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辺連結度制約と次数制約をもつネットワーク設計問題

福永拓郎,永持仁

京都大学情報学研究科数理工学専攻

概要

本報告では，辺連結度と各節点の次数に制約が与えられているネットワーク設計

問題について考える．具体的には，節点集合Ｖ,メトリック辺コストｃ,正整数A,指
定次数ｂが入力として与えられているとする．このとき，節点ｕｅＶの次数がb(u）
となるようなＶ上のコスト最小ﾙｰ辺連結グラフを求める問題を考える．この問題は，

巡回セールスマン問題の一般化となっている．我々は，各節点ＵＥＶに対しb（１）)三２
が成り立つという仮定のもと，近似アルゴリズムを与える．このアルゴリズムの近似

率は，Ａが偶数のときは２５，Aが奇数のときには２５＋1.5/Aである．

Networkdesignwithedgeconnectivityanddegreeconstraints 
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GraduateSchooloflnfbrmatics,KyotoUniversity 

abstract 

Weconsiderthefbllowingnetworkdesignproblem;GivenavertexsetVwitha 

metriccosｔｃｏｎＶ,anintegerA三１，andadegreespecificationb,findannimum

costh-edge-connectedmultigraphonVundertheconstraintthatthedegreeofeach 

vertexueVisequaltob(u）ThisproblemgeneralizesmetricTSＰＩｎｔhispaper， 
weproposethattheproblemadmitsM-approximationalgorithmifb(0)三2,ＵＥＶ，

whereβ＝２５ifAiseven,ａｎｄβ＝２５＋１５/AifAisodd 

llntroduction vehicleroutmgproblemwithmvehicles(7〃

VRP)[3,7],whichwillbeintroducedbelow， 
andhencecontainsawell-knownmetrictraｽﾉｰ 

elingsalespersonproblem（TSP),whichhas 
alreadybeenappliedtonumerouspractical 

problems[８１ 
ＬｅｔＺ＋ａｎｄＱ＋denotethesetsofnon-

negativeintegersandnon-negativerational 

numbers,respectively・LetＧ＝（ⅨＥ)bea
multigraphwithavertexsetVanｄａｎｅｄｇｅｓｅｔ 

Ｅ,whereamultigraphmayhavesomeparal-
leledgesbutisnotallowedtohaveanyloops 

Fortwoverticesuandu,anedgejoininguand 

ｌｔｉｓａｍａｉｎｃｏｎｃｅｒｎｉｎｔｈｅｆｉｅｌｄｏｆｎｅtwork 

designtoconstructagraphoftheleastcost 

whichsatisfiessomeconnectivityrequirement・
Actuallymanyresultsonthistopichavebeen 

obtainedsofar・Inthispaper，weconsider

anetworkdesignprobleｍｔｈａｔａｓｋｓｔｏｆｍｄ 

ａｍｉｎｉｍｕｍｃｏｓｔh-edge-connectedmultigraph 

onametricedgecostunderdegreespecifi-

cationThisprovidesanaturalandHexi-

bleframeworkfOrtreatingmanynetworkde-

signproblemsFbrexample,itgeneralizesthe 
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Ｕｉｓｄｅｎｏｔｅｄｂｙｗ，Sinceweconsidermulti-

graphsinthispaper，ｗｅdistinguishtwopar-

aUeledgesel＝ｕｕａｎｄｅ２＝ｕｕ,ｗｈｉｃｈｍａｙｂｅ 
ｓｉｍｐｌｙｄｅｎｏｔｅｄｂｙｗａｎｄｗ・Fbranon-empty
vertexsetXCV,。(Ｘ;Ｇ)(or。(Ｘ))denotes
thenumberofedgeswhoseonｅｅｎｄｖｅｒｔｅｘｉｓ 

ｉｎＸａｎｄｔｈｅｏｔｈｅｒｉｓｉｎＶ－Ｘ・Inparticu-

larcI(u;Ｃ)(orCl(U))denotesthedegreeofver-
texuinGTheedge-connectivityA(Ｍ;Ｇ） 
(or入(Ｍ))betweenuanduisthemaximum
numberofedge-diSjointpathsbetweenthemin 

GTheedge-connectivityA(G)ofGisdefined 

asminu,⑩EVA(ＭｉＧ）IfA(G)三MOrsome
AEZ+，thenCiscalledh-ed9e-connected、

FbrafUMionr：(菖)→Z+,Giscalledr‐
ed9e-connectedif入(Ｍ;Ｇ)=γ(Ｍ)fbrevery

MeVEdgec・stc：(:)→Ｑ+iscalled
metricifitobeysthetriangleinequality,ｉｅ.， 

c(uu)＋c(Uu）)三c(uu）)fOreveryM,u）eV

Foradegreespecificationb：Ｖ一十Ｚ十，a
multigraphGwithd(Ｕ;Ｃ)＝6(u)fbrallUEV 
iscalledape旅ctb-matchiMInthispaper,we

fbcusonthefOllowingnetworkdesignproblem． 

approximationalgorithmbasedontheprimal-

dualmethod[7Ｉ 
Ｉｔｉｓｗｅｌｌｓｔｕｄｉｅｄｔｏｆｉｎｄａｍｉｎｉｍｎｍcost 

multigrapheitherwithA-edge-connectivity 
orwithdegreespecificationltisknown 

thatfindingaminimumcost作edge-connected
graphisNP-hardsinceitisequivalenttomet-

ricＴＳＰｗｈｅｎｋ＝２ａｎｄａｇｉvenedgecost 
ismetric、Ｏｎｔｈｅｏｔｈｅｒｈａｎｄ，ｉｔｉｓｋｎｏｗｎ

ｔｈａｔａｍｉｎｉｍｕｍｃｏｓｔｐｅｒｆｅctb-matchingcan 
beconstructedinpolynomialtime（fbrex-
ample,see[101）Asapriorresultonprob‐ 
lemsequippedwithbothedge-connectivityre 

quirementsanddegreeconstraints,Ｈａｎｋ[1］ 
showedthatitispolynomiallysolvabletofind 
aminimumcoStr-edge-connectedmultigraph 

