄ�X}J$LWN�ÔEO g.`QXTS which is anarborescencerooted
at ö O . Since ] O L�«�¨wOª©®�S�J Ø for any directededge

«¬¨wOª©®d³ g `Q UO , we have ]POqL g.`Q X SdÁ$]POèL g�`Í�OqS . (Note thatg�`Í O mayhave someedgesnot containedin
gB`Q�X .) Hence

we obtainthenext corollary.

Corollary 3.1
g `Ä O n g�`Í O of Lemma3.2 contains,as a

subgraph, an arborescenceÄ X J�LFN Ô O g.`Q X S , with the
root ö O , such that ] O L g.`QXTS�Á/] O L g�`Í O S .

We obtain the next theoremfrom the above discus-
sion.

Theorem 3.2 If jkLFYXl6I?U�SdJ¦� thentheproposedalgo-
rithm R2VSgeneratesa LW�(g����B��£��;S -approximatesolu-
tion to 2VCA-SVin ��LF��N=���>Qs� n �>N�� �����B����N=� n ��£�����N,� �1S
time,where £ is thesetof leavesof thepath-treeof I?U .
(Proof) Sincetime complexity of thealgorithmhasal-
readybeengivenin Section3.1,we considertheweight
of any approximatesolution Q?U U givenby R2VS.

g `Ä UO con-
structedin Step7 is a minimum arborescencein a di-
rectedgraph LWN�ÔEO g `Q O S with respectto theweight func-

tion ] O . That is, ] O L g�`Q U UO S(Á}] O L g�`QXTS . By considering
the rootedtree Ä X JuLFN Ô O g.`Q X S mentionedin Lemma
3.2andCorollary3.1,we obtain

]=LFQ U U S J ðxñ�ò��F]=LFQ U Uú S�����Á+ñ3Á$�>£����
Á ]�LWQ U UO S�Á¶]POqL g¡`Q U UO S�Á+]POèL g�`Q X S
Á ] O L g�`Í O S�ÁeLW�?g+���B��£��;S�]×LFQ � SFÏ ��

4 The â -edge-connectivity aug-
mentation problem for specified
vertices(2ECA-SV)

4.1 The proposed algorithm R2ES forY äWådæèç é ê�ë§ì
The algorithm of [9] is a 2-approximationone for
2ECA-SVwhen pqLFI U S�J$� andutilizesthealgorithmof
[4] for solving2ECA.On theotherhand,our algorithm
R2ESis a LW��g4�B����£��>S -approximationonefor 2ECA-SV
when pqLWYXl6I?U�S�J�� andutilizesthealgorithmof [5] for
solving 2ECA in order to improve the time andspace
complexity. Thedifferencesfrom [5] arethe following
(1) and(2): (1) we selecteachleaf of Ä asthe root in
Step4 andexecutethealgorithmof [5], andthenselect
thebestsolution; (2) we have modifiedconstructionofg `Q:ú in Step6(3) andaddSteps2, 3 in order to extend
2ECA to 2ECA-SV. The proposedalgorithm R2ESis
statedin thefollowing.

[Algorithm R2ES]
Input: An undirectedgraph I´J�LFNXORQTS , a spanning
subgraphI?UEJMLFNXORQ?U�S of I with pqLFYXl6I?U�S�JM� , a set
of specifiedvertices Y�Z°N , anda weight function ]M^
Q$`´bTc (nonnegative realnumbers)
Output: A setof edgesQ?U U�Z&Qeg�Q?U with pqLWYXl6I?U n
Q?U U�S�o�� .

