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Itisinterestingtoresearch,howlongtimespendtodecidewhetheragivenseqUentisprovableornoton 
classicallogic・Inthispaper,weshowthatitispossiblebyexponentialtime．

lPreliminary 

Wbcannotcalculateallfiﾕnctionsevenifwcrestrictitsdomainthenaturalnumbers，becausethatthesetof 
allfmctionsisuncountable，ａｎｄｔｈｅｏｔｈｅｒｈａｎｄｔｈｅｓｅｔｏｆａｌｌｃｏｍｐutablefmctionsiscountable・However，a
computablefilnctionthatwesay〉isonlycomputabletheoreticaUy)butalsomayspendamillionyearsuntiltoget
theanswer・TheAckermannfmctionisoneofthetypicalexample・TheAckermannfimctioniscomputable,but
itscomputingtimegrowsextremelybiggeras”growsbigger、AccordingtooureXperimentusingacomputer，
wegetimmediatelytheansweruntil〃＝３，butthecomputerdoesnotmovefbr”＝４(ofcourse,itmoves
underground)nseemsthatthecomputingtimemayspendamillionyeaMbr”＝１０or〃＝100．

Thereadingheadmustscaninputdatatoanswer,ifthesizeoftheinputdataisTz,themadhineneedsat 
leastnsteps・Ofcour8e,ｉｔ８ｅｅｎｌｓｔｈａｔｔｈｅｍａｄﾕinespendsmanystepsaccordingthatmgrows・Therefbre,itis
clearthatt(")＞”ift(､)meansthecomputingtimeasthefimctionofnSo,wemUstarguethef(〃)lessthan
polynomial，orlessthanexponential，ａｎｄｓｏｏｎ・Ｎｏｗ,ｆｂｒｔｈｅｓｍａＵ”，ｔｈｅｃｏｍｐｕｔｉｎｇｔｉｍｅｉｓｌｅｓｓｔｈａｎｓｏｍｅ
constant,ａｎｄｓｏｗｅｎｅｇｌｅｃｔｓｍａＵ〃,andarguesufIicientlybigger〃、

ｉｆ酔酎b:polyno噂withdPgr戦wも蝿W1【ite#(h)=120"‘+α,"`~'+…,bu…get#(､)〈(｡o+1)"‘
fbrsuiIicientlybigg画刎・so,wewritet(")＜Ｏ("`)fbrthisfact・Wewritet(")＜Ｏ(2”)Ｂｉmilarlyiinthecaseof
exponentiaLC1assicallogichastwomethod,socaUedHilbertstyleandGentzenstyle,andsoweuseGentzen 
style・Ourlogicalsymbols麺e可(not),八(and),Ｖ(or),→(ihthen…),Ｖ(型1),ヨ(exist)．Ｉｆｒａｎｄ△麺efinite
seqUencesrespectively>ｗｅｃａｌｌｒ卜△seqUent、Itmeansintuitively,ｔｈａｔｉｆｗｅａｓｓｕｍｅａＵｏｆｒｗｅｄｅｄｕｃｅａｔｌeast
oneof△IfAisafbrmula,theseqUentAトＡｉｓｏｎｌｙｏｎｅａｘｉｏｍ・Ｔｈｅin他rencerulearefbUowing：
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『鵲畿)トヨ
Ａ(｡),ｒ卜△

ヨ⑳A(⑳),ｒ卜△ヨト

ｒ，卜△1,ＡＡ’'１２卜△２ｃＵｔ
ｒ１,ｒ２ト△1,△２

wheretintheinferenceruleofVandョｉｓａｍｙｔｅｒｍ,ａｎｄＱｉｓａｎｙ合eevmdablenotoccurringlowersequent．

