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In order to improve the efficiency of functional programs, it is important to perform pro-
motional transformation to reduce intermediate data structures which are passed through
a composition of two functions but never appear in the final result. As for the functions
with accumulational parameters, two approaches for this transformation have been studied:
one is based on the concept of “higher order catamorphism,” and the other is based on the
derivation of hylomorphisms structured by the “medio type.” In this paper, through a con-
crete simple example, we show that the former approach can be totally interpreted within
the framework of the latter.



1. BUBIC

BE7O0T7LTIR, BENLBETRONSL
b & 2 HBMERRARICL > THASGLET, K
Ex7UVSL%ERTA. MEMTTTEIRS
PRML T S BEEER LWV LI, BEAK
RV EODBBUCBET A (FTUE—YarT3) Z
&N, BEB7O07I LAD0HREABICE-TEETH
5. Biff, BTV TY XA8% B OdMFLLID
FMEERRL TV S L WHFIRFBAIATEDIRT
W5, BEBHT7 VT XAFRTIH, catamorphism,
anamorphism, hylomorphism % & & X h 2 GinE
R TR L 2B 2 RIT.

im & % ZEARBEHICIX, WBITIHD DV IEEHTI
BEROLDOER/D L. THEBRHT NV TY XA
TR 720 DE XK “BRE catamorphism” [1,4]
Db, —7F, B catamorphism Ti¥RI TS
V) RRMEER LOOHEE LT “EAR (2]
FHWAERLPIREA TS,

FROBMIE, [HBEIRERFOMBDOBR cata-
morphism & X 5 BE&#REL, BARERVERE
EORMTHATHILHFTEL] TLERTHILD
B, LRLR—TVHOFRPS, —KHRFEICDOV
TINERTOTII R L, EETIL isum L) B
TRBEAGHL LTHFEOERFEMRELRL, BE
WVORBBREBRLPICT S, isum i, LRI R
FOEEDSLEEETTOMEYAME LTGETHEE
ThHY, TOBKELTTELLNS,

isum[] d = [d]

isum(z: zs)d =d : isumzs (z + d)
IITdixmBsITHy, MENEE LTi—&H
iP5 625. kzid,

isum[4,1,~2,3] 0 = [0,4, 5,3, 6]
b, isumzsd OMBICZBEEII c M2
B h=((c+)*) ZHERA LK (c+) * (isumzsd) D
BAZEMEELSL, TIT, c3EYSLERETS.

3% CRATRTEIIL, RKRIE isumazs (c+d) L.

AT ENHREENDETHS .
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2.1 catamorphism

catamorphism & X, FRWICED LB ERFD
F=F EXBWT “BRI BEREE SN EE: &
F. e, ERORI e OY R PRI,
La=([]]a:La
EERINDL. TIT[] L REERTTHE. &
DECERINLIBRLERER fiE, © *@4%
HEETFELLCUTOL I KEHINETHS .
fll=e0()
f@:im) =26 (f29)

ELIITR, ER(f[] o) 2 T() 2315
THBE FHVWTRELL. ZOBE, et d %
EFONWEL f I—BRETLNT, 2O f(JAMED
catamorphism) DT & % (evd ] EHFL. (BRFI
LTI 5 YA MR ERTHHEFE ThD. )

—RXTIE, RIEF L FOROT— 5T 2%
X, MF (functor) i Lo THBMIOIhD. FHIC
BWTHt, BFEUTOMOOERRELLEBER SN
5. ZICTX, YRE, f, g 3B¥EEzRT LD
YA, F/z, d MESEETHS.

L (B)IX=X, If=Ff

2. (F¥)1aX=a, laf=1d

3. B XxY={(z,y)|zeX,yeY}

(fxg)(z,y)=(fz,9Y)
4. (BEF) X +Y ={1} x XU {2} xY
(f+9)12)=(1, f=)
(f+9)(2,2) = (2, g2)
(fr9)(1,2)=fz, (fvg) (2,z) =gz
LEDOVAIEOBEORFELIIL=T+lax1k
k. UTFTIR, BELZzoBIHET28F%, F
LEFEfoTRLT I L ET B,
A F L CE#HS D catamorphism (¢ ])f i,

(¢Droing=¢oF ()¢

EVIHIRIC Lo THEFTIONE, 2T inp B
FF CERSNIBOBRTTHY, VA MEOH
il ing =[]v: &% 3.
2.2 MEERE

catamorphism B2 707 5 L EROERE
% B0N, UFOMEER [3] Thb.
TR 1 (MAEIE) 51607 ($)F & hIHLT,

hop=1woFh (A)
TWRT S ¢ PEETIE, ho(¢)r it (¥)F T
KB &b LD % catamorphism & %2 5. ]

