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ON NUMERICAL COMPUTATION WITH VALIDATION

Tetsuo YAMAMOTO, Xiaonjun CHEN, Sachio KANNO

Department of Mathematics
Faculty of Science, Ehime University
Natsuyama 790, Japan

This is a continuation of a previous report [7] given by VYamamoto.
Some results of  numerical compuation will be reported, which were
obtained by an interval arithmetic package programmed by Kanno. Although
puch literature has been published on interval mathematics, it seems to
the authors that little mention has been made on the results of
numerical experiment including computing time. Therefore we expect that
this vreport will be wuseful to those who are interested in interval
arithmetic. Finally Chen will report the recent state of the study on
interval mathematics in China on the basis of a recent book [6] by Wang,
Zhang and Deng.
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Ace= [0,0]
n= -1
eps= 0

DO WHILE (n<N0 OR eps<l+l)

n= n+l

COMPUTE a,

~ ~

dcc= dcc + ay

eps= optmin(@cc) - optmax(a,)
END DO
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TIME: 0:00:01.08 AL
1, 1) ¢ 1, 1)
+0.6799989827 *10°2 pt. +0.1000000074
+0.8800000150 *10°2 pt. +0.1000000075
1, 2) ¢ 1, 2)
-0.4100000088 *10°2 pt. +0.5215406417
-0.40999988888 *10°2 pt. +0.5215406418
1, 3) c{ 1, 3)
-0.1700000044 *10°2 pt. +0.2607703208
-0.1699999950 *10°2 pt. +0.2607703209
1, 4) c( 1, 4)
+0.9999999701 *10°1 pt. .ZERO.
+0.1000000027 *10°2  pt. .ZERO.
2, 1) o 2z, 1)
-0.4100000083 *10°2 pt. .ZERO.
-0.4099998824 *10°2 pt. .ZERO.
2, 2) c( 2, 2)
+0.2499999954 *10°2 pt. +0.1000000058
+0,2500000038 *10°2 pt. +0.1000000080
2, 3) ¢ 2, 3
+0.9999999780 *10°1 pt. +0.2980232238
+0.1000000018 *10°2  pt. +0.2980232239
2, 4) c( 2, 4)
-0.6000000110 *10°1 pt. .ZERO.
-0.5999899867 *1071 pt. .ZERO.
3, 1) c( 3, 1)
-0.1700000031 *10°2 pt. -0.4470348359
-0.1699999962 *10°2  pt. -0.4470348358
3, 2) c( 3, 2)
+0,9999889780 *10°1 pt. +0.8940696716
+0.1000000018 *10°2 pt. +0.8940696717
3, 3) c( 3, 3)
+0.4999999893 *10°1 pt. +0.1000000044
+0.5000000088 *10°1  pt. +0.1000000045
3, 4) c( 3, 4)
-0.3000000055 *10°1 pt. -0.1117587080
-0.29989999834 *10°1 pt. -0.1117587089
4, 1) c( 4, 1)
+0.9999899768 *10°1 pt. +0.5215406417
+0.1000000018 *10°2  pt. +0.5215406418
4, 2) c( 4, 2)
-0.6000000112 *10°1  pt. +0.5960464477
-0.59999989864 *10°1 pt. +0.5960464478
4, 3) c( 4, 3)
-0.3000000055 *10"1 pt. +0.2980232238
-0.2999999933 *10°1  pt. +0.2980232239
4, 4) c( 4, 4)
+0.1999999959 *10°1  pt. +0.9999399981
+0.2000000034 *10°1 pt. +0.9989999982
1 -1 X4 -3
1 -1 Xg - -2
0 0 X -1
0o -1 Xy -3
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¢ 1, 1)

lo. +0.9999838514
up. +0.1000016004
c( 1, 2)

lo. -0.9492039681
up. +0.9447336187
¢ 1, 3)

lo. -0.4619359971
up. +0.4597008229
o 1, 4)

lo. -0.2793967724
up. +0.2801418305
c( 2, 1)

lo. -0.2250075341
up. +0.2238154412
cf 2z, 2)

lo. +0.9999867081
up. +0.1000013233
c( 2, 3

lo. -0.6459653378
up. +0.6459653378
c( 2, 4)

lo. -0.3807829524
up. +0.3907829524
c( 3, 1)

lo. -0.2051889897
up. +0.2047418549
c( 3, 2)