ZMainTheorem 

ProvabilityiseqUivalemtoprowMitywithoutcut,andsoitissufIicienttoargUethedecisionoftheprovaMity 
withoutcut、Intheprooffigurewithoutcut，weattendthatthelogicalsymboMncludingupperseqUentare
fbwerthanthemincludinglowersequent・ＷｅｎｅｇｒｅｃｔＶａｎｄヨduringshorｔｔｉｍｅ,becamsethattheseSymbols
mecomplicetedLetbe”isthelengthofagivenseqUent,WewiUshowthatwedecidewhetherthesequentis 
provableornotwithinO(2,)steps,byusinginductionomz.(Thisisthetimetospenddecisionofprovability 
oftheseqUent,butnotthetimetoproveit.） 

Ｃａｓｅｌ８ＮＯ１ｏgicalsymboloccuringinr卜△・
Ｉｎｔｈｅｃａｓｅｔｈａｔｒａｎｄ△haveasamefbrmula,itisprovable,andintheothercase,itisunprovable・Wecan

decideitwithinOOz)steps、
ＣａＳｅ２８ｒ１,‐Ａ,ｒ２卜△、

ProvabilityofthisiseqUivalentoｎｅｏｆｒ１,ｒ２ト△,ＡＴｈｅｌｅｎｇｔｈｏｆｒ１,ｒ２卜△,Ａｉｓｌｅｓｓｔｈａｎ”．so，the
provabilityoft比candecidewithinO(2"~')steps・And,wecandecideWhetheritisthefbrmr,,丙A,r2ト△
omotwithinO(､)steps,ｓｏ,provabUityofthissequentcanbedesidedwithinO(”･2"－１)≦Ｏ(2")steps・

Ｃａｓｅ３８Ｐト△,,司Ａ,△2．

similarlyb 

CaBe48r1,Ａ八Ｂ,ｒ２卜△、
ProvabUityofthisiseqUivalentoneofⅢ1,Ａ,Ｂ,ｒ２卜△・Becausethatifr1,Ａ八Ｂ,ｒ２卜△isprovable，

（i)ｒ1,Ａ,r2卜△isprovable
Or 

（ii)Tl,Ｂ,r2ト△isprovable・
Thecaseof(i),theprooffigureofthisBequentisofthefbrm 

4上‐△且と一旦ｃトｃ

ｒ1,Ａ,ｒ２卜△

Then， 
Ａ卜ＡＢ卜Ｂ
￣￣ 

Ｂ,Ａ卜ＡＢ，Ｂ卜Ｂ
ＣトＣ̄
 

Ｂ,Ｃ卜○

ｒ1,Ａ,Ｂ,ｒ２卜△

lsaprooffigureofr1,Ａ,Ｂ,ｒ２トム
Thecaseof(ii)issimilarlM 
Conversely>ifthereisaprooffigureofr1,4,Ｂ,ｒ２卜△

T1,Ａ,Ｂ,ｒ２卜△

ｒ1,Ａ八Ｂ,Ａ八Ｂ,ｒ２卜△

ｒ1,Ａ八Ｂ,Ｔ２ト△

isaprooffigureofr1,Ａ八Ｂ,T2卜△､where,ifweconsiderthatA八Bistheabbreviationof(ＡハＢ),thelength
ofr1,Ａ,Ｂ,ｒ２卜△islessthan7B・RemainderissimilartoCase2・

Ｃａｓｅ５８ｒ卜△1,Ａ八Ｂ,△2．

ProvabiUtyofthisiseqUivalenttoprovabnityofbothofrト△1,Ａ,△ｚａｎｄｒト△,,Ｂ,△2．Thedecisionof
thefbrmerisofO(2"-1),andoneofthelatterO(2"-1),andtherefbrethedecisionofrト△1,Ａ八Ｂ,△2isof
O(,zW-1＋”･2"-1)≦。(2”)asaWhole、

CaBe6:r,,AVB,、ﾄ△､
SimilarlytoCase5， 

ＣａＳｅ７８ｒ卜△,,ＡＶＢ,△2．

SimilarlytoCaSe4． 
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Ｃａｓｅ８８ｒ1,Ａ→Ｂ,ｒ２ト△、