COZEBRDOEE (A) i}, VA FOBETHUTOS
Leok@iT i e, @ DEELLAS.
he())=€¢ (), h(zdr)=2Q(hr)

ZoEHIE, 5K E catamorphism & DA

VB D catamorphism TREEN L 720 D&M R
LTwa, CoOERYBRATLIIEICLLT, S22
DBHEREVEDICRET LI LN TE,

o S ODMBMTRIEINL Y, BREKRIC
BEHpobhhnwk) bl 7F—s#ErRET
LILNTEL;

o PHIF—FHEEMBFMEL I ENTES

EVo BRSNS,

2.3 anamorphism & hylomorphism

catamorphism %, 5% & LTE5 2 6/ -HiEMN
T SHETHEHBETAMBTH LA, Thit “R



N OBBRICHLEBEY, TLRHLLEFOF-5%H
ROWCERTHEBEELLILNTESL. Zhe
anamorphism [3] L IE T, [yl VI EELTHV
5. M F ETE#H SN D anamorphism [(¢)] i3,

outp o (Y)e =F [(dJr o
USRI > THEMITONE. T, outp i
F— 8 DIBF (ing OHKRE) THYH, VA LD
BRUTOL) kA,
out| xs = case xs of [] = (1,())
(x : x8) = (2, (x,x5))
Loz, BAONTEHI M o ¥ LT[n,n -~
1,...,2,1] %:E¥ B downtol (&,
¥ n=casenof 0 — (1,())
m+1-= (2, (m+1, m))
% BV downtol = [y EKBTE2.

& 512, catamorphism (¢)F & anamorphism
(¥l D& (#Dr o [¥)F % hylomorphism &
B, [¢¢]r &It B 2AVEILLH 2.
hylomorphism 2%, n % F 5 G ~DOHALHRE
2%k &, Hylo Shift VW) UTOMRELH 2.

[onvlr=[dnov]c
ORI, “Z-o#” ® hylomorphism DRIRIC
BREHRERSOBBE DL EERLTWES, £
CTARRTIE, BREBEISDH L =0/
® hylomorphism OEHR [4,5] £ H\v5. =Z0H%R
kE3E, Eolpondlr (5BviE [4novlo)
i, [onvler tRDERL. ZOMKRBICBY
% Hylo Shift {3LAFDE Y.

[¢°ﬂ, |d1 ?ﬂ]IF,F = [¢1 771¢]|G,F

=[¢,id, novlce
hylomorphism It & @~ {2 catamorphism &
anamorphism ¥ & T )T, catamorphism IZB1T5
BEERICHX T 0L, ZORNERE (anamor-
phism (2B} 2REER) [4,5] PHEILT 5.

£ 2 (Hylo HATERE)
hodp=¢'oGh
= ho[¢,n¢]cr=1[¢nv]cF
Yog=Fgoy'
= [, nvlcrog=[¢m9 loF n

3. &% catamorphism IZ & 3E#

DEG—SIBBRCH T @R THo 205, =
SIBUEOBEICELTIR SIBEVLEDH LV,
BREZETERBEAE L LTES2NIE, BEO
catamorphism QKM THBET LI b T L. &
® X 3 % catamorphism % “BEP¥ catamorphism” (1]
LIRS, End 2 hid, BB catamorphism & i3,
FIBEVEDHEA LIRS E B o Twh L
9 % catamorphism %27 .

3.1 SRAMEER

® % catamorphism [T ARAER [1] 1, B
TOEIkb. h((¢Dr za) &) XNTHETI
HOaZ2WYBWT(ho) 7 vavikT b L
(ho) ((¢)rz) LEFRTELOT, BEOREERD
h % (ho) \MIET 22 Edtbdd. ko TUFHE
5hb.

%3 (GRBATER 1)
(ho)o¢='¢voF(ho) (B)
= (ho)o (#)F = (¥DF
Tiabb h((¢)rza)=(¥)rza 1
YA MDOBEICH, Bk, @ PHEELT,
ho(e()) =€ (), ho(z®r)=z®(hor)
Rl I L%t (B) LR b
LIAHDERIIIOERTHALALLET TR, oF
SHVERIIR-TLE I BEHE . TOREMBI,
COFERZTCIIWIEIBICHT B BRI 2R S
ZENTERVRLLTHE, LAHoT, BMEERD
catamorphism 7 & B¥CEE L CHBIS I BUCEA S
H2E9%, bIVEDOREERINLETHE.