Gwithl(u)二．(ｕｉｃ)三ｕ(U),uEVfbrdegree
lowerandupperboundｓ２，m：Ｖ→Ｚ十anda
metricedgecostcsuchthatc(uu)iSdefined 
byuﾉ(（‘)＋uﾉ(u)fOrsomeweighM）：Ｖ→Ｑ＋ 

(inparticulaM(w)＝１fOreverywﾉＥ(K)） 
RecentlymlkunagaandNagamochi[41pre-
sentedapproximationalgorithmsfbranetwork 

designproblemwithageneralmetricedge 

costandsomedegreebounds；Ｆｏｒexample， 

theypresenteda(2＋1/lminu,０ｅＶr(Ｍ)/2｣)‐ 
approximationalgorithmfOrconstructinga 

minilnumcostr-edge-connectedmultigraph 

thatmeetsalocal-edge-connectivityrequire-

mentrwithr(Ｍ）=２，MEVun-
deraunifbrmdegreeupperboundAfter-

wardsmkunagaandNagamochi[5]gavea3-
approximationalgorithｍｆＯｒｔｈｅｃａｓｅｗｈｅｒｅ 

ｒ(Ｍ)ｅ｛1,2）fbreveryMEVand2(U)＝ 
u(u）ｆｂｒｅａｃｈｕＥＶＩｎｔｈｉｓｐａｐｅｒ，we 

extendthe3-approximationresult[５１toA-
ECMDSConcretely,weprovethatA-ECMDS 

iM-approximableifb(U）三２，ｕＥＶ,where
β＝２５ifAisevenandp＝２５＋1.5/AifAis 
oddTbdesignouralgorithｍｓｆＯｒＡ－ＥＣＭＤＳ， 
wetakeasimilarapproachwithfamous2-and 

l5-approximationalgorithmsfbrmetricTSP 

舟edge-connectedmultigraphwithde-

greespecification(A-ECMDS)： 

AvertexsetV,ametricedgecostc:(1)→ 
Q+，adegreespecificationb：Ｖ→Ｚ+，and 
apositiveintegerAaregivenWeareasked 

tofindaminimumcostperfectb-matching 

C＝(ⅨＥ)ofedge-connectivityA．□ 

Inthispaper,wesupposethatb(1))三２fOr
alluEVunlessstatedotherwise,andpropose 

approximationalgoritｈｍｓｔｏＡ－ＥＣＭＤＳｉｎｔｈｉｓ 
ｃａｓｅ・

ProblemA-ECMDSisageneralizatｉｏｎｏｆ 

ｍ－ＶＲＰ，whichaskstofindaminimumcost 

setofmcycles,eachcontainingadesignated 

initialcitys,suchthateachoftheothercities 

iscoveredbyexactlyonecycleObservethat 

thisproblemis2ECMDSwhereb(8)＝2mfOr 

theinitialcitysEVandb(⑳)＝２ｆｂｒｅｖｅｒｙ 
ｕＥＶ－ｓｌｆｍ＝１，thenm-VRPisexactly 

TSP・SinceTSPisknowntobeNP-hard[11］
evenifagivencostismetric（metricTSP) 
ｋ－ＥＣＭＤＳｉｓａｌｓｏＮＰ－ｈａｒｄＩｆａｇｉｖｅｎｃostis 

notmetric，ＴＳＰcannotbeapproximatedun-

lessP＝ＮＰ[111For7ﾙVRP,thereisa2‐ 

ｚＡ１ｇｏｒｉｔｈｍｆｂｒＡｏ－ＥＣＭＤＳ 

Forsomedegreespecificationb,thereisnoper-

fectLmatchingThefOllowingtheoremshows 

providesanecessaryandsufficientcondition 

－２８－ 



fOradegreespecificationtoadmitaperfect 

4matchingNotethatb(Ｕ)canbelinthis 
theorem． 

allUeVIf2≦|Ｖ'三３，theneveryperfect
b-matchingisA-edge-connectedbecauseany 

non-emptyvertexsetXCVis{u}ｏｒＶ－(u｝ 
fOrsomeuEV,andtheM(Ｘ)＝。(U)三ｈ．
Hencewecanassumewithoutlossofgeneralｉｔｙ 
ｔｈａｔｌＶＥ４ 

ＦｏｒａｎｅｄｇｅｓｅｔＦｏｎＶ，wedenotegraph 
(ⅨＦ)byCFLetMbeaminimumcostedge 
setsuｃｈｔｈａｔＣＭｉｓaperfectb-m帥chingln
addition，ｌｅｔＨｂｅａｎｅｄｇｅｓｅｔｏｆａＨａｍｉｌ－ 
ｔｏｎｉancyclespanningVconstructedbythe 
L5-approximationalgorithmfOrTSPdueto 