Becausethatifrl,Ａ一十Ｂ,ｒ２卜△LBprovable,thereisrl1,,2,ｒ21,ｒ22,△1,△２suchthatr11Er1,ｒ１２＝
rl-rll,ｒ２１Ｅｒ２,ｒ２２＝ｒ２－ｒ２１,△１Ｅ△,△２＝△_△1,andfurtherrll,ｒ２１卜△1,Ａａｎｄｒｌ２,Ｂ,ｒ２２卜△２
areprovable、Ｉｆ

とL上△旦上且ｃトｏ

ｒ'1,ｒ21卜△1,Ａ

旧aprooffigureofr11,ｒ２，１－△1,Ａ,ｔｈｅｎ
Ａ卜ＡＢトＢ

Ｃ卜Ｃ
Ｔｌ2,Ａ,ｒ２２卜△2,Ａｒ12,Ｂ,ｒ２ｚ卜△2,Ｂ

ｒ12,ｏ,ｒ２２卜△2,ｃ

ｒ,,ｒ２卜△,A

isaprooffigureofr1,ｒ２卜△,A

Similarlyiifr11,Ｂ,ｒ２，卜△，isprovable,ｔｈｅｎｒ１,Ｂ,ｒ２卜△isalsoprovable，
Conversely>ｉｆｒ１,ｒ２ト△,Ａａｎｄｒ１,Ｂ,ｒ２ト△isprovable,ｔｈｅｎ

r,,Ｔ２卜△,Ａｒ1,Ｂ,ｒ２卜△

r,,r1,Ａ→Ｂ,ｒ2,,ﾄ△,△ 

ｒ1,Ａ→Ｂ,ｒ２Ｉ－△ 

isaprooffigureofr1,Ａ→Ｂ,ｒ２トム

ｒ,,Ｔ２卜△,Ａａｎｄｒ１,Ｂ,r2卜△canbedecidedO(2"~')steps,respectively）andhencerl,Ａ→Ｂ,r2ト△
isdecidedwithinO("･2”~'＋〃･2"-1)三○(2施)steps,wholly・

Ｃａｓｅ９８ｒ卜△1,Ａ→Ｂ,△2．

ProvabilityofthisiseqUivalenttoprovabilityoM,ｒ卜△,,Ｂ,△2,andthelattercanbedecidedwithinO(2"-1）
steps,andtherefbrethefOrmercanbedecidedwithinOO0.2”－１)三○(2")steps，

UnlessVorヨ,wegetthesameresultinspiteofanorderofeliminationoflogicalsymbolSButwewiUfailto
proveaprovablesequent,ifwemakeamistaketheorderofelimination，Thiscomesfromverystrongcondition 
thatainトＶｏｒヨトmustbeanfreevariablenotoccurringinthelowerseqUent・

WeselectthemostalternatingfbrmulaofVandヨfbragivenseqUent・Ontheoccasion,wecountaJternated
qUamtifiersfbｒＶｏｒヨｉｎ‐,orintheleftsideof→、Last，wealtemateanqUantifiersoftheleftsideofト,again・
Inthecasethatmostalternatingfbrmulasareplural,weselectthefbrmulabeginingV・Inthecasethatsuch
fbrmulasyetareplural，wemayselectanyfbrmula・Thetimewhichselectsuchafbrmula，ｃａｎｂｅｗｉｔｈｉｎ
Ｏ("2)steps・

ＣａｓｅｌＯ：ｒ,,ＶＭ(z),r2トムTheprovabilityofthisiseqUivalenttoprovabilityofr1,Ａ(t),r2卜△ｆｂｒ
ｓｏｍｅｔｅｒｍｔ・But，ｔｈｅｌａｔｔｅｒｍａｙｎｏｔｂｅｓｈｏｒｔｅｒｔｈａｍｔｈefbrmercontrarythecasesuntilｎｏｗ・ｓｏ，mthis
casewedeviseasfbllowing・Wenoticenoinferenceruletochangecontentsofthetemmtingeneralpredicate
logic.(ThisaJCgumentdoesnotgoodinaspecialpredicatelogic,fbrexample,naturalmlmbertheoryb)Namelyj 
whenatermtoccuranywhereintheprooffigure,correSpOndingpartremaintinallseqUentoverthatplace， 
Therfbre，theonereplacedthetermtoccuriｎｇｉｎｔｈｅｕｐｐｅｒｓｅｑＵｅｎｔｏｆＶトｏｒヨトinanywhereintheproof
figure,ｔｏａ仕eevariableanotoccuringinthelowerseqUentthroughoutwholetheprooffigure,isyetaproof
figure・ｎｒｅｑ[ample,leftsidefigureisbefbrereplacingandrightsidefigureisafterreplacingasfbllowmg：