1. Constructa graph I?U ZKJ_LFN Z ORQ?UZ"S from I?U by
shrinkingeach2-edge-connectedcomponentof I U
into an individual vertex, where any connected
componentnot containing Y is regardedas a 2-
edge-connectedcomponentin this construction.
For ¨wOª©t³±N Z , let Q?U UZ�J��.L¡¨wOW©qS!��L�¨®U�Oª©ÈU�S!³
Q¶gÓQ?U�Oª¨®U�³\[:ÌÆ�8L�¨mSWOª©ÈUX³][:ÌÆ�"L�©qS�� , ] Z LWL�¨wO�©�SWS�J
»s¼�½q��]�LWL�¨®U�Oª©ÈU�SWS´�¦L�¨®UrO�©�UrSî³ Q´ghQ?U�Oª¨®Uu³
[:ÌÆ�"L�¨mSWOª©ÈU:³^[:ÌP�ÊL�©qS�� , Q Z JiQ?UZ v|Q?U UZ and I Z J
LFN Z O8Q Z S , where [:ÌÆ�"L¡²mS is the componentrepre-
sentedby ²Ó³ÓN Z

2. Let Y U J �F¨[³´N Z ��[ ÌÆ� L�¨mSd¸·Y ¹J§º�� and
Ä�JuLFN>_�O8Q?U_ S (calleda path-tree)be a subgraph
consistingof thoseedgeson ��L¡¨wOª©�l8I?U ZRS for any
pair of ¨wOª©y³4Y®U .

3. Set Q _ ó Q�U_ andconstructI _ JuLFN _ O8Q _ S as
follows: for any pair of vertices̈wOª©{³¾N>_ if I Z g
Q?U_ hasa path �TL�¨wOª©qS such that LFN,LF�TL�¨wOª©qSWS?g
��¨mOW©��.S.¸?N _|J�º thenset Q_¾ó´Q�_?v��.L¡¨wOF©qS�� and
let ]P_�LWL�¨wO�©�SWS betheshortestlengthof suchpaths
with respectto the weight function ] Z , wherewe
set] Z LWL�¨wO�©�SWS�ó´Ø for any L�¨wOª©qS�³ÓQ UZ3g�Q U_ .

4. Let £}Ju�Fö � O8÷8÷R÷FOªö�ø à ø�� be the setof leavesof Ä .
Set Q?U U�ó�º and ñ¾óù� initially and repeatthe
following Steps5 through8.

5. Selecta leaf ö�ú of Ä astherootandconstructfrom
Ä a reversearborescence

g`ÄÆúsJKLFN>_�O g `Q Uú S with the
root ö�ú

6. Set
g `Q:ú�óhº initially, anddefine

g `Q�ú and ]Gú�^ g `Q�ú�`
bTc by executingthe following (1) through(3) for
eachedgeL�¨wO�©�S�³ÓQ�_ .

(1) If «¬¨wOª©®G³ g2`Q U_ thenset
g `Q ú ó g `Q ú v)�B«�¨wOW©®W�

and ] ú L�«�¨wOª©®�S|óíØ ; otherwiseexecutethe
following (2) or (3).

(2) If ¨ is an ancestorof © in
g`Ä�ú thenset

g `Q�úTóg `Q:úÆv{�1«¬©®O�¨�W� and]Gú�L�«¬©�O�¨��S�óÙ]P_�LªL�¨wOª©qSWS .
(3) Otherwise (that is, any one of ��¨mOW©��

is not an ancestor of the other), setg `Q:úGó g `Q�ú�v4�1«¬û"Oª¨�ªO6«�û"Oª©®ªO8«¬¨wOª©®ªO8«¬©�O�¨�W� and
]GúªL�«�û"O�¨��S¿J ]Gú�L�«¬ûÊO�©��S¥J ]GúªL�«�¨wOª©®�S¥J
]GúªL�«�©®O�¨�2SMó ]P_�LªL�¨wOª©qSWS , where û is the
nearestcommondescendantof ¨ and© in

g`Ä ú .
7. Finda minimumarborescence

g`Ä Uú J�LFN _ O g `þ ú S with

theroot öèú in
g `IGú�J�LFN>_:O g `Q:ú�S . Set

g¡`Q U Uú ó g `þ úXg g `Q Uú .
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Construct Q U Uú ZhQ°g�Q U by replacingeachedge

of
g¡`Q U Uú by thecorrespondingundirectededgeof I ,

wheremultiple edgesarechangedto a simpleone.

