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1. wusk
DEOEIBFRWAYABMPBRALELS :

F(x) =0, (1. 1)

TITXEF (X)) WnKARBZRAOFAAR CHGE2RMATRTHILT 3. ZoHFBRARORIERE
ROBLDIBLKODFELEL P SERIN, TOZLRIFORTRANOI I BRBENBEESBIcE > TERY
hts, UL, RIENBEZFTRRARS. BRORAL L EREBEAL TEHAROHME > 8P
MEMHEMBS L PBHTES, MWELR>TREDUCE [1] Lo hBRREEZTE B AWTE
DESBAMMEAMBETEABE I o2,

FESIX, REME (FORTRAN) ¢ HFNR (REDUCE) ¥#AT3ILl &Y (ZhENALTY
v RABLHEED) | HRERABABAREDREL M0y r~INAES (Nonlinear A
lgebraic Equatins Solver) *REL. EEERBICE-TwS, [2, 3, 4, 5]
o B, REEEWERCIOAVIVABANLANTERLTE-0OT, BAS I CESIcX 3 5#A
BRUBBAEN Ko THEEHABRSBAEMOBEI L WIRI DRI TETVS, [6, 7],

COWETE, TNy r-INAESKBIBABOAEE RSB, REHERAROMPEE TS 5B
EWRRA>EHMRICB L OOF 203 v« PHIUTAREY BT, $0DTHEAR L BNAEL
BEDEILEBIIFTRDONTABLERT. Ok, HiROo#EPJacobiAMKBR(sing
ular)iB3LE420NFIV-%515, REK, REGIEELTLROPNIVLTAORS R HR
T35,

2., NAESO@EIE
wa*ﬁNAESRﬁNTﬁ\#ﬁ%ﬁﬁﬁ%ﬁﬂﬂ%w&vFORTRAN%KT%XE&%. B
BUFORTRANK &> TEfTIN 3L, 5. BAMBIREDUCGCE [1] ko> THizbhi., o
LEORARELBE AR OBOMBOFNER 1I0RT,

H1licsds (A) TRINEAEARK (1, 1) LWRE Ox L XFORTRANEZXTSA5N3, /1t
wH—-YNAESIBI3E 1 0483, (B) LBWTIFORTRANFRCERINZOF—9%RED
UCERRWZRI 5L THB. KT (C) Ao THAZOSEARIHT 5HERAAA (C. 1) 2
BT B, Zni(C. 2) KBY3ROMBRITLITEI b AETSS, (8], IOHMET. RO

ABRERTE2CBBINS, ZOMBEF - S%BAT (C, 3) LB IROBE. LUV, In-F2Ek
ﬁﬂbkb@%\FORTRAN%iOﬁﬁN—fvmkwﬁﬂﬂb\(B)%EEDT(D)KE%» (D’
) CIRBESMOKMF TE=OT (D, 1) KWL, ¥7bb, Newton—RaphsonZoRiEs
iﬁfbas—thvhiﬁﬁkbnaﬁ]e—th)hi@i§&#ﬁﬁﬁ-ﬁ&ﬁﬁﬁ?£%° ::?ﬁ
‘W*@&ﬁ&ﬁﬁﬁdﬂifd&h@?\Eﬁ@k¢&%$ﬁ%bk6bimﬁtﬁwtua. K BERS
'KéofJacobiﬁﬂ%ﬁoZ#B\Gauss@%ﬁ%tﬁkﬁ. INKe-BHAVINEOBR_ORX
e®5. chitko TkOBOEMR xpbHREnEk+1 BEOEUE “xE@5,
COLERABRARKFEL B30T, ThORERL TEYZBAEETEI LD ROXISREHNT S :

(1)



(i) %6 = c—%— Fr0F %) 3172

Ik

tés s k163, Kk=1,2,... .

