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A Gray code for integer compositions with mirror images
identified

Yosuke Kikuchi∗ and Shuji Kijima∗

abstract A combinatorial Gray code is an extension of Gray code that a list with
the minimum change successive elements. In this paper, we design an algorithm to
generate the combinatorial Gray code for integer compositions with mirror images
identified. The average running time of the algorithm is O(1) per element.
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(6, 0, 0) → (5, 1, 0) → (4, 2, 0) → (3, 3, 0) →
(2, 4, 0) → (1, 5, 0) → (0, 6, 0) → (0, 5, 1) →
(1, 4, 1) → (2, 3, 1) → (3, 2, 1) → (4, 1, 1) →
(5, 0, 1) → (4, 0, 2) → (3, 1, 2) → (2, 2, 2) →
(1, 3, 2) → (0, 4, 2) → (0, 3, 3) → (1, 2, 3) →
(2, 1, 3) → (3, 0, 3) → (2, 0, 4) → (1, 1, 4) →
(0, 2, 4) → (0, 1, 5) → (1, 0, 5) → (0, 0, 6)
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<NcO0t 6 N 3 tXN,dKP9k0l
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(6, 0, 0) → (5, 1, 0) → (4, 2, 0) → (3, 3, 0) →
(3, 2, 1) → (4, 1, 1) → (3, 1, 2) → (2, 2, 2)
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(6, 0, 0) → (5, 0, 1) → (4, 0, 2) → (3, 0, 3) →
(3, 1, 2) → (4, 1, 1) → (5, 1, 0) → (4, 2, 0) →

(3, 2, 1) → (2, 2, 2) → (2, 3, 1) → (3, 3, 0) →
(2, 4, 0) → (1, 4, 1) → (1, 5, 0) → (0, 6, 0)
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Ω(n, d) ∈ {Ωmic(n, d), Ωcom(n, d)} H7"

x, y ∈ Ω(n, d) H9k#x = (x1, x2, . . . , xd),

y = (y1, y2, . . . , yd) G"kH-"xH y HNw
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,8_7F"|xp − yp| = |xq − yq| = 1 +D
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I X = x1, x2, . . . , xT , Y = y1, y2, . . . , yT K

P7F"X H Y N"k X ⊕ Y r X ⊕ Y =

x1, x2, . . . , xT , y1, y2, . . . , yT HjA9k#

2 ‘+iJks x = (x1, x2) Hs y =
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n = 0 KP7F"Acom(0, d) O (0, . . . , 0) r

V7F*;9k#

!K"n ≥ 1, d ≥ 5 H7F Gmic(n, d)

N=.9klgrM(h&#>jH7F 2 <

h < d Jk h KP7F"$UN n KD$F

Acom, Amic KhCF-A 1r~?90l$3<
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F"*J"k4j:‘H7F"0P (x1, xd)r

Gj7"=N0Pr~?9h&J9YFNWGr

ss9k#9JoA"k = n−x1−xdH*$F"

0P,x1 = xdr~?9H-"Amic(k, d−2)r

0+7"0P,x1 6= xdNH-OAcom(k, d−2)

r0+9#

Fix (x1, xd).

For (x2, . . . , xd−1),

if x1 = xd then run Amic(n−x1−xd, d− 2),

else run Acom(n− x1 − xd, d− 2).
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k#"k4j:‘Amic(n, d) KP7FO!Ng

GGj9k#

For (k = 0; k ≤ n; k + +)

if(k ≡2 0) then

start (x1, xd) := (n − k, 0) to (d(n −
k)/2e, b(n− k)/2c),

else

start (x1, xd) := (d(n− k)/2e, b(n− k)/2c)
to (n− k, 0).