* 4 (EERESTER 2)
(cg)og=1oF(og) (B)
= (0g)o(¢Dr=(¥]r
TabL (éDrz(ga)=(¢Drza ¥
toXELED»rLEL Ao THEG L, B
catamorphism 2 b #BI5 13 OEI~HE (9) TM
DT -o0HAE LTHRT2IEHTES,
YR FOBEIR, ABL ', © FFELT, K
TORXRERALTIEHEM (B) Lib.
(€()og=¢€"(), z®(rog)=(z07)0yg
Pk T b L, HRAME B catamorphism
DERIX, TTBRBREAEHE 17 THR catamor-
phism 2L, &6 “BRREGER 27 THBS5I
B RME T2 L0k oT, BHEDO LT T
TIRIEREINLEI LIRS,

3.2 isum OFH

L%, B catamorphism (2 & 5 ZEH]ICIE isum
Lo okt Hv A, BB catamorphism % v
72 h(isumzsd) ORWIL, UTOLI ZFEMTH
&

1. isum % &P catamorphism TEHBT5H. D&

£, h((p)Lasd) LvHIRik% 2.
2. h ¥BAETAHIEICLY, (pDLasd L%5.
3. Mg #HHLT, (p'DLas(gd) &F 5.

3.2.1 isum NSk catamorphism 12 & 3 RIR
isum[] = Ad . [d]

isum (z : zs) = Ad . d : isumzs (z + d)



ZDT,
P 0= [d]
p(z,r)=XMd.d:r(z+d)
&Y, p=pop B isum= (p],.
3.2.2 h OME
BRMEEE1 LY, (ho)op=pol(ho) ki
5p RREIEI W,
TFRLEDIZ, (ho)opr=pi, THbD,
((ho)op) ) d=pi () d
Lubp #BOHS.
ED =h(p()d)
= [c+d]
20T, UFO LI KEDIT LW,
pr()=Ad.[c+d]
KIS, (ho)opy=pyo(idx (ho)), FT4bb,
((ho)eps) (z,r)d=p; (z,hor)d
L%h ph 5D D,
D = h(ps (z,7)d)
=(c+)*x(d:r(z+4a))
=(c+d): ((c+)*(r(z +d)))
=(c+d): ((hor)(z+d))
=py (z, hor)d
LoTpy BADXITTFHITI W,
py(z,r)=Xd.(c+d):r(z+d)
DEEh p =pivpy EBLEA([(p)L28d) =
(P DL zsd EEBRENT.

3.3 g Ol
(og)op' =p'oL(og) &3 p' b g %
T, (og)op! =p|, THbdbL,
((eg)op))d=p;()d
E%B Pl RBOI D,

EL = ((cg) @ ()d
=((pY 0)og)d
=pi (0 (9d)

Gl = [c+d]

LoT, gz=c+z LEETLEUTICRS.

20 =d.[d]

RIZ, (og)opy =pho(idx (og)), THhbb,

((eg)opy) (z,r)d = (pyo(idx (og))) (z,7)d

L% ph EHDITB.

£ = pi (z,7) (9 d)
=p; (z,7) (c+d)

Al = p ((id x (0 g)) (z,7)) d
=p;(z,rog)d
=(c+d):(rog)(z+d)
=(c+d):r(z+c+d)

$oT, UFOXrErhs.
Py (z,r)=Xd.d:r(z+d)
pl=plvpl ELTUEYT LD L,

(c+) * (isumzsd) = (p" DL zs(c+ d)
Ehh, ZIT, Kidp! =p, o =p 2OT
isum! = (p" ] W isum = (p)L LHL %5, &
5,

(c+) * (isumasd) = isumzs (c + d)

&Y, BRTARRLERT I LA CEL.
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4.1 BAEOHEA

FEHTRRBER [2] Tk, BEDBIHEH Y -1t
e LT—bL, B—5I%LT5. 7-E 2T,
isum OEHRELUTDLHIIT 5.

isum ([],d) = [d]
isum (x : xs, d) = d : isum (xs, x + d)

L2L (—@tshi)si R BicmReERsn
LB 25 %5w0T, ToF Tt catamorphism
%> hylomorphism @ & 5 ZHHIIEBE T 6 2.
ZTIT, LS N5 %, BMICHERERSI:
BINe “BIBW TLL3ERD,

BB, EET2HEf::FxG — Tiox
LT, #ULE M (“BAR” LIER) 222, f %
fFeMaTELuFXGoaoMEDEE f=Ffotk
LTHRBTL., SZT, t i O3 (xy)  ME
KRBT D L) 2 RHEREKTHS. 29T (M
L@ catamorphism (¢ & LTHRHETENIT, B
SEBFEFBLTI2EL 7075 AR MBRMIIE
BWLTWL LD TREE 2 5.