Christofides[111 

TheoremlLetVbeqUertezseM）ithlV'三
２ａｎｄｂ：Ｖ→Ｚ＋beqde9meeSpec坂cq‐
tjon、Thenthemeezjstsqpe7ﾌﾟbct6-7Mchj叩

がｑｎｄｏｎｶﾉがＺ⑳eVb(U）ｊｓｅｕｅｎ(Ｍ６(Ｕ）≦
乙迦Ev-⑫b(tUMoreqchUEV・

ProofThenecessityistrivial・Weshow

thesufIiciencybyconstructingaperfectb‐ 

ｍａｔｃｈｉｎｇＷｅｌｅｔＶ＝｛U,,…仇｝ａｎｄ
Ｂ＝ｚHL16(〃)/２Ｆｂｒｊ＝１，…,Ｂ,ｗｅ
ｄｅｆｉｎｅｉｊａｓｔｈｅｍｉｎｉｍｕｍｉｎｔｅｇｅｒｓｕｃｈｔｈａｔ 

Ｅ基,6(〃)=j,andjjiastheminimumin-
tegeⅢsuchtMEiLlM)三Ｂ＋jNotico
thatE箔'６(Ｕ２)〈jholdsbythedefinition
ifij三２Thenwecanseethatjj≠jjisince
otherwisewewouldhaveb(０`,)＝EiL1b(山)－
E酒'6(〃)〉(B＋j)－ノーBifjj二２and
b(ujj）三Ｂ＋ｊ＞Botherwise,whichcontraF
dictstotheassumptiｏｎ 

ＬｅｔＭ＝｛ｅｊ＝U`jU`；’ノー１，…,Ｂ）
ThenMcontainsnoloopbyjj≠ijiMore-
overCMisaperfectbmatchingsincel{ｊｌ 
ｊｊ＝ZorjjFZ)|＝b(U`),asrequired□ 

Theoremldoesnotmentiontheedge-
connectivity・Pbrexistenceofconnectedper-
fectDmatchings,weadditionallyneedthecon-
ditionthatEUeVb(Ｕ)三2(|Ｖ'－１)[5IThisis
alwayssatisfiedifb(u)三２，ｕＥＶ,ｗｈｉｃｈｗｅ
ａｓｓｕｍｅｆｂｒｌ－ＥＣＭＤＳＦｂｒｈ三２，thecondi-
tionsinTheoremlandb（１）)三A,ueVare
sufYicientfOrtheexistenceofA-edge-connected 
perfectDmatchingsasouralgorithmwillcon-
structsuchLmatchingsundertheconditions 

NowwedescribeouralgorithmtoA-
ECMDSLet(V;６，c,A)ｂｅａｎinstanceofA-
ECMDSTheconditionsappearedinTheo-
remland6(u)三AfOralluEVcanbeveri-
fiedinpolynomialtime,wheretheyareappar-
entlynecessaryfbraninstancetohaveA-edge-
connectedperfectb-matchings・Henceoural-
gorithmchecksthem，ａｎｄｉｆｓｏｍｅｏｆｔｈｅｍ 

ａｒｅｖｉｏｌａｔｅｄ，itoutputsmessage“ＩＮＦＥＡＳＩ－ 

ＢＬＥ，，、Inthefbllowing，wesupposetheexis-
tenceofperfect6-matchingswithb(u)三Ｍｏｒ

lnitialhzation：Aftertestingthefeasibilityof 
agiveninstance，ouralgorithmfirstprepares 
ManM'＝「ん/２１copiesH1,…,瓜,ofH
LetEdenotetheunionMUH1U…ＵＨｋ,ｏｆ 
ｔｈｅｍＮｏｔｉｃｅｔｈａｔＣＥｉｓ２Ａﾉｰedge-connected 
bytheexistenceofedge-diSjoinM'Hamilt｡ 

､ｉａｎｃｙｃｌｅＳＷｅｃａｌｌａｖｅｒｔｅｘｕｉｎａｈａｎｄling 
graphGanezcessuertezifd(ｕｉｃ)＞b(Ｕ)(oth‐ 
erwisea"on-ezcessUertez)ＩｎＧＥ,allvertices 
areexcessverticessince｡(U;ＧＥ)＝b(Ｕ)＋2A'・
Inthefbllowingsteps，thealgorithmreduces 
thedegreeofexcessverticesuntilnoexcess 

vertexexistswhilegeneratingnoloopｓａｎｄ 
keepingAD-edge-connectivity(NoticethaM＜ 
2Mfhisodd).Thisisachievedbytwophases， 
PhaselandPhase2,asfbllows． 

Phasel:Inthisphase,wemodifyonlyedges 
inMwhilekeepingedgesinH1,…,Ｈｋ,un-
changed・Wedefinethefbllowingtwooper缶
ｔｉｏｎｓｏｎａｎｅｘｃｅｓｓｖｅｒｔｅｘｕＥＶ． 

Operationl：Ｉｆｕｈａｓｔｗｏｉｎｃｉｄｅｎｔｅｄｇｅｓｚｕ 
ａｎｄＺ/ｕｉｎＭｗｉｔｈｚ≠ｼ,replace砂ｕａｎｄ
〃ｕｂｙｎｅｗｅｄｇｅｕｕ"・