8.5lk Ωmic(n, d) N3<I G N=$O

!Nh&KJCF$k#G 3 (x1, x2, . . . , xd) H

9k#

1. 0PNB x1 + xd KP7F_gK8.#

2. n ≥ 2KP7F"0PNB,n−1G"kG

iNt,3<IOn,vtNH- (x1, xd)◦
(−1)Gcom(1, d − 2), n ≡ 3 (mod 4) NH

- (x1, xd) ◦ (−1)Gmic(1, d − 2), n ≡ 1

(mod 4) NH- (x1, xd) ◦Gmic(1, d− 2)H

Jk#

3. q r (x1, xd) rGj7F$/gKP~9k

+&s?<H7"q = 1 O (dn−1
2 e, bn−1

2 c)
NH-G"k#0PNB x1 + xd rGj

7?lgrM(k#0P, (a, b), (a′, b′) N
gG"λ, λ′ rbsN3<IH9k (λ ∈
{(±1)Gcom(n − x1 − xd, d − 2)})#^:"

0POGmic(x1 + xd, 2) gK8.5lkH

9k#3NH- (a, b) ◦ (−1)qλ,8.5l

?>eK8.5lkt,3<IO (a′, b′) ◦
(−1)q+1λ′ G"k#?@7" λ′ = λ (a >

b+2NH-), λ′ = Gmic(n−x1−xd, d−2)

(a = b+ 2 NH-)H9k#D.K"0PO

(−1)Gmic(x1 + xd, 2) gK8.5lkH9

k#(a, b)◦ (−1)qλ,8.5l?>eK8.

5lkt,3<IO (a′, b′)◦(−1)q+1λ′G"

k#?@7"λ′ = Gcom(n−x1−xd, d−2)#

4. 3.K*$F0PNBx1 +xd = rG"kGe

Nt,3<Ir (e, f)◦σH9k#3NH-"

e = f+1+Dσ = (−1)zGcom(n−r, d−2)

JiP x1 + xd = r − 1 G"kGiN

3<IO (e− 1, f) ◦ (−1)z+1Gmic(n− r+

1, d − 2) G"k#e > f + 1 +D σ =

(−1)zGcom(n− r, d− 2) JiP x1 + xd =

r − 1 G"kGiN3<IO (e − 1, f) ◦
(−1)z+1Gcom(n−r+1, d−2)G"k#e = f

+D σ = (−1)zGcom(n − r, d − 2) Ji

P x1 + xd = r − 1 G"kGiN3<IO

(e, f − 1) ◦ (−1)z+1Gcom(n− r+ 1, d− 2)

G"k#

j} 1 1-4 N=$rbDh&K=.5l

? Ωmic(n, d) N3<I,-A 1 r~?9

Gmic(n, d) G"k#

Z@ Ωmic(n, d) 3 x = (x1, x2, . . . , xd)H9k#

x1 > xd NH-"x = (x1, xd) ◦ (x2, . . . , xd−1) ∈
(x1, xd) ◦ Gcom(n − x1 − xd, d − 2) HJj"

x1 = xd NH-"x = (x1, xd) ◦ (x2, . . . , xd−1) ∈
(x1, xd) ◦ Gmic(n − x1 − xd, d − 2) HJk#

Amic(n, d) O0PrGj7F$k"k4j:‘

G"k+i"Ωmic(n, d)NsrE#J/+D"b

lJ/ss7F$k#

3. K*$F0P, (a, b)GGj5l?H-"λ

bN"39ks,w% 1 G"k3H+i (a, b) ◦
(−1)qλN"39ksNw%O 1 G"k#((a, b)◦
(−1)qλ)⊕ ((a′, b′)◦ (−1)q+1λ′ K*$F (−1)qλ)

NGexNsH (−1)q+1λ′Nh,NsOlW7"

w%O 0 G"k#(a, b), (a′, b′) OGmic(a+ b, 2)

N"39ksG"k+iD((a, b), (a′, b′)) = 1#

hCF ((a, b)� (−1)qλ)⊕ ((a′, b′)� (−1)q+1λ′)