(ii) Fx(kX) = (Jacobian matrix) = (dij(kX)),

kd = det(Fykx))
tka 7 143, k=1,2,... .
(i)
Edij(kX) / dij(k_1X)J, 1,0=1, 00000,
zorg %610 Bo 196 7 K7l61 ¢ 0.5 BERBEILUTRIRMIMBLHUNT B,
Foaung, EROTHEENSZ0T, Gaus sORBELBVTHLAOARRIERRL TRAL, J
acobififl JOBRAOKE (iii) DXIBRTERT 5. INOFRABTANBXIERD
BRI Eo T, H5WORSERTLECE ENROETFLGRERTHE S LUFT S, £LT(D, 2
Y BHEIBBENTIL—Ya v PHIUTARRBDETR T, B >I{REDUCER X B3HANT
L=yav.PHIULA (C. 4) Rk RBOMMBEEEEOX B, Kic (B, 1) %#i>T (C. 4
) OBBEFRL, (C, 3) RBWIFIL -3 VORRKETVLHRAROBRELESTL T, Hily
BIN-F VR FORTRANFRTCHRT 5. ChTARE—MEL. BY (D) »o5HMEBERT 5,
FIL-va VORESMEL, BERENE (E) KBWTRTT 3,

LAl
Problem: Solution of System

of Equations

D1 l £c3

Numerecal Manipulations ~ [B1 Symbolic Manipulations
in FORTRAN ‘41 Translators by REDUCE 2
(D.1), 8&8ecan? meth?d? FORTRAN Equation matrix: (C.1)
4 Gaussian elimina- to (B.1) ¥+ Tree search.
. t1on: “1 REDUCE 2 > Structure analysist [(C.2)
Approximate roots.
(R-Files) 4 Boolean algebra.
(D.2)| Deflation algorithm: : ———
I A D Decomposition of (C.3)
¢ Deflation map, system of equations:
4 Pivot matrix, REDUCE 2 Y a ’
4 Rank of Jacobian to (B.2) Deflation algorithm:{(C.4)}
4  matrix.’ FORTRAN [ 4 Symbolic differen—
4 Numerical =zeros. D (F=files) tiation.
: 4 Symbolic determi-
- nants.,
4 Degree of equa-
tions.
CE]

Numereca] Results

B1. NA7Uy FRAEBNAESKEIEOKN

€2)




3. MULTIPLE ROOTS
- One dimensional case

L4
A root x of the NAE is said to have multiplicity m if

L _
F(x) = (x = x )™ F(x)

(k+l)-st N-R iteration:

—_ , L] *
mFR0 + R = Dy Ry = SRy - HFERy.

- *
0, m21, 0=l= If{x )| < =, (3.1)

(3.2)
Taylor series:
L3
k+ly = (m-1o/m K9 + 0592y, 7 = x - X, (3.3)
k W
Theorem 3.1. If ("x} » x , then
(i) 1im #50 -0,
ko
(i) tim CECYo ek = (o Ly
ko m
»
Kk fx(x ) ifm=1,
Gii) Tim £ (0 = (3.4)
0 ifm> 2
- =1 if m=1
Go dim o Khoze ko1 = (B 1yt ’ ’
m < 0.5, if mp2,
(v)  tim £l s Ak = ¢ noly, ke = KM, K,
4. DEFLATION ALGORITHM
£,00
F(X) = D=0 X = Xeex ), (4.1)
w
£ 00 F(X'y =0, det Fy(X ) = 0.
Table 3.1. Properties'of roots
simple ﬁu]tip]e singular
root root case
ekt «<1 «<1 531
v=le** 080 | <t ( m§l~)m >>1
"
4ty Fix) «<1 «<1
Z=1d%* 0 zack 0 | 1 ¢ m=boymt «<1
x=1ak*1, 8k} «<1 (=L, 531



N-R_iteration:

F (0 R x - ko = R, (4.2)
4.1, Deflation
(I) Pivot matrix P: Assume that r = rank Fx(kX) <Kn-13,
o0
P = % ; (4.3)
r r

(II) Deflation matrix Dj:

r K]
afl/a d11 N dlr dl,r+1
S S E E (4.4)
D, = 8F/8 [ dy  weed d |
OFj/a dr+1,1 dr+1,r dr+1,r+1
i= itl,... n.
(111> Eliminated matrix Ej of Dj'
( e e e e ] 1
11 12 Fir 1,r+1
®22 %2 °2,r41 2
Ej = ‘ . . . . (4.5
0 rr Cr,rtl r
Cr+l,r+1 ) r+i
. * w
(i) er+i,r+1 = det D. =0,
Gy IMle ke vt i =1,2,000r, (4.6)
. +
(iii) |k 1ejj/kejj| < —%— y = r+l, oo,
(IV) The £-th deflated equations
. \ . \
(] £e3d
fl X) Fl (X)
FE8exy = 00 [ = | Moo | =0, 4.7)
Ced Cg-13 - .
£ oo det DY] 2 =1,2," .
£L23(xy det DE]
n ) L n )

£4)



4.2,

(I) Category 1.