Operation2：IfuhastwoparalleledgesuUin 
MwiｔＭ(u)＞6(u),removethoseedges． 

PhaselrepeatsOperationsland2until 

noneofthemisexecutable・Foravoidingam-
biguity，ｗｅｌｅｔＭノdenoteMafterexecuting
Phasel,andMdenotetheoriginalsetinwhat 
fOllows､Moreover,letＥ'＝Ｍ'ＵＨｉＵ…ＵＨｋ,、

NotethaM(u)－６(u)isalwaysanon-negative 

－２９－ 



evenintegerthroughout(andafter)theseoper-
ationsbecaused(u;ＧＥ)－６(2))＝2A'andeach 
operationdecreasesthedeｇｒｅｅｏｆａｖｅｒｔｅｘｂｙ 
２・IfnoexcessvertexremainsinCE,，thenwe
aredone・Weconsiderthecaseinwhichthere

remainsomeexcessvertices，andshowsome 

propertiesonM（befbredescribiｎｇＰｈａｓｅ２． 

C1aim31Wconsistsqﾉｫu）ostrictpqjmsq/iier 
P/ｍｓｅＺ,ＵﾉeCantmnq/brmGE,jntoM-ed9e-
connectedpeｿﾞﾌﾟ1ectb-7Mchin9uﾉ肋outincmeZzs‐
j"９ｔｈｅcost． 

ProofiLetV＝｛u,Ｍ）,z｝ａｎｄＨ＝ 
{uMUMuMu}､ＮｏｗＥ'＝Ｍ'ＵＨｌＵ…UHh， 
(ん三２）TheneitherM’＝｛ｕＭ)z｝（ｏｒ
(ｕＷＩｕ))ｏｒＭ'＝｛uTMz｝holds、Inboth
cases，ｗｅｒｅｐｌａｃｅＭ'ＵＨｉＵＨ２ｂｙＥ〃＝
{tlMu),U)z,zMuMﾉz）(seeFig7?)．Then， 
wecanseethatd(u;ＧＥ,,)＝３fOralluEVand 

GE,,is3-edge-connectedSinced(ＵｉＣＨｊ＝２ 
ｆＯｒＵＥＶ；ｉ＝３，…,ﾙﾉandGHiis2-edge-
connectedfOrｊ＝３，．．．，ｋ'，ｉｔｈｏｌｄｓｔｈａｔ 

ｄ(Ｕ;ＧＥ"uH3u…uH庵,）＝３＋２(ＩＤ'－２）＝ルー
b(u）fbruEVandtheedge-connectivityof 

GE,,uH3u…uH胸,is３＋2(ん'－２)＝ん(Theex‐
istenceofstrictpairimpliesthatＡｉｓｏｄｄｂｙ 

Ｃｌａｉｍ２） 
HenceitsufIicestoshowthatc(E''）≦ 

c(Ｍ')＋c(H1)＋c(H2）ＩｆＭ'＝{mMZ）(ｏｒ 
{uWitu}),thenitisobvioussinceE"＝Ｍ'U 
H1EMUH1UH2Letusconsidertheother 

case,Ｌｅ.,Ｍ＝{ｕＭ）z)ＨｏｍＭ'ＵＨ１ＵＨｂ， 
remove｛uMu},replace｛u）z’２Ｍ｝ｂｙ｛u）u)， 
andreplace{ＷＭ〃z}ｂｙ{Ｕ２).Thentheedge
setbecomesEﾉﾉwithoutincreasingedgecost， 
asrequired□ 

Inthefbllowing,weassumethatlS'三３
whenⅣ＝ＤＩｎｔｈｉｓｃａｓｅ,Phase2modifies 
onlyedgesinHm,ｉ＝１，…,10'whilekeeping 

theedgesinM'unchangedLetV(Hi)de-
notethesetofverticesspannｅｄｂｙＨｔ・We

definedetqchj切り/ｍｎｃＺﾉcle必ｔｏｂｅａｎｏｐ‐

erationthatreplacesthepair{uMu)｝=凪
ｏｆｅｄｇｅｓｉｎｃｉｄｅｎｔｔｏｕｂｙａｎｅｗｅｄｇｅｕｕ)． 

Notethatthisdecreasesd(u)ｂｙ2,butHire-
mainsacycleonV(H、:＝Ｖ(ＨＤ－{U}Fbr
eachexcessvertexuinGE,，Phase2reduces 

d(u)tob(u)bydetachinMfrom(｡(U;ＧＥ,)－ 
６(Ｕ))/２cyclesinHi,…,Ｈﾙ,、Wenoticethat
(｡(U;ＧＥ,)－６(U))/2二A'byd(Ｕ;ＧＥ,)－b(U)≦
｡(ＵｉＧＥ)－６(u)＝210'・Oneimportantpoint
istokeeplV(HDI三２fOreachi＝１，…,A’
duringPhase21notherwords,ｗｅａｌｗａｙｓｓｅ－ 