8. If Q?U U(Jiº or ]�LFQEU UrS�ÿ¥]�LFQEU Uú S then Q?U UTó Q?U Uú .
Setñ3óÙñ n � . If ñ3Á$��£�� thengobackto Step5. ��

Note that, in solving 2ECA-SV, we may restrict
paths �TL�¨wOª©qS in Step3 to thosehaving LWN=LW�TL�¨wOª©qSWSmg
��¨wOW©®�.SE¸�N _ Jzº , even thoughit is usual to require
QTLF�TL�¨wOª©qSWSÆ¸xQ?U_ J�º .
4.2 Corr ectnessand performance ratio of

R2ES
Theorem 4.1 pqLFYXl8I?U n Q?U U�S�oe� .
(Proof) The theoremfollows from the resultsof [8],
[9].

��
Weconsidertherelationshipbetweenthetotalweight

of
g¡`Q U Uú andthatof an optimumsolution Q��,Z¥Q}g�Q?U .

Let Q��Z Jî�.L¡¨wOW©qS{³iQ Z g}Q?UZ �?L�¨®U�Oª©ÈU�Sx³MQ��ÊOª¨�U�³
[:ÌÆ�"L�¨mSFO�©�U�³`[:ÌÆ�"L�©qSF� . Since Q�� is an optimumsolu-
tion, pqLFY�U2l6I?U Z n Q��ZèSdo¦� , thereareno multiple edges
in Q��Z and ] Z LWQ��ZÚSyJÙ]=LFQ��ÊS . Thus,we considerQ��Z
insteadof Q � in therestof thesection.

Let I U Z J[L N Z O Q UZ S be any fixed minimal subgraph
of I?U Z suchthat Q?U_ Z Q UZ and pqLFY�U2l I U Z n Q��ZÚS×Jz� .
Analogouslyto Section3.2,we definea tent � 	 , a floor
� 	 (or

g `� 	 ), anet � 	 , a root � 	 and² 	 J·� 	 by replacing
Q��Å , ÄÆÅzJîL NÈÅ�O Q UÅ S and Ä�Ô�JÒLWN�ÔEORQ�UÔ S with Q��Z ,
I U ZÓJ�L N Z O Q UZRS and ÄîJ�LFN>_:O8Q?U_ S , respectively. We
canprove Lemma4.1 and4.2 andTheorem4.2 below
similarly to Section3.2.

Lemma 4.1 For each net � 	 , a set of directededgesg `� 	 Z g `Q�úmg g `Q Uú satisfyingthefollowing (a) and(b) can
beconstructedfrom Q�� : (a) all verticesof

g `� 	 arereach-
able from ��	 in

g `�H	 n g `� 	 ; (b) If ��	 is the leaf of
g `��	

then ] ú L g `� 	RSÓÁ�LW�sg°����Ã�	RS�]=LWQTL���	RSªS else ] ú L g `� 	RSÓÁ
�Ê]�LFQTL���	RSWS , where Ã 	 is thenumberof leavesof ��	 . ��

Lemma 4.2 For some M with �!ÁNM°Á±��£�� , a set of

directededges
g�`Í�OÓZ g�`QO�g g�`Q UO satisfyingthefollowing

(a) and(b) canbeconstructedfrom Q��Z : (a)
g `Ä O n g�`Í O is

stronglyconnected;(b) ] O L g�`Í O S�Á!LW��g/�����>£��>S¡]�LWQ��FS .��
Theorem 4.2 If pqLWYXl6I?U�SdJ¦� thentheproposedalgo-
rithm R2ESgeneratesa LW�(g����B��£��;S -approximatesolu-
tion to 2ECA-SVin ��LF��N=���>Qs� n �>N�� �����B����N=� n ��£�����N,� �1S
time,where £ is thesetof leavesof thepath-treeof I?U .��

5 Concluding remarks
We have proposedapproximationalgorithms for 2-
vertex- or 2-edge-connectivity augmentationof speci-
fied verticesandhave shown that ��bKJ��=ge���B��£�� if

jkLFYXl6I U S�J pqLFYXl6I U S�J � . The time complexity is
�TL��>N=���>Qs� n ��N=� �����B�3��N=� n �>£����>Ns� �1S . Comparingour
algorithmswith the otherapproximationalgorithmsin
[10, 13] or [11, 14] throughcomputationalexperiments
is left for futureresearch.
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