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Abstract

A formula is a BCK-formula iff it is derivable from axioms B =
(a=b) s (c—=a)-c—=bC=(a—=b—oc)=b—a—c
and K = a — b — a by substitution and modus ponens. A formula
is BCK-minimal iff it is BCK-provable and it is not a non-trivial
substitution instance of any BCK-formula. A BCK-minimal formula
o« is a minimal formula of § iff 8 is a substitution instance of a. It
is shown that given a BCK-formula «, the number of normal proof
figures for o is identical to the number of minimal formulas of a. As
a corollary, it is shown that a BCK-formula a has the unique normal
form proof iff @ has the unique minimal form.
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BCK-formulas are the formulas which are derivable from axioms B =
(@=b) —(c—a)->c—bC=(@a—b—-¢)—>b—a—cand
K = a — b — a by substitution and modus ponens. They are identical
to the set of provable formulas in the natural deduction system with the

following two inference rules.

[v]

2 -n =22 p

Here v occurs at most once in (— I). By formulae-as-types correspondence
[7], the set is identical to the type-schemes of closed BCK-)-terms. (See
[3].) A BCK-A-term is a A-term in which no variable occurs twice. Basics
notions are referred to [2] concerning to type assignment system.

By coherence theorem in cartesian closed categories [1, 9], balanced
formulas has unique proofs. It was shown in [5] that the proofs for balanced
formulas are BCK-proofs. Relevantly balanced formulas were defined in
[6], and it was proved that such formulas have unique normal form proofs.
Balanced formulas and one-two-formulas are included in the set of relevantly
balanced formulas. In this note, we show a necessary and sufficient condition
for a BCK-formula to have the unique normal form proof.

The notion of BCK-minimality was introduced by Komori [8]. A for-
mula is BCK-minimal iff it is a BCK-formula and it is not a non-trivial
substitution instance of other BCK-formula. A BCK-formula o* is a min-
imal formula of o iff a* is BCK-minimal and « is a substitution instance
of o*. A principal type-scheme of a A-term is a most general type-scheme
of the term with respect to substitution. It is clear that a BCK-minimal

formula is a principal type-scheme of a closed BCK-A-term.

Lemma 1 ([4)) If two closed BCK—A-terms have the same principal type,
then they are identical. 1

Lemma 2 ([5]) A BCK-formula is BCK-minimal iff it is a principal type-
scheme of a closed BCK-A-term in n-normal form. &

Theorem 1 Given a BCK-formula a, the number of closed BCK-)-terms
in B-n-normal form which is stratifiable to o is identical to the number of

minimal formulas of .

Proof. Let o be a BOK-formula. Note that every BCK-A-terms have
types. (See Hindley [3].) So a is a principal type-scheme of some closed
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BCK-A-term M in B-n-normal form. By principal type-scheme theorem
(Theorem 15.26 of [2]), M has a principal type-scheme o*. By Lemma 2, o*
is minimal formula of . This defines a function from the set of closed BCK-
A-terms in B-n-normal form which is stratifiable to o to the set of minimal
formulas of a. By Lemma 2, this function is surjective. By Lemma 1, this

funcition is injective. Thus the theorem holds. ¥

Corollary 1 A BCK—formuIav has the unique proof in B-n-normal form iff

tt has the unique minimal formula. 1
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