ｌｅｃＭｈｗｉｔｈｌＶ(Ht)'三３todetachanexcess
vertex・Thisisnecessarybecause,ifwedetach

ＣｌａｉｍｌＥｉ）e7WezcessUerteqMnGE′ｈｑｓａｔ 

化ａｓｔｏ"ｅｊ"cidented9einMqMitsnei94
boｍｓｍＧＭ′ｑｍｅｕ"jque． 

ProofOInittedduetothespacelimitation． 
□ 

ForanexcessvertexuinGE,,let、(u)de-
notetheuniqueneighborofuiｎＧM,Ｉｆｎ(u） 
isalsoanexcessvertexinGE,,wecallthepair 
{い、(u)｝byastrictpqir・

Claim2Let(Ｍ(０)｝beqstmctp(Mirmhen 
d(U;ＧＭ'）＝。("(U);ＣＭ,）＝１，kiSOdd,ｕＭ
ｂ(Ｕ)＝b(､(U))＝A， 

ProofByClaiml，。(uiGM,）＝
｡(､(Ｕ)ｉｑｗ,)．Ifd(ＵｉＧＭ,）＝。(､(U);ＣＭ,）＞
１，Operation2canbeappliedtou 

andn(u)，acontradiction Hence 

d(ｕｉＧＭ,）＝。(､(u);ＧＭ,）＝１ｈｏｌｄｓ
ＬｅｔｕＥ｛Ｍ(u川Ｔｈｅｎｉｔｈｏｌｄｓｔｈａｔ

ｄ(u;ＧＥ,）＝。(uiGH1u…uH庵,）＋ｄ(uiGM,）＝
2A'＋１＝２｢ん/２１＋LSinced(ｕｉＧＥ,)－６(u）
ｉｓeven,ｂ(u）ｍｕｓｔｂｅｏｄｄＴｈｉｓｆａｃｔａｎｄ 
ｃｌ(u,ＧＥ,）＞ｂ(u)三Aindicatesthat6(u)＝ｈ
ａｎｄＡｉｓｏｄｄ□ 

Bydefinition，theexistenceofexcessver-

ticeswhichareinnostrictpairsindicatethat 

ofsomenon-excessverticesUponcompletion 

ofPhasel，leMVdenotethesetofnon-excess 

verticesinGE,，ａｎｄSdenotethesetofstrict 

pairsinGE,ＩｆｊＶ＝０，allexcessverticesare 
insomestriｃｔｐａｉｒｓＢｙＣｌａｉｍ２，hisanodd 

integerinthiscase,andfUrthermoreh三３by

theassumptionthatb(u)三２，ＵｅＶｉｆｈ＝L

HomthisfactandlV'三4,Ｎ＝Oimpliesthat
atleasttwostrictpairsexist(Le,|S'三2）

Ｐｈａｓｅ２：NowwedescribePhase2First,we 

dealwithaspecialcaseinwhichVconsistsof 

onlytwostrictpairs． 

－３０－ 



avertexfromHWithV(H、＝2,thenHibe-

comesalooplnaddition,wedetachthetwo 
excessverticesuandUinastrictpairfromdifL 

ferentcyclesinH1,…,Ｈｋ,,respectivelyThis 
isinordertomaintaintheA-edge-connectivity 

ofGE,aswillbeexplainedbelow． 

２because 

2ZlV(Hi)｜＝Ｚｄ(,;GH1u…咄,）
１＜i＜代’ＵＥＶ

－Ｅｄ(U)-21M１ 
．ＵＥＶ 

〉Ｚｂ(０)＋6(鯵)-21M'｜
ＵＥＶ－ｚＥ 

三２(b(鯵)－|Ｍ'|）
>4k（ 

C1ainl4Itjspossj肱todecmezLsethed印meeq／

e(zchezcessuertezUinGE,to6(Ｕ)bpdetdch-
iM伽ｍｓｏｍｅｃＺ/ｃｌｅｓｉｎＨ１,…,Ｈｋ,ｓｏｔｈｑｔ

ｌＶ(HDlmemqi"sqtleqst2/brj＝1,…,ＭＭ 
ｔﾉｊｅｔｕ）oezcessUertjceMneqcﾉZstrictpqjrqme 

detqChedﾉｹｗ７ｕＨｉｑＭＨｊｕｊｉｔｈｊ≠ｊ,meSpec-
tjUel9， 

Therefbrewecandetachanexcessvertexし

fromsuchHjaslongassuchavertexexists 

ThisimpliesthattheclaimholdsalsofbrljV|＝ 
1．□ 

InthefOllowing,weletHldenoteHiafter 
Phase2，andHmdenotetheoriginalHamil-

toniancyclefbrj＝１，．．．，ルノ．Moreoverlet

E"＝Ｍ'ＵＨｌＵ…ＵＨＸ`・ThealgoIithmout-
putsCE,,、Theentirealgorithmisdescribed
asfOllows． 

ProofhFirst,letusconsiderthecaseofS≠ 

0．RecalM＞３ａｎｄｋノー｢ん/２１三２inthis
caseFbreachstrictpair{Ｍ）ＥＳ,wedetach 
uandufromdiffbrentcyclｅｓｉｎＨ１,…,ＨA６，． 

Ｏｎｔｈｅｏｔｈｅｒｈａｎｄ，wedetachexcessvertex 

Jzfromarbitrary(｡(ｚｉＧＥ,）－６(z))/２cycles 
Afterthis,ｅａｃｈｏｆＨ１,…,Ｈﾙ,isincidentto 

atleastonevertexofanystrictpairinSin 

additiontoallnon-excessverticesimV・Bythe

relationbetweenlSlandlIVlweexplainedin 
theabove,itholdsthatlV(Ht)'三|S|＋'１Vに２
fbreachi＝１，．．．，ルノ,asrequired