U EOBRABE AW R, LTORE (2 4
HEILEDNRENLTNS,

o RIZEIPEIE t 13 Ei3 anamorphism & LTHH

THIELATES.
o FHICHLLRDEAR M 12, TR PIZO
AHB L THRRERTIIBHET 5.

HEOWRLY, t=[¢)u EBE, fid

f= [[%id,l/’]]M,M
ERFEND.

R ET 2B hylomorphism THEBE S hh
i¥, & kit hylomorphism ORMEER % HVvTLR
LTwiFid I v, 208, BAZRA hylomorphism
OAHEBEEBICBEHTE 54K (Hylo Shift) %
B L, hylomorphism OEM» HBIEFER S h
TVABEILIERERETEN (o @) FE,
hylomorphism OEf» SEBEFER STV 235
BIRBEREREYEN (Y ) FET, BEER
ZPHALRTATZILOMETHE, 0k



hylomorphism AR THRAEREBE TAI L &
“hylomorphism DEHR” & 5.
SxbhifoEH> S, BEARE hylomorphism
MW+ 57 VT X4, hylomorphism O EHK
TNT) X LOFEMIZ, X (2] EEEI v,

4.2 isum OEH

Pk, AR FAVAERICE isum &) FEE
B2, hoisum OZEROFMIL, UTo Ly il%k
5. 22T, h=((c+)*) Th3.

1. isum % hylomorphism TERIET 2. TOKE,
ERho[p,id,qlum E%B. ZITM i,
BASNIENBLET S,

2. h %mﬁ'bf ][p',id,q]M,M &TZ)

3.p=p'on t%HLIRHARER N =M M
*p' OHMiBT A, 512 n % hylomorphism
OFTBETL L, [p’id,neqlw m R3S,

4. Bi% g * anamorphism ] (Gfl) » oML
T, [p",id,q"Jmm 0g EF 5.

BE1~5 30, RRADEINE.
h (isum (xs,d)) = [p",id,q" Jm ' (g (xs,d))
4.2.1 isum ® hylomorphism (Z & 3%%R

isum = isum’ ot EEHTH. STt [Int] x
Int - MRBEZERBHETHY, isum' @ M Lo
catamorphism T %. #8 M 2 D;, D, zE#
BFELT,

M = D; Int | D; (Int, M)

EE#ESH, ZORMEEDIEFM EMY=id+

idx ¢ &d. tOEHIE, LTTHEXLNAE.
t([{],d)=D;d
t (x:xs, d) = Dz (d, t (xs, x +d))
%Iz HiZ M L anamorphism T#H 5., £,
q (xs,d) = case xs of
(x:xs) = (2, (d, (xs, x +d)))
ETHE, t=[q)m ERBTEL. —F, isum’ =
M = [Int] 12ELVF @ X 5 7 catamorphism & % 5.
isum’ (D1 d) = [d]
isum’ (Dz (d,r)) =d :isum’r
p=p;vp, LBnTisum' = (pDm T 5L,
prd=[d]
py(d,r)=d:r
kb, LERET AL, isum = [p,id,q]mm &
V9 hylomorphism THIETEAL I LIZ% 5.
4.2.2 h ORE
hylomorphism OBEEE LY, hop=p'oMh
&b p ERERTHIT LN,
B, hop,=p) T4#bL