lo. -0.1212209464
up. +0.1208484173
c( 3, 3)

lo. +0.9999940954
up. +0.1000005883
c( 3, 4)

le. -0.3580003977
up. +0.3580003977
c( 4, 1)

lo. -0.1812726260
up. +0.1807510853
c( 4, 2)

lo. -0.1071020961
up. +0.1068923142
c( 4, 3)

lo. -0.5209818483
up. +0.5191182031
c( 4, 4)

lo. +0.9999968390
up. +0.1000003165
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Xy 100
Xg _ IOn + 1
X3 - 10n + 2
Xy 107 + 3
T » 5. ([2] Example 3.21)
n= 3 n= 3 n= § n= 5
CPU TIME: 0:00:00.22 CPU TIME: 0:00:00.43 CPU TIME: 0:00:00.20 CPU TIME: 0:00:00.43
X( 1) X( 1) X( 1) X( 1)

pt. +0.9999998353 *10°3  lo. +0.9999988985 *10°3  pt. +0.9999923855 *10°5 lo. +0.9998992474 *10°5
pt. +0.9999998360 *10°3  up. +0.1000001007 *10°4 pt. +0.9999923856 *10°5 up. +0.1000108803 *10°6
X( 2) X( 2) X 2) X( 2)

pt. +0.1000999835 *10°4  lo. +0.1000999601 *10°4 pt. +0.1000002385 *10°6 lo. +0.9999791012 *10°5
pt. +0.1000999836 *10°4  up. +0.1001000304 *10°4 pt. +0.1000002386 *10°6 up. +0.1000048856 *10°8
X( 3) X( 3) X( 3) X( 3)
pt. +0.1001999835 *10°4  lo. +0.1001999601 *10°4 pt. +0.1000012385 *10°6 lo. +

=3

.99989891012 *10°5

pt. +0.1001999836 *10°4 up. +0.1002000304 *10°4 pt. +0.1000012386 *10°6 up. +0.1000058956 *10°6
X( 4) X{ 8) X( 4) X( 4)

pt. +0.1002999835 *10°4 lo. +0.1002899601 *10°4 pt. +0.1000022385 *10°B 1lo. +0.9998991012 *10°5
pt. +0.1002999836 *10°4 up. +0.1003000304 *10°4 pt. +0.1000022386 *10°6 up. +0.1000068956 *10°6
n= 4 n= 4 n= 6 n= 6

CPU TIME: 0:00:00.20 CPU TIME: 0:00:00.42 CPU TIME: 0:00:00.20 CPU TIME: 0:00:00.42

X( 1) X( 1) X( 1) X( 1)

pt. +0.9999993701 *10°4 lo. +0.9999800508 *10°4 pt. +0.9999923852 *10°68 lo. +0.9990609621 *10°8
pt. +0.9999993702 *10°4 up. +0.1000011019 *10°5 pt. +0.9999923853 *10°6 up. +0.1001156908 *10°7
X 2) X( 2) » X( 2) X( 2)

pt. +0.1000099370 *10°5 lo. +0.1000097040 *10°5 pt. +0.9989933852 *10"6 1lo. +0.9997606105 *10°8§
pt. +0.1000089371 *10°5 up. +0.1000104030 *10°5 pt. +0.9999933853 *10°6 up. +
X( 3 xX( 3) x( 3) x( 3)
pt. +0.1000199370 *10°5 lo. +0.1000197040 *10°5 pt. +0.9999943852 *1i0°6 lo. +

o

.1000459260 *10°7

o

9997616105 *10°6
pt. +0.1000199371 *10°5 up. +0.1000204030 *10°5  pt. +0.9999943853 *10°6 up. +0.1000480260 *10°7
X( 4) X( 4) K( 4) X( 4)

pt. +0.1000299370 *10°5  lo. +0.1000297040 *10°5  pt. +0.9989953852 *10°8 lo. +0.9997626105 *10°6
pt. +0.1000299371 *10°5 up. +0.1000304030 *10°5 pt. +0.9999953853 *10°6 wup. +0.1000461260 *10°7