*
Ex. FX(X ) =

(II1) Category 2.
w
Ex. FX(X ) =

(III) Category 3.

. *
Ex. FX(X ) =

(I1V) Category 4.

1
0
3

i
3

BOWN -

S. SOLVED EXAMPLES BY NAES

S5.1. Example O

System of equations: Sol. X =(1,1,3,-2,-1,-2);

*2
f1= xge +x6—2x5—3e
_.2
fz—x1+x4+1
F3=3x2+x+x6—1

F4=2x3+3x5—3
- 2_
F5—2x1+0‘5x4 4

i f6=x2—2x6—5

Rearranged system:

Cist Subsysteml

{1st levell: Cx

<2nd level: Cx

C2nd Subsysteml

{ist level>: Cx

1

5.2, Example 1 (Category
System of equations:

F1=x1+x2+x3—1

*

%6

X5

x4

1)

COBW o

53
Sol. X*=(0, 0, 1);
=0,

f2=0.2x?+0.5x%—x3+0.5x§+0.5=0,

= 2_
Fa—x1+x2+0.5x3 0.5

=0.

Computational realization

{numerical zeros)

0

0: numerical zero.

{(nontrivially proportional rows)

3
4,5 0

a .
6

(nontrivially proportional columns)

0: numerical zero,
¢ algebraic zero.

(otherwise cases of Categories 1 through 3)

0

guess

f3=3x2+x6—1=0,
F6=x2—2x6—5=0.

ro x5
F1=x3e +x6—2x5-3e=0,
F4=2x3+3x5—3 =0.

Fymxatxy+l =0,

- 2_,_
| F5=2x;+0.5xg-4=0.

guess 9%=(0.5, 0.5, 0.7).

Deflation algorithm in numerical manipulations:

I6e.. / 5e..I =

11 11

Ig(éx)l=0.115x10(—3)
S=0.928x10(-4)

€5

(1.000, 0.501, 0.500),

rank of Jacobi matrix = 1.

X=(2,7,4,-4,2,-3).,



DM-map (Deflation map):

1 1

0 0
1 i
0] 0

Jacobian matrix:
F ) =1

2

0.6x1

1

Rank(FX(x*))=1.

Pivot matrix:

#f #x
P= [1 1]

Numerical zeros:
zl=0.6x2,
227%2r
zg="1%x3,

Deflated system:
L1

ng]

C11
3

=Zp%%5
=23=—1+x3

Numerical result:

K ks
0.687x10(0)
0.350x10¢(0)
0.241x10¢(-1)
0.589x10(-2)
0.149x10(-2)
0.372x10¢(-3)
0.928x10(-4)

NOUIBRWONERO

deg(zl)=0

O|roOR
=~ | kOO
O|ror

deg(zz)=1,
deg(23)=1.

I_¢ = =
1 -fl—x1+x2+x3 1=0,

=0,
=0.

kg , k—lS

0.509x10(0)
0.689x10(-1)
0.248x10(0)
0.249x10(0)
0.249x10¢0)
0.249x10¢(0)

0.242x10(~-13) 0.261x10¢(-9)

5.3. Example 2 (Category 2)

System of equations:
Fi =X xo7%1 %3
F2=—x1x2-x2x3—3x1
f3=2x1—x2+x3—5

Deflation algorithm in numerical

(1.001,

l6e.. / 5e..l =
ii ii

Sol.X*=(2,
+5x1+a
-3x

=0’
+36=0,
=0.

3

0.999,

1dC3X) 7 de?x) 1=0.183x106¢0)

és = 0.412x10¢-4).

DM-map (Deflation map):

1
1
1

1
| 1
1

Ol ==
Of = =

10

N[O ==

€6)

3, 4);

0.500),

kg |

0.135x10¢0)
0.118x10(0)
0.285x10(~1)
0.725x10¢=2)
0.115x10(-3)
0.458x10(-2)
0.115x10¢~3)
0.100x10(1)

guess 0X=(1,

manipulations:

rank of

k

kg s k¥ly,

0,874x10(0)
0.242x10¢0)>
0.254x10(0)
0.251x10(0)
0.250x10¢0)
0.251x10¢0)
0.870x10¢4)

2, 3).