N"39ksNw%O 1 G"k#

^?"4. hj (Gmic(n, 2) � (−1)qλ) ⊕
((−1)(Gmic(n − 1, 2) � (−1)q+1λ′)) N"39

ksNw%O 1 G"k#hCF8.5lk3<

IGO0l$3<IG"k#

!K-A 1 r~?93Hr(9#1,3 hj

G Nh,NsO (n, 0, . . . , 0)#2. hjs

(dn2 e, . . . , bn2 c) N>eNs+iGNGexNs

z^GNsNDtOn,vtNH-
n
2

(
n
2 + 1

)
G

"j"n,qtNH-
(
n+1

2

)2
G"k#hCFn ≡

1 (mod 4) NH-s (dn2 e, . . . , bn2 c) N>er

(−1)Gmic(n−1, 2)�Gcom(1, d−2)H7"n 6≡ 1

(mod 4) +D n = 1 NH-s (dn2 e, . . . , bn2 c) N

>er (−1)Gmic(n−1, 2)�Gmic(1, d−2)H7"

=7F n 6≡ 1 (mod 4) NH-s (dn2 e, . . . , bn2 c)
N>er (−1)Gmic(n−1, 2)�(−1)Gcom(1, d−

2) H9lP"z = (

dn/2e‘︷ ︸︸ ︷
0, . . . , n, 0, . . . , 0) HJk#
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Q.E .D.

3.2 0t,[KP9kF""k4j:‘

!K Acom KD$FD@rT*&#Acom O

KnuthKhk"k4j:‘H18j! (revolving

door algorith) KpE$F$k#7+7"Knuth

N"k4j:‘KhCF8.5lk0l$3<

IO-A 1 r~?7F$J$#=3G"-A 1

r~?9h&K)W9k,W,"k#Amic H1

MK0P (x1, xd) rha"(x2, . . . , xd−1) KD$

FF"*K"k4j:‘rFSP93HG-A

1 r~?90l$3<I8."k4j:‘r_

W9k#

3N"k4j:‘N_WK*$F Amic H[

Jk@, 3 D"k#

i. Gj5lk0PKhi:"oK5Vk<A

sOAcom(k, d− 2) @1H$&@#

ii. 0PKD$FbAcom(n−k, 0)@1rQ$

kH$&@#

iii. 5Vk<AsN (−1)jAcom(k, d− 2) df

(jNM) ,Amic H[JkH$&@#

iii. Ndf j KD$F (0, . . . , 0, n) N>eNs

+i (

dd/2e‘︷ ︸︸ ︷
0, . . . , 0, n, 0, . . . , 0) ^GNGj5lk0

PNDtO M = n(n + 1)/2 HJk#hCF

n ≡ 0, 3 (mod 4) NH- (0, . . . , 0, n) N>er

(−1)Gcom(n − 1, 2) � (−1)Gcom(1, d − 2) G

Oa"n ≡ 1, 2 (mod 4) NH- bn/2c ≡2 0 NH

-"(0, . . . , 0, n)N>er (−1)Gcom(n−1, 2)�
(−1)2Gcom(1, d − 2) GOak#Amic(n, d) K

P7F3NQ9H i. H ii. NQ9rT&3HG-

A 1 r~?90l$3<Ir~?9Acom(n, d)

,_WG-k#

33G"Acom NpKD$FM(h&#F"

O dKX7F 2 4HNF"G"k#7?,CF"

d,qtNlgHvtNlgrM(k,W,"

k#^: d,qtNH-"d = 1 rF"NpK

hk#9JoA"Acom(n′, 1), (−1)Acom(n′, 1)

HbK"s (n′) rV7F*ok#3NH-"$

UN nKP7F"Acom(n, 3) O-A 1 r~?9

3H,,+k#7?,CFh[INF"ND@

Khj"$UN n*hS$UNqt dKP9k

Acom(n, d) r@k#

!K"d,vtNlgKD$FM(k#^:"

d = 2 KP7F"-A 1 r~?9"k4j:‘

O8_7J$#=3G"Acom(n′, 2) O (0, n′)