3. 3 srE M 3
e _ubfsa=(ald ), sV ORFAOB LA E A = o

EMHMLc D RDAE, ([2] Example 3.8)

n= 8 n= 8
CPU TIME: 0:00:03.42 CPU TIME: 0:00:07.05
LC 1) Lt

pt. +0.8400000000 0094853021 *10°2 lo. +0.5708021332 1746681904 *10°2
pt. +0.6400000000 0094653022 *10°2 up. +0.7091978667 8411210153 *10°2
L( 2) L( 2)

pt. -0.2016000000 0056266150 *10°4  lo. -0.2024531044 6020446699 *10°4
pt. -0.2016000000 0056266149 *10°4  up. -0.2007468955 4087318877 *10°4

n= 12 n= 12
CPU TIME: 0:00:18.75 CPU TIME: 0:00:38.15
(1) L( 1)

pt. +0.1440000000 0000013508 9517549469 *10°3  lo. -0.3831955880 4824310381 1410174597 *10°7
pt. +0.1440000000 0000019508 9517549470 *10°3  up. +0.3832243860 4824310392 8491393327 *10°7
L( 2) L( 2)

pt. -0.1029600000 0000025062 4963244119 *10°5  lo. -0.4734457556 1986811188 6160894385 *10°7
pt. -0.1029600000 0000025062 4963244118 *10°5  up. +0.4713865556 1986809684 2763550535 *10°7




n= 20 n= 12

CPU TIME: 0:02:12.83 CPU TIME: 0:00:57.72

L 1) L1

pt. +0.4000000000 0007660252 1914155006 8869483158 *10°3 lo. +0.1438991035 9823067028 5938970433 38629539980 *10°3
pt. +0.4000000000 0007860252 1914155006 8869483159 *10°3 up. +0.1440008964 0176932971 4081124351 8560971129 *10°3
L{ 2) L( 2)

pt. -0.7980000000 0028694272 5872652732 8118415348 *10°5 lo. -0.1029600110 5072135840 1120392111 2083092638 *10°5
pt. -0.7880000000 0028694272 5872652732 8118415347 *10°5 up. -0.1029599889 4927864159 8879728704 6706021080 *10°5
n= 20

CPU TIME: 0:08:01.33

L( 1)

lo. -0.5191758232 2876444181 4201896849 3581386536 2075530665 2896631387 *10°12
up. +0.5191758240 2876444181 4201896849 35813865368 3870085271 2821872013 *10°12
L( 2)

lo. -0.6400341404 5847056289 2971067203 5655096398 2605190153 4293696522 *10°12
up. +0.6400333808 5647056269 2971067203 5655096331 6360821126 1923465141 *10°12

3. 8 i & H4
EAVRNLFPTFTIHOXTHOE LI O vy — N NE E I Krawczyk O F M T
UXAazHW RIEEHMZBED 32 ri2®AE (I5])

n= 12

iteration 4 times.

CPU TIME: 0:05:20.68

L( 1)

lo. +0.1439999999 9999892602 5103672872 *10°3
up. +0.1440000000 0000108990 5291480302 *10°3
L( 2)

lo. -0.1029600000 0000142555 8080455461 *10°5
up. -0.1029599998 9998880138 1867180407 *10°5

n= 16
iteration 3 times.
CPU TIME: 0:20:50.37

L{ 1)
lo. +0.25 6143088369 5403000497 *10°3
up. +0. 3 000 74 7328917288 9547080867 *10°3
L{ 2)
lo. -0.3264000000 00 162 6102201224 3283312872 *10°5
up. -0.3 748 3896976359 1518770704 *10°5

n= 17 ( precision= 5 )
- WARNING! intersection is empty 'insec'
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20

iteration 4 times.

CPU

L(
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up.

L

lo.
up.

L(

lo.

up.

L(

lo.
up.

n=

CPU TIME: 0:01:13.

TIME:

1)
0.
+0.
2)
-0.
-0.

18)
+0.
0

20)

°

12

1:04:43.18

7

797

1343120024 3999999999 9999999999
.1343120024 4000000000 0000000000

it & H 5
VG oFETHOE LI ERS Y

ERETHZHAWTHERIEE B2 % - &,

T w 5.

| |kappa|}

lo.
up.

L(
lo.
up.
L(
lo.
up.

n=

CPU TIME: 0:01:56.

+0.
+0.

1)
+0.
+0.
2)

-0.
-0.

12

3814904557
3862155652

1423520574

1456500503

1031408841
1027817957

| |kappa| |

lo.

up.

L(
lo.
up.
L(
lo.
up.

+0.
+0.