(c+)*(pyd) =pi d
%D pl EHDITAS.
%l = [c+d]
%ZOT, pid=[c+d] LEDDLIENTES.
KIZ, hopy,=pho(idxh)Thhbd
(c+)*(py (d,1)) = p3 (d, (c+) *7)
&b ph BEET.
Bl =(c+)*(d:r)
=(c+d): ((c+)*n)
DT, py(dyr)=(c+d):r&BiFiTLwv,
p'=pivpy, £BLE, LLOBR»S
ho[p,id,almm =[p"id,a]mm
I S (WA
4.2.3 hylomorphism OB
pPOLEREEN EHIBLT, pPP=ponk ¥
b, IO, pl OBLNIL, BB KEER
SEFRE FERERPIIHAB T AL EFH 5.
pid=[c+d] KDV TREREKIFFRBTH
b, UFOXITp), np 38D,
pfu=u, nyd=[c+d]
K, ph(d,r)=(c+d):rOBFEATIE (c+d) &
FEERREE DT, LTOLICEDS.
py (uyr)=u:r, na(d,r)=(c+d,r)
£oT, pl=plopl, n=nitny EBHIE, P
iXplon ESMBEND. nE MPL M NOHRE
Wryarl, M XD}, D, #BIHERTLLT
M’ = D} [Int] | D} (Int, M)
LEFEHh, COMEXEDIHEM EM ¢ =
id+id x ¢ &% 5. H&#%IC n % hylomorphism W%
AIZBBLTq =noq £ BLIEICIoT, kA%
BLIENTES,
[r',id,almm =[p",id,q' Tm
4.2.4 g O
qQ =noqilftoT q EHFBETTLUTDHEY.
" q' (xs,d) = case xs of
(1= @, [c+d])
(x:xs) = (2, {c+d, (xs, x+d)))
ZZTC, Mgoq=q"ogTibb
(M'goq) (xs,d) = (q" 0 g) (xs,d)
kb g, q' EHRDFW,
(M goq') (xs,d)
= ((id +id x g) o q') (xs,d)
= case xs of
[1—= (1, [c+d)
(x:xs) = (2, (c+d, g (xs, x+d)))
THoH b, gxs,d) = (xs, c+d) LEHTIIZ,



# 1: %R catamorphism {2 &
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%P catamorphism 12 X 554

AL BER

isum DEHF  isum(z:zs) =
M. € (d, isumzs (z + d))
Ed,r)y=d:r

isum (x : xs, d) = isum DEH
£ (d, isum (xs, x + d))

catamorphism isumzsd = (p]) zsd
p2(z,r)=M.E(d, T (z+d))

isum (xs,d) = [p,id,q]m m (xs,d) hylomorphism
P2 (d, r) =¢£ (d, r)
q(x:xs,d) = (2, (d, (xs, x +d)))

h ORE h((pDLzsd) = (p' DL zsd
py(z,7)=Ad.& (d, r (z+d))
Edr)y=(c+d):r

(7,1, a It (5,)) = h RS
. [[plvidyq]]M,M (XS,d)
Py (d,r) =& (d,1)

[e'id,almm = [p",id,q' Im R
plzl (u,r) = gl” (uar)
q' (x:xs, d) = (2, (c+d, (xs, x + d)))

g Ol (P D zsd=(p"DLzs(9d)

Py (z,r) =M. E" (d, r (z +d))
E"(u,r)=u:r
gd=c+d

[p",id, ' Jm mr (x,d) = g Ol
I[p"yid) q" ]]M',M' (g (X,d))

Pz (u,r) = & (u,r)

q" (x:xs, d) = (2, (d, (xs, x+d)))

g (x,d) = (x, gd)

isum” OEFKE  isum” (z:35) =
Ad . £"(d, isum" zs(z + d))

isum” (x : xs, d) = isum’ DEH
E" (d, isum (xs, x + d))

E3X = case xs of

(1= @1, [c+d)

(x :xs) = (2, (c+d, (xs, x + ¢ +d)))
t2Y, Zhd*(q" og) (xs,d) = q" (xs, c+d) &%
LA Rithidabiv. koTq" BUTDES
KEHET T LV,

q" (xs,d) = case xs of

(1-(,[d)

(x:xs) =+ (2, (d, (xs, x+d)))
UEFRTe3edrl,

[P”)idrqI]M’,M' = I[p”aid> q"]IM',M' og
&%, 22T, isum” =[p",id,q" Jm mr B¢ isum
EHELLARDZILREZCHEIOLNE. BB, DT
HEE R,

(c+) * (isum xs d) = isum xs (c + d)

5. MERDMS

D EOLRHERYERRERLLYDDI L, MEICRE
BLdICHRYH D Z LI K1, isum
(H5vit isum) O ZFHOEES (Cons DHE) 12
FEBLTHEORMEY T L7, B catamorphism
X BEBROEEBFNC, WAL ZERIMIELT
WL EPDLPETHS). CRLFRBOEEICL
T, BB FIIBVT S [EF catamorphism

TEBRUTEEL SITRENBZBVLERDTRETH Y,
MHEIFECHEREZE] SLERTIEHTES,
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