Next,letusconsiderthecaseofS＝OAs 

explainedintheabove,|Ⅳ'三lholdsfbrthis
caselflM三2,theclaimisobvioussinceeach
ofH,,…,Ｈｉ８,isalwaysincidenttoallvertices 

inIVHencesupposethatlM＝1,andletz 
betheuniquenon-excessverteximV・Thenall

edgesinM'areincidenttoZ,sinceotherwise 

S＝OimpliesthatOperationlor2woulｄｂｅ 
ａｐｐｌｉｃａｂｌｅｔｏｓｏｍｅｖｅｒｔｅｘｉｎＶ－ｕUInother 

words,ｂ("）＝。(";ＧＥ,）＝|Ｍ′|＋2A'holds
befbrePhase２MoreoverZmEv-廼b(U)三b(〃）
alsoholdsbytheassumptionthatperfectb-

matchingsexist・ＮｏｗａｓｓｕｍｅｔｈａｔｗｅｈａＮ/e

convertedsomeexcessverticesinＧＥ,intonon-

excessverticesbydetacｈｉｎｇｔｈｅｍｆｒｏｍｓｏｍｅ 

ｏｆＨ１,…,Ｈｋ,whilekeepinglV(Ht)に２，t＝
1,…，ハノ，ａｎｄｙｅｔａｎｅｘｃｅｓｓｖｅｒｔｅｘｙＥＶ－

ｚｒｅｍａinsHenceEUevcI(ひ）＞ZUEvb(u）
ThenthereremainsacycleHjwithlV(Hi)|＞ 

A1gorithmUNDIRECT(ん）

lnput：ＡｖｅｒｔｅｘｓｅｔＶ,adegreespecification 

b：Ｖ→Ｚ＋，ａｍｅｔｒｉｃｅｄｇｅｃｏｓｔｃ：Ｖ一十

°+,andapositiveintegerA 
Output：Ah-edge-connectedperfeｃｔｂ－ 

ｍａｔｃｈｉｎｇｏｒ“ＩＮＦＥＡＳＩＢＬＥ，， 

１:ｉｆＥにＶ６(u）ｉｓｏｄｄ，ヨリ：ｂ(u）＞
Euev-Ub(u)ｏｒA＞b(u)ｔｈｅｎ 

２：Output“ＩＮＦＥＡＳＩＢＬＥ，，ａｎｄｈａｌｔ 

ａｅｎｄｉｆ； 

４：Computeaminimumcostperfectb-

matchingGM 

５:iflV'三３then
６：ＯｕｔｐｕｔＧＭａｎｄｈａｌｔ 

７：ｅｎｄｉｆ； 

８：ＣｏｍｐｕｔｅａＨａｍｉｌｔｏｎｉａｎｃｙｃｌｅＧＨｏｎＶｂy 
Christofides，algorithmi 

９:ｈ':＝｢ん/21ｉＬｅｔＨ１,…,Ｈｋ,ｂｅk'copies
ofHi 

＃Ｐｈａｓｅｌ 

'0：Ｍ':＝Ｍｉ 
１１：whileOperationlor2isapplicableｔｏａ 

ｖｅｒｔｅｘＵＥＶ 

ｗｉｔｈｃｌ(u;ＣＭ,uH1u…uHk,)＞b(u)ｄｏ 

－３１－ 



ｉｆﾖ{ｚＭｙ)二Ｍ'suchthatz≠ythen
M':＝(Ｍ－{ｚＭｚ/})Ｕ(9Ｗ）＃ 
Operationl 

else 

ifヨ{砂川⑰）二Ｍ’ｓｕｃｈｔｈａｔ

ｄ(";ＣＭ,UH1u…uHlc,)＞b(")theｎ 
Ｍ:＝Ｍ'一{砂川z｝＃
Ｏｐｅｒａｔｉｏｎ２ 

ｅｎｄｉｆ 

ｅｎｄｉｆ 

ｅｎｄｗｈｉｌｅ； 

＃Phase2 

ifVconsistsoftwostrictpairstllen 
RenameverticessothatH＝ 

（uU,ｗｏ,u）z’２m)ｉ 
Ｈ１:＝ＯｉＭ:＝(ｗＭﾉz)i 

OutputGMuHiu…uHA,ａｎｄｈａｌｔ 
ｅｎｄｉｆ； 

H1:＝HifOreachj＝1,…,ｈ'i 

whileヨリＥＶｗｉｔｈｄ(u;ＧＭ,uHiu…uHA,）＞
6(U)ｄｏ 

ｉｆｕａｎｄｎ(U)formsastrictpairthen 

DetachOfromH;and"(U)fromＨ;， 
wherej≠j 

else 

DetachDfromHlwithV(H、＞２
ｅｎｄｉｆ 

ｅｎｄｗｈｉｌｅ； 

E":＝ＭＵＨｉＵ…ＵＨｋ,i 
OutpUtGE〃

fbrj'≠DForeachle｛1,…,ｈ')－{j,j}， 
入(Ｍ;ＧH2)＝２holdsbecauseMEV(H｝）
Ifi＝ｊ,入(ＭｉＧＨＷＭ）＝１holdsbecause
d(ｕｉＣＭ,）＝。(U;ＧＭ,）＝１ａｎｄ〃(u),"(U）Ｅ
Ｖ(H1）ThenitholdsthatA(ＭｉＧＥ,,）＝ 
2(k'－１)＋１＝Ainthiscase(Recallthat 
theexistenceofstrictｐａｉｒｓｉｍｐｌｉｅｓｔｈａｔｈｉｓ 
ｏｄｄｂｙＣｌａｉｍ２）HenceweleM≠ｊ,and 