+igK8.7 (n′, 0) G*ok"k4j:‘

G"kHjA7h&#=7F"vt d KP9

k Acom(n, d) NF"Npr d = 4 K9k#

Acom(n, 4) KF"*"k4j:‘rvFOak

H"Acom(n, 4) O-A 1 r~?9#7?,CF

d ≥ 6 KP7F"F"ND@,T("$UNv

t d ≥ 4 KP9kAcom(n, d) r@k#

3NaND@+i"$UN nH$UN d ≥ 3

KD$FΩcom(n, d)KP7"-A 1r~?90

l$3<I8."k4j:‘Acom(n, d),_W

G-?#

3.3 F"Np

3NaGOAmic(n, d) NF"NpKD$FD

@9k#0a 3.2 NAcom(n, d) KP9kD@H

1M"F"NpH7F d = 3 H d = 4 KD$F

M(lP=,G"k#

^:"Amic(n, 3) rM(k#3.2 aK*1k

Acom(n, 3) H1MND@,T(k#Amic(n, 3)

KX7FOGQJF"rM(k3H,G-k#

9JoA"Amic(n, 1) O Acom(n, 1) 1MK n

rV7F*okNG"d NF"r 1 ^GT&#

7?,CF d ,qtNlgO Acom, Amic H

b"d = 1 ^GF"rT&3H,G-k#^

1 O Amic(8, 3) KhCF8.5lksr"io

7F$k#Ωmic(8, 3) NsO 3 !5uVN?L

x1 +x2 +x3 = 8eN0tJR@G x1 ≥ 0, x2 ≥
0, x3 ≥ 0 r~?9#Amic(8, 3)OΩmic(8, 3)N

sr (8, 0, 0), (7, 0, 1), (6, 0, 2), (5, 0, 3), (4, 0, 4),

(4, 1, 3), (5, 1, 2), (6, 1, 1), (7, 1, 0), (6, 2, 0),

(5, 2, 1), (4, 2, 1), (3, 2, 3), (3, 3, 2), (4, 3, 1),

(5, 3, 0), (4, 4, 0), (3, 4, 1), (2, 4, 2), (2, 5, 1),

(3, 5, 0), (2, 6, 0), (1, 6, 1), (1, 7, 0), (0, 8, 0) Ng

G8.9k#!K Amic(n, 4) KD$FM(k#

Ωcom(n, 2) KP7F-A 1 r~?5J+C?h

&K Ωmic(n, 2) KD$Fb n ≥ 2 KD$F-A

1 r~?90l$3<IO8_7J$#5iK
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x1 x3

x2

^ 1: n = 8, d = 3 N0l$3<I"k4j:‘N0-

Amic(n, 4) Nlgb&RHDg-Jdj,8_

9k#=lO"x1 = x4 Nlg"b&NP (x2, x3)

O9YFG (n, 0), (n − 1, 1), . . . , (dn/2e, bn/2c)
G"k#9JoA<mr^‘sO (n, 0) @1H

JCF7^&NG"0N?|GAcom +i-F

(n, 0)GAmic rJakHAmic N*ojOs<

mNPHJkNG"1cK!N?|GAcom K

\k3HOG-J$#

=3GAmic(n, 4) KP7FCLJ"k4j:

‘rM(k#3N"k4j:‘GOh, x1 rg

KGj7"(x2, x3, x4) rss9k#x1 ,Gj5

l?H-"(x2, x3, x4) N~?9Y-roO

x2 + x3 + x4 = n− x1, (1)

x4 ≤ x1, (2)

x2 ≥ x3(x1 = x4Nlg) (3)

N0DG"k#3Nror~?9h&J

(x2, x3, x4) Nss"k4j:‘r B(x1) H

9k#

J<GO x1 > 0 KP7F"B(x1, n) rM(

k#^:"x1 ≥ dn/2eN~rM(k#3NH-

)s (2)O"+0*KTy0G~?5lk#9J

oA)s (2) @1rM89lPh$#3NH-"