(degree is considered except xl.)

1st defl.

Jacobian matrix = 2.

DM(4,4)=2 'means Category 2.




Jacobian matrix:

*— - - - - *—— - —
FX(X )= X x3+5 X4 X4 =]|-2 2 21].
~X=3 X4 =X -%x,=3 -6 -6 -6
%2 173 2
2 -1 1 2 -1 1

Rank(Fx(x*>>=2.

Pivot matrixs
#F #x

"Ll

Numerical zerost: (degree is considered except Xy and x3.)

zl=detrlx2—x3+5 x4 -=x1x3+x2x3+x§—8x1~5x3, deg(21)=2,
:x2—3 —xl—xa_
zz=det';x2—x3+5 x4 -=-x1x2+x§+x2x3—3x1—2x2+3x3—15, deg(22)=1,
:x2-3 —x2-3 |
z3=det :xl x4 1=—xf+x1x2-—x1x3+3x1. deg(za)?l.
_—xl—x3 —x2—3 |
Deflated system:
C1d3_. __ - _ _ =
F1 -fz— X4 %o *2x3 3x1 3x3+36 0,
C13_. _ _ - =
f2 —f3—2x1 x2+x3 S 0,
C1d__ _ 2 - — -15=
f3 _22_—x1x2+x2+x2x3 3x1 2x2+x3 15=0.
Numerical result:
k kg kg , k*ig <41 tkq s k14,
0 0.050x10(1) —_— 0.800x10¢(1) _—
1 0.482x10(1) 0.502x10(0) 0.144x10(2) 0.180x10(1)
2 0.306x10¢0) 0.635x10(-1) 0.186x10(1) 0.129x10¢(0)
3 0.103x10(-2) 0.337x10(-2) 0.733x10(0) 0.3%94x10(0)
a4 0.164x10(-3) 0.159x10¢0> 0.366x10(0) 0.499x10(0)
5 0.412x10(-4) 0.251x10¢0) 0.183x10¢0) 0.500x10(0)
é 0.412x10(-4) 0.100x10(0) 0.144x10(3) 0.787x10(3) ist defl.
7 0.502x10(-11) 0.128x10(-6) 0.144x10(3) 0.100x10(1)
8 0.100x10¢(-7) 0.199x10(-6) 0.144x10(3) 0.100x10(1)

5.4, Example 3 (Category 3)

System of

equations:

_2
Fy=xitxytxotxg

Sol. X*=(0, 0, );

=0,

F2=x1x2+x§+x§+xl~2x2+x3=0,

=2 _ -
‘F3—x1+2x1x2+3x1 x2+3x3 =0.

Deflated system:

t21_.C13_. _ 2 —x.43 =0

F513=F3=x§+x 2x1x2+3x1-x2+3x3=0, Fl =f{ =f5 x1+221x2+3x1 X2‘ X ’
' £21_.C13_. _ 2, 2, _5 4 =0
FglJ=F2=x1x2+x§+x§+x1-2x2+x3 =0, F2 -F2 —Fz—x1x2+x2+x3+x1 2x2 X3 ,
fglj=21=4x1x3+2x1—x2+2x3 =0. f52]=zl =4x1x3+4x2x3+2x1—x2+6x3=0.

Deflated system:

&)

guess 0x=(0.5, 0.5, 0.5).



Numerical result:

k

=

S

0.217x10(1)
0.126x10(1)
0.263x10(0)
0.182x10(-1)
0.758x10(-2)
0.136x10(-2)
0.354x10¢(~-3)
0.882x10(-4)
0.540x10(-4)
0.546c10(-4)
0.143x10(-8)
0.857x10(-18)

POVONOCNRWUNRO

Py

5.5. Example 4 (Category 4)

'F1=x1+x3

F2=-x1+x2+x3+2x4

— 2 2
'F3—x1+2x2+x3 +dx3+3x4+x4

F4=3x1+2x2—13x3-x4

I11
..
ii

19t = 0.323x10(0)
115 = 0.646x10¢-2),

DM-map (Deflation map):

k k-1g

S/

0.581x10(0)
0 209x10(0)
0.692x10(-1)
0.416x10(0)
0.179x10(0)
0.260x10(0)
0.249x10(0)
0.659x10(0)
0.101x10(1)
0.262x10(-4)
0.599x10(-11)

=g,
=0,
=0,
=0,

(8)

k41

0.500x10(1)
0.471x10(1)
0.307x10(1)

0.168x10(1)
0.876x10(0)

0.445x10(0)

0.224x10(0)
0.112x10(0)
0.225x10(0)
0.200x10(2)
0.200x10¢(2)
0.200x10(2)

Deflation algorithm in numerical manipulations?