showthatA(Ｍ;GHWH;uM,）三３fromnow
on,fromwhichA(Ｍ;ＧＥ,,)三２(ん'－２)＋３＝ｌｏ
ｃａｎｂｅｄｅｒｉｖｅｄ 

ＬｅｔＮａｎｄＳｄｅｎｏｔｅｔhesetsofnon-excess 

verticeｓａｎｄstrictpairsinGE，afterPhasel， 

respectivelySupposethatV(HDnV(H})＝O 
Inthiscase,ｉｔｃａｎｂｅｓｅｅｎｔｈａｔｊＶ＝0,and 
hencelS'三３bytheassumptionaboutthe
relatioｎｂｅｔｗｅｅｎｊＶａｎｄＳ・Ｓｉｎｃｅａｔｌｅａｓｔ

ｏｎｅｖｅｒｔｅｘｏｆｅａｃｈｓｔｒictpairisspannedby 
eachcycleinH1,…,ＨＬ,,wecanseethatM 
containsatleastthreevertex-diSjointedges 

thatjoinverticesinV(HDandinV(H)),ｔｗｏ 
ｏｆｗｈｉｃｈａｒｅｕａｎｄｕ・Thisindicatesthat

A(u,UiCHMuH;uM,）三３holdｓ(seethegraph
ofFigurel(b)） 

ＬｅｔｕｓｃｏｎｓｉｄｅｒｔｈｅｃａｓｅｏｆＶ(ＨＤｎ 
Ｖ(H;)≠OiMhenextBytheexistenceofu 
andＵ,|S'三lholdslfuandUfbrmsastrict

pair(ie.,ＷＥＭ'),入(ＭｉＣＭ）＝１holds

SinceV(HDnV(H))≠OimpliesA(GHXuH;)= 
2,weseethatA(ＭｉＧ剛H;uM,）三３inthis
caseThusletuandUbelongtodifferent 
strictpairs(ie.，|S’三２）Thenthereex-
iststwovertex-diSjointedgesinM'joinsver-

ticesinV(ＨＰａｎｄｉｎＶ(H)）(seeFigurel 
(a)）IfwespliteachvertexujeV(ＨＤｎ 
Ｖ(H;)intotwoverticesu'ａｎＭ"sothat 
HlandH)arevelFtex-diSjointcycleS,andadd 
newedgesu）'u）〃joiningthosetwosplitver-
ticestoMﾉ，thenwecanreducethiscaseto 

thecaseofV(ＨＤｎＶ(再）＝０，ｉｎwhich
入(いうGH1uH;ujv,）三３hasalreadybeenob-
servedintheabove(seeFigurel）Accord-

ingly,ｗｅhave入(MiCH3uH;ｕＭ)三３iftLand
uareinsomestrictpairs,asrequired． 

（ii)Inthenext,letuandubenotinany 
strictpairsFｏｒｚＥ｛Ｍ},leM'(z)denote 
zitselfifzejV,ａｎｄ、(z)otherwise・Notice

thaM'(z)ＥｊＶｆＯｒａｎＷｅ｛Ｍ),ie.,itiｓ 
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Claim5CE,,jsqA-ed9e-connectedpe戒ctb‐
ｍｑｔｃｈｉ叩．

ProofWehavealreadyseenthecaseinwhich 

VconsistsoftwostrictpairsHencewesup-
posetheothercaseinthefbllowingMoreover 

wehavealreadyobservedthaM(uiCE,,）＝ 
6(u)holdsfbreacMEV、FnrthermoreCE,，

islooplesssinceCEislooplessandnoopera-
tionsinthealgorithmgenerateloopsHence 

weprovetheA-edge-connectivityｏｆＧＥ,，be-
low 

LetTMﾉｅＶ､（i)Firstsupposethatuand 

uareinsome(possiblydifIbrent)strictpairsin 

GE,､Moreover,let“Ｖ(H1)andU崖Ｖ(H;）
(henceueV(鰯)fOrj'≠ｊａｎｄＵｅＶ(H},）

－３２－ 



holds,asrequired．□ 

ＬｅｔｕｓｃｏｎｓｉｄｅｒｔｈｅｃｏｓｔｏｆｔｈｅｇｒａｐｈＧＥ"・
ThefbllOwingtheoremontheChristofides，al-

gorithmgivesusanupperbounｄｏｎｃ(Ｈ） 
Here,welet6(U)denotethesetofedgeswhose 
oneendｖｅｒｔｅｘｉｓｉｎＵａｎｄｔｈｅｏｔｈｅｒｉｓｉｎＶ－Ｕ 