Acom(n′, 3)H1MN"k4j:‘rM(k#9

JoA"(x2, x4)r0PH_J7"(x2, x3, x4)r

4ss9k#

!K 1 < x1 ≤ bn/2crM(k#3NH-")

s (2), (3) KhCF"0QA+i|n5lk@,

"k#3liN@N8grX_NhHFV#3N

H-"X_NhK~iJ$h&KJ‘#^ 1, 2, 3

GO~GO^l?@,X_NhG"k#^ 2 O

n = 12, d = 4 G x1 = 4 NH-NcG"k#3

NH-ss9Y-0tJR@Ox2 +x3 +x4 = 8,

x2 ≥ 0, x3 ≥ 0, 4 ≥ x4 ≥ 0, x1 = x4 NH-

x2 ≥ x3 r~?9#

x1 = 1 KD$FO (−1)B(x1) (x1 = 1) N

0tJR@N?Ij}rQ97"s (bn−1
2 c +

1, dn−1
2 e − 1, 0) G*okh&K9k#=7F"

x1 = 0 KD$FO (−1)B(x1) (x1 = 1) N0

tJR@N?Ij}rs (dn2 e, bn2 c, 0) +iO^

j"s (n, 0, 0) G*okh&K9k#x1 NMb

^a 4 eG x1 = 1, 0 N?Ij}r-R9kH

(1, 0, n− 1, 0), (1, 1, n− 2, 0), (1, 2, n− 3, 0), . . .

, (1, bn−1
2 c, dn−1

2 e, 0), (1, bn−1
2 c, dn−1

2 e − 1, 1),

(1, bn−1
2 c+1, dn−1

2 e−2, 1), (1, bn−1
2 c+2, dn−1

2 e−
3, 1), . . ., (1, n− 2, 0, 1), (1, n− 1, 0, 0), (1, n−
2, 1, 0), (1, n−3, 2, 0), . . ., (1, bn−1

2 c+1, dn−1
2 e−

1, 0), (0, dn2 e, bn2 c, 0), (0, dn2 e + 1, bn2 c − 1, 0),

(0, dn2 e + 2, bn2 c − 2, 0), . . ., (0, n, 0, 0) HJk#

3liNQ9Khj"4 eNsG x1 = 0, 1 G"

kbNr0l$3<IH7F8.9k3H,G

-k#

GeK x1 r n +igK 1 :D:i7"x1

,vtNH-O B(x1) r x1 ,qtNH-O

(−1)B(x1) r x1 , 0 NH-O B(x1) rBT9

kHAmic(n, 4) r@k (^ 3 2H)#

3.4 W;L

j} 2 "k4j:‘Amic(n, d)O?QO(1)~

VGlDNsr8.9k#
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x2 x3

x4

^ 2: n = 12, d = 4 G"x1 , 4 KGj5lF$kH-N0l$3<I"k4j:‘Amic N0-

Z@ et dKX9k"<!GZ@9k#^:"

et, 3Nlg"Amic(n, 3),Acom(n, 3)Khk

1WG"?jN8.~VO@i+KnKM87J

$#et, 4 Nlgb1MG"k#et, d− 2

N~"1 WG"?jN?Q8.~VO n, dKM

87J$H>j9k#et dKP9k"k4j

:‘ A(n, d) GO"A(n, d − 2) rF"*KFS

P9#33G""k4j:‘A(n, d− 2) rFS

P9NK,WJ~VO n, dKM87J$#>j

hj"A(n, d−2)OslDv?j?QO(1)G8

.9k"k4j:‘G"C?#7?,CF"e

t dKP7Fb?Q8.~VO n, dKM87J

$# Q.E .D.

4 ^Ha

\@8GO@|r1lk7?,[KP9kH

g;0l$3<IN8."k4j:‘rsF7

?#sF7?"k4j:‘OslDv?j?Q

O(1)G8.9k#3N3<IOds*GOJ/"

GeNsHGiNsNw%O nG"k#3Nw

%, 1 KJkh&Jds0l$3<IKD$F

OsF7?"k4j:‘r~I9k3HG@i
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