1)

o

-
2)
-0.

o

3

8955838763
8956932247

.1439999999
.1440000000

1029600000

.1029599999

43

0385897718

7460576547

9716779449

7453150816

3883990958

8798403102

58

4159315631

5791814853

9999860072

0000078945

0000097701
9999952423

.1378465288 2000000000 0000000000
.1378465288 1999999999 9899999998

9606624586 7257096816
0218922049 4489641795

0843168418 7958504716
8519455506 1706032378

8921906406 2240400857
0619060987 6943076518

0637740985 6036452145
8837284571 4394414068

13

CPU TIME: 0:01:31.50
| |kappa||

*10°-2 lo.
*10°-2 up.

*10°3 lo.

*10°3 up.

*10°5 lo.
*10°5 up.

4792924664
2606734816

0907349822

8127749117

4751071680
5175416558

+0.7186325139
+0.7172043466

-0.3854164643

+0.3887968382

-0.4192014350
+0.3808039064

4373518710
3783541547

0488961762
6922838334

7440138857
5205670545

2978746424
8652343929

4278715267 *10°0
7943377960 *10°0

7115562247 *10°5

6341801201 *10°5

7362955967 *10°6
6934346987 *10°6

CPU TIME: 0:07:17.80

*10°3
*10°3

*10°5
*10°5

*10°14
*10°14

*10°13
*10°13

R L TRkD, XHIS] O

WERIEBZ LT > F - NN

+0.2212086878 7200471593 7623853250 *10°1

+0.2212086364 8801005248 8506484982 *10"1

n= 18

| {kappa] |
®10°-12  lo.
*10°-12  up.
*10°3
*10°3
*10°5
*10°5




3.

u{0)=u(1)=0

n= 20

CPU TIME: 0:12:36.

i |kappal|
.1121788371
up. +0.1121793243

o

lo. +

L 1)
lo. +0.3999939999
4000000000

o

up. +
L( 2)
lo. -

-

.7980000000
up. -0.7979999999

3310473679 6618374709 3085053443
9106838751 1197440498 4510400108

8792373583 3116414888 8207913684

0222946821 0711895124 9531052632

0336244843 4113711640 2417887416
9719143701 7631593825 3818943279

8 irE# 6

division: 512

CPU TIME: 0:04:58.
CPU TIME: 0:00:18.

X( 1)
pt. +0.9562689638
pt. +0.9562689839
X( 2)
pt. +0.1908723274
pt. +0.1908723275
X( 3)
pt. +0.2857363087
pt. +0.2857363068

X(258)
pt. +0.1278366208
pt. +0.1278966207
X(257)
pt. +0.1279485251
pt. +0.1279485252
X(258)
pt. +0.1279966051
pt. +0.1279968052

X(509)
pt. +0.3108100001
pt. +0.3109100002
X(510)
pt. +0.2076548426
pt. +0.2076548427
X(511)
pt. +0.1040181628
pt. +0.1040181629

65
35

*10°-3

*10"-3

*10°-2
*10°-2

*10°-2

*10°-2

*10°0

*10°0

*10°0
*10°0

*10°0

*10°0

*10°-2

*10°-2

*10°-2
*10°-2

*10°-2
*10°-2

division: 512

CPU TIME: 0:08:53.
CPU TIME: 0:00:38.

X( 1)
lo. +0.9582476727
up. +0.9562740948
X( 2)
lo. +0.1908680693
up. +0.1908733537
X( 3)
lo. +0.2857299197
up. +0.2857378458

X(256)
lo. +0.1278933013
up. +0.1278974541
X(257)

lo. +0.1279452074
up. +0.1279493589
X(258)

lo. +0.1279832889
up. +0.1279974391

X(509)
lo. +0.3109039332
up. +0.3109116544
X(510)

lo. +0.2078507978
up. +0.2078559456
X(511)

lo. +0.1040161404
up. +0.1040187143

*10"-3
*10°-3

*10%-2
*10°-2

*10°-2

*10°-2

*10°0

*10°0

*10°0
*10°0

*10°0

*10°0

*10°-2

*10°-2

*10°-2
*10°-2

*10°-2
*10°-2

*10°-7
*10°-7

*10°3

*10°3

*10°5
*10°5

2 RE A MEMEW' put q=0, p(x)= -sin(2nx)-exp(x), q(x)= 1
TR T 2PLELENAROFERE 2R T,

BREMH



addricacc,ord)