Ｐ(ﾉ(c))卜Ｐ(（c)）Ｐ(α)卜Ｐ(α）

VZP(⑳)卜Ｐ(/(c)）VZP(⑪)トＰい）

P(ﾉ(c))トＰ(/(c)）Ｐ(/((z))トＰ(f(α)）

ＷＰ(f(〃))卜Ｐ(f(c)）ＶＰ(ｆ(9F)汁Ｐ(f(｡)）

Theprovabilityofr,(ｔ),ＶＭ(⑩,ｔ),ｒ２(ｵ)卜△(ｔ)isequivalenttooneofr,(#),Ａ(#,ｵ),r2(ｔ)ト△(t)andmoreover
thisisequvalenttooneofr,(α),Ａ(｡,α),r2(｡)ト△(｡).AndthelastseqUentisshorterthanthefirstseqUent・
Therefbre,thelastsequentcanbedesidedwithinO(2"~')steps・And,theselectionsoftareatmostO("),and
sothefirstseqUentcanbedecidedwithinO("4.2"－１)三○(2応)steps、

Ｃａｓｅｌｌ：ｒト△,,ＶＭ(⑳),△2．TheprovabilityofthisiseqUivalenttooneofrト△1,Ａ(｡),△2fbrafree
variablemnotoccurringinthesequent･Andsincethelengthofthelatterisshorterthanoneofthefbrmer,it 
canbedecidedwithinO("3.2"-1)三○(2")steps・

Ｃａｓｅｌ２:ｒ1,ﾖＭ(qc),r2卜△・SimilarlytoCaselL
Casel3:ｒ卜△,,ﾖｚＡ(⑰),△2.SimiMytoCaselO．
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Wecangetthefbllowingtheorem,hromtheaboveresults・

MaiｎＴｈｅｏｒｅｍｌＩｎｔｈｅｃｋＺｓＳｉｍｌｌ叩，c,ｕ)ｅｃｑ９Ｍｅｓｉｄｅｔｈｑｔｒト△曲ｐｍｍ６Ｊｅｏｒ児０ｔ,汕舩hi〃e29po"e7D伽川ｍｅ．

３conclusion 

lnthispaper,wearguebyGentzenstyle,butitiswellknownthattheprovabilitybyGentzenstyleandone 

byHilbertstyle麺eeqUivalent・Ontheotherhand,iti8wellknownthattheprovabilityofa8eqUentandthe
validityofitareequivalent、Therefbre,thedecisiontimeofprovabilityanｄｏｎｅｏｆｖａｌｉｄｉｔｙａｒｅｓａｍｅ・Inthe

propositionallogic,MstrivialthatvalidityofaseqUentcanbedecidedwithinexponentialtime,sinceitisva｣id 
ifiti8truefbrallcombinationofthetruthvaluesoftheatomicfbrmulascontainedintheseqUent、But,inthe
predicatelogic,itisnottrivial,thattlletruthvalueofVM(z)ｏｒﾖzA(⑰)canbedecidedwithinexponential 
time・ItisduethatwemustexaminethetruthvalueoM(ｔ)fbralltermMnthispaper,weshowedthatitis
suflicientwithinexponentia1time,butnotnecessarywithinit，Itmaybedecidedwithmpolynomia1ｔｉｍｅ・We

areremainnedtoshowinmmposibilityofitwithinpolynomialtime・WebeganaboutmosteaSyclassicａＪｌｏｇｉｃａｔ
thestart,andweal8owiUexamineaboutnonPclas8ica1logic． 
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