ｆOrnonemptyUCY 

Theorem2（[6,12ＤＬｅｔ 

ＯＰ乃ｓＰ＝

minZeeEc(e”(e） 
Ｍ・ZeeJ(u)〃(e)三２んrecucAO≠ＵＣＶ，

〃(e)三０ んrezzcハeEE

Chrjstq/Mes'qJ9orithWbrTWqlu）qySoutPUts 
cusolutionqfcostQtmostL50P巧sp．□

Ｃｌａｉｍ６ｃ(E")ｉｓ(Ltmostl＋3｢ん/２１/ADtimes
theoptimCMcostq/A-ECMDS・

ProofiNooperationinPhasesland2ｉｎ－ 

ｃｒｅａｓｅｓｔｈｅｃｏｓｔｏｆｔｈｅｇｒａｐｈｓｉncetheedge 
costismetric・HenceitsufIicestoshowthat

c(ＭＵＨ１Ｕ…ＵＨｋ,)isatmost(1＋3｢ん/21/A）
c(G),whereGdenotesanoptimaIsolutioｎｏｆ 
Ａ－ＥＣＭＤＳＳｉｎｃｅＣｉｓａｐｅｒｆｅｃt6-matching， 
c(Ｍ)二c(C)obviouslyholdsThusitsufTices

toshowthatc(Ht)≦３c(G)/Afbrl≦ｊ三A'，
fromwhichtheclaimfbllows 

Letz･;(1)→Z+bethefUnctionsuch 
thatzc(ｕＵ)denotesthenumberofedgesjoin-
ｉｎｇｕａｎｄＵｉｎＧ・SinceCisAo-edge‐connected，
EeEJ(u)zc(e)三kholdsfbreverynonempty
UCYHence2"c/Aisfeasiblefbrthelin-
earprogramminginTheorem2,whichmeans 

thatOPTTsp三２c(C)/A、ＢｙＴｈｅｏｒｅｍ２，
c(Hi）二L50PTTspTherefbrewehave

c(Hi)≦3c(G)/A,asrequired□ 

Claims5and6establishthenext・

Theorem3Aわor肋mUNDmECT(ん）isq
p-QPPmo"nUqtjon吻伽･ｊｔｈｍ/brh-ECMDS，

uﾉﾉjemep＝２５がkjseUen(Ｍβ＝2.5＋1.5/lo
lWMsodd．□ 

AlgorithmUNDIRECT(ん)alwaysoutputs
asolutionfOrAo＞２aslongasthereexistsa 
perfectかmatchingandb(u)三hfbrallueV・
ThisfactandTheoremlimplythefbllowing 
corollary． 

H｛ 瓜皿皿 ｕ 

H） H； H； ◆ 
u）〃

ｕﾉノT〃 Ｕ Ｕ 

(a） (b） 

Figurel：ReductiontothecaseofWHDn 
WH))＝０ 

spannedbyHl,…,ＨルＩｆｚＥ{Ｍ}isnot
spannedbyp〉OcyclesinHl,…,HMand
hencezisanexcessvertexmGE,),thenz 
hasatleastlD-2(ん'一p)incidentedgesinM’

because｡(ｚｉＧＭ)＝b(z)－.(z;ＣＨｉｕ…UHA,）三
ｈ－2(ん'一p)HenceA(z,､'(z);ＧＥ,,)三2(1,'一
p)＋ルー2(ん'-1,)＝AholdsfOreachze{Ｍ)，
wherewedefine岬,ｚｉＣＥ")＝＋ooMoreover
itisobviousthaM(､'(u),､'(u);ＧＥ,,）三２A'・
Therefbre,itholdsthat 

入(ＭｉＣＥ,,)三ｍinい(u,､'(u);ＧＥ,,)，

入("'(u),"'(U)icE"),入(､'(U),ＵｉｃＥ,,)）
＞凡

（iii)Finally,letusconsidertheremaining 
case,Ｌｅ.,ｕｉｓｉｎａｓｔｒｉｃｔｐａｉｒａｎｄｕｉｓａｖｅｒｔｅｘ 

ｗｈｉｃｈｉｓｎｏｔｉｎａｎｙｓｔｒｉｃｔｐａｉｒ・Ｌｅｔｕｓｄｅｆｍｅ

ｎ'(U)asintheaboveThen入(TMD'(u);ＧＥ")三
AholdsWithoutlossofgenerality,letubede-

tachedfromHl,andspannedbyH1,…,H)(,、
Sinceun(u)ｅＭａｎｄｎ(u),､'(U）ＥＶ(H1)， 
itholdsthatA(u,､(u);ＣＭ,uHi）＝１，ａｎｄ 
入("(u),､'（２）);ＧＭ,uHi)三２Then，

入(u,"'(ＵｈＧＥ,,)三

ｍｍ{入(Ｍ(u);ＧＭ,uHi)，

入(､(U),､'(Ｕ)；ＣＭ,UHi)）

＋入(U,､'(Ｕ);GHBU…UHK,）
三１＋2(ん'－１)＝2A'－１＝ん．

Therefbre， 

入(ＭｉＯＥ,,)三ｍinい(Ｗｚ'(U);ＧＥ,,)，

入(Ｍ'(U);ＧＥ,,)）三A，

－３３－ 



CorollarylFbrA三２，themeezjstsq卜

ed9e-comzectedPe7:/1ectb-mqtchjn9が(zMonl3ノ

がＺ｡Evb(u）ｉｓｅＵｅ〃α"。ｈ≦ｂ(u）≦
EuEv-Ub(uMorqlJUEV．□ 
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tjn9，fOllowedbyremovinggeneratedloops 
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