/ 10eii| = (1.000, 1.000, 1.002, 0.499),

1 -1 1 -1 0 1 DM(5,5)=4
1 1 1 1 0 1
1 1 1 1 0 1
1 1 1 1 0 i
0 0 o o a4l O
Numerical zero:
z,= det |1 0 1 0 = —40x3+40x4,
-1 1 1 2
1 2 1+8x3 3+2x4
3 2 -13 -1
Deflated system?
-C13_o _ =
Fl —fl—x1+x3 0,
C1d3_. __ =
fz —F2— x1+x2+x3+2x4 0,
C13_, _ 2 2 _
f3 —fs—x1+2x2+x3+4x3+3xa+xa 0,
C13__ __ =
fﬂ =z,= 40x3+40x4 .

kg 2 K 1g

0.942x10(0)
0.652x10(0)
0.3547x10¢0)
0.521x10¢0)
0.508x10(0)
0.503x10(0>

0.500x10¢0Y

0.201x10¢(1)
0.889x10(4)
0.100x10(1)
0.100x10(1)

means Category 4.

deg(zl)=1.

1st defl.
2nd defl.

System of equations: Sol. x*=(0, 0, 0, 0), guess 0X=(0.5, 0.6, 0.7, 0.8).

rank of Jacobian matrix
= 3.



Numerical result:

k

kS / k—ls

ikdi

k k-1

k S I~d 7 dl
0 0.533x10(1) _— 0.400x10(1) —————
1 0.283x10(2) 0.531x10(1) 0.327x10(3) 0.818x10(2)
2 0.685x10(1) 0.242x10(0) 0.165x10(3) 0.459x10(0)
3 0.171x10¢1) 0.250x10¢0) 0.827x10(2) 0.501x10(0)
4 0.428x10¢(0) 0.250x10¢(0) 0.414x10(2) 0.501x10¢(0)
5 0.107x10(0) 0.250x10(0) 0.207x10(2) 0,496x10(0)
6 0.267x10(-1) 0.250x10(0) 0.103x10¢2) 0.498x10(0)
I¢ 0.669x10(-2) 0.251x10(0) 0.517x10(1) 0.502x10¢(0)
8 0.167x10(-2> 0.250x10(0) 0.257x10(1) 0.501x10(0)
9 0.418x10(-3) 0.250x10(0) 0.129x10(1) 0.498x10¢(0)
10 0.104x10(-3) 0.249x10(0) 0.646x10(0) 0.501x10¢(0)
11 0.261x10(-4) 0.251x10(0) 0.323x10(0) 0.500x10(0) 1st defl.
12 0.261x10(-4) 0.100x10(1) 0.200x10(3) 0.619x10(3)
13 0.273x10(~-9) 0.105x10(-4) 0.200x10(3) 0.100x10(1)
14 0. 0. 0:.200x10¢(3) 0.100x10(1)

6. b

HU DR ERTARSERARORERE RS 5700 /%y ¥ —YNAE SOREE R~ . RABERL X0 7
OWERITT — S 5 REBDNICBRET 5L BTMEL ok, ZOHLHLBRIIDWTZa— b UEP
e-EHAYNEEROTHERSIELNS, HIMAEROLZORBESELLTFIL-Ya Y. PAHIU
AR S BBRAEE RN, FEARSERELOLN JLRROLORRNMETHS, RIESHN
ORBTLNREBABHTRRL TS 5. TRETEAD AOMBEETERT 5 & MHEIT PEL Tave,
FIU-Y3 Ve PUAULA TR IEFTIR 5B RS MAET - 50 5 WA EREBET 57 OR
WELT, BRABEERL TS, ZOMBIBANTES, REMIXV450NFIV-0B5bN
BHTRRLE,

RS RAR BT REFODEC2020k &Ko ¥,
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