acc.lo= acc.lo +
acc.up= acc.up +
subri(acc,ord)
acc.lo= acc.lo -
acc.up= acc.up -
divriCacc,ord)
(case ++,++)
acc.lo= acc.lo /
acc.up= acc.up /
(case ++,--)
acc.lo= acc.up /
acc.up= acc.lo /
(case -+,++)
acc.lo= acc.lo /
acc.up= acc.up /
(case -+,--)
acc.lo= acc.up /
acc.up= acc.lo /
(case --,++)
acc.lo= acc.lo /
acc.up= acc.up /
(case --,--)
acc.lo= acc.up /
acc.up= acc.lo /
rem. --: upbnd < 0,
-+: otherwise.

ord.
ord.

ord.
ord.

ord
ord.

ord.
ord.

ord.
ord.

ord.
ord.

ord.
ord.

ord.
ord.

++ 2

lo (opt=-1)
up (opt= 1)
up (opt=-1)
lo (opt= 1)
.up (opt=-1)
lo (opt= 1)
up (opt=-1)
lo (opt= 1)
lo (opt=-1)
le (opt= 1)
up (opt=-1)
up (opt= 1)
lo (opt=-1)
up (opt= 1)
lo (opt=-1)
up (opt= 1)

0 < lobnd,

pnulri(acc,ord)

(case ++4+,--)
acc.lo= acc.lo
acc.up= acc.up

(case ++,-+)
acc.lo= acc.up
acc.up= acc.up

(case ++,--)
acc.lo= acc.up
acc.up=s acc.lo

(caes -+,++)
acc.le= acc.lo
acc.up= acc.up

(case -+,-+)
acc.lo= min{ a

acc.up
acc.up= max{ a
acc.up %

(case -+,--)
acc.lo= acc.up
acc.up= acc.lo

(case --,++)
acc.lo= acc.lo
acc.up= acc.lo

(case --,-+)
acc.lo= acc.lo
acc.up= acc.lo

(case --,--)
acc.lo= acc.up
acc.up= acc.lo

.lo (opt=-1)

* ord
% ord.up (opt= 1)
% ord.le (opt=-1)
* ord.up (opt= 1)
% ord.lo (opt=-1)
#* ord.up (opt= 1)
% ord.up (opt=-1)
* prd.up (opt= 1)
cc.lo % ord.up,
ord.lo } (opt=-1)
cc.lo % ord.lo,
ord.up } (opt= 1)
* ord.lo (opt=-1)
%* ord.le (opt= 1)
%* ord.up (opt=-1)
* grd.lo (opt= 1)
* ord.up (opt=-1)

ord.lo (opt= 1)
ord.up (opt=-1)
ord.lo (opt= 1)




$ommn D tmmmmeme 4ommmmme tommeaen D D D e 4mmmmean +
| prec !t addrp | subri | mulrp | divrp | addri | subri | mulri | divri |
R T b dmmmmmne bmmmmmnn bommm——— e dmmmmmee +
| 1 1 1724 | 1538 | 263 | 61 | 757 | 689 | 126 | 32 |
4mmmm mmmmmam L P Rt D D D P e .
| 2 t 1587 | 1388 | 115 | 40 | 698 | 625 | 56 | 18 |
o e b A P bmmemmne bmmm—nnn b tmmmmnna +
| 3 1t 1428 | 1282 | 68 | 27 | 838 | 571 | 32 | 13 |
e e mmmmen D temmemn tmmmmm—e e tommme b +
| 4 !t 1333 | 1176 | 42 | 20 | 595 | 520 | 21 | 10 |
tomme— mmmmmmn D D D D D D Hmmmmmee +
| 5 11250 | 1111 | 30 | 15 | 548 | 487 | 15 | 7
P P mmmmm P D o e tommmmm toommann .
| & ! 1138 | 1020 | 22 | 12 | 512 | 454 | 11 | 8 |
$omm D D e e A o P o +
| 7 t 1086 | 952 | 17 | 10 | 480 | 428 | 8 | 4 |
L tommmaee tommmeae D ommmmee R R 4mmmmaee D +
| 8 11030 | 809 | 14 | 8 | 448 | 400 | 7 3
4 o e P e tmmmeman tommm—o 4mmmmmm tmmmme .
(times/sec)
% 2

2 % XMk
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