® M M| Hr 34-1
(1990. 10. 6)

SER6TBMRunge —KuttaEizont

#H B— HP EX T X
Ugbks® T8 TSTRETHEH

faxly, —MEERSBEOKBMRunge—Kutt alkd) 1 RE2EE, TOREOMIIZEA
TWS. 2 T3, TORRD LB 3SEEOARERREL 2. ITHHVFEREOWTRE
L L7z ARE FEtEcB L CTRAE L e AR OFREIRPLRHE R R oA, AHBRERAEICEI L TR
247> TRSWREEHIOWT LERLAR, BRCHNEERRMIRBROAAEENTS. &
& 3BEOAROBLFECIL, BAARE ZhODARDEFHETOLE, IV <2PDH
EFBROER L ELHETHRERT S

On 8—-stage explicit Runge—Kutta
methods of order 6

Kenichi Kasuga Masatsugu Tanaka Sigeru Yamasita
Department of Electrical Engineering and Computer Science, Yamanasi University
4-Choume, Takeda, Koufu, Yamanasi
A few years ago, we found a solution of the order conditions for the 8-stage sixth-—order
explicit Runge-Kutta method. by choosing the free parameters in this solution properly we
obtained the following three special methods. The first of them has a very small truncation
error and a considerably large range of absolute stability compared with the known methods.

The second has nealy minimum round off error. And the last has the largest interval of
absolute stability.
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(FRE1) ¥HERRE : v =~y y0) =1
HERE : y=e
Pyt - K am 4 R R2ORKT BAHARK
oow| B E HUTA(1) HUTAQ2) VERNER ARA ARB ARC
First-Step | 0.19161790344-07 | 0. 68630794524-08 | 0. 8068282153408 | 0. 2291816778408 | 0. 2908156257d-08 | 0. 10942772804-07
O I astster | 0. 2420412623818 | 0. 8669074186419 | 0. 1019145215618 | 0. 28949018156-19 | 0. 367329427619 | 0. 1362254089815
O men [0, 31548639690-07 | 0. 129961352807 | 0. BIE39018607 0. 37733271584-08 | 0. 4788089994408 | 0. 1801656330407
First-Step | 0.8774508897d-11 | 0.27047808444-11 | 0. 4164002476411 | 0. 1175393116d-11 | 0. 155643553611 | 0. 5361155964d-11
O I stster | 0. 405821530 13 | 0. ISTALI9536-13 | 0. 2089124094013 | 0. 589750924714 | 0. 1809361712614 | 0. 2089821564213
U0 imn [0 3567449807610 | 0. 1099680763-10 | 0. 1692901375¢-10 | 0. 47787884764-11 | 0. 6327979807d-11 | 0. 2179650904d-10
(FRE2] F0HERRE @ y' = -y-Qx-Dyx24x-1 y(0) = 1/2
HeE oy = xtl/(Lte)
748 - B & 2 R BrORKRT LR
STEPEX HUTA(1) HUTA(2) VERNER AKA AAB AAC
0.3 | First-Step |0.3906535095-09 | 0. 3444921293409 | 0. 1409800054409 | 0. 5866029834-11 | 0. 57785075344-10 | 0. 4759809213410
100y | 25UStep | 0.4440892099¢-15 | . 2664535259d-14 | 0. 0000000000¢+00 | 0. 4440892099415 | 0. 2220446049414 | 0000000000200
Maximm | 0.59964972993-08 | 0. 43698894804-07 | 0. 23276206524-08 | 0. 30649560674-09 | 0. 3812565819309 | 0. 6365314983409
o | FirstSte |0.17272988504-12 | . 1629460455412 | 0.5789813073d-13 | 0. 29212743340-14 | 0. 2284283873¢-13 | 0. 2561268532¢-13
(toq) | 25tSten | 0. 1687538997413 | 0. 7838174554d-13 | 0. 1598721155¢-13 | 0. 3108624469-14 | 0. 4218847494414 | 0. 2309263891413
Maximm | 0.8223394187d-11 | 0.56812166084-10 | 0. 2972067037411 | 0. 3865519016d-12 | 0. 41673609014-12 | 0. 79336537344-12
(FRE3) VHUMERTE : v’ = x2y2/3  y(@@) =1
g oy = 9/06341)
HAg - B oa A X RrODEEKT 5 HRK
STEPEK HUTA(1) HUTA(2) VERNER ARA AAB ARC
o3 | First-Step |0.43932862734-04 | 0. 2232005701403 | 0.87916761650-08 | 0. 2001672567406 | 0. 22662870184-06 | 0. 10349898824-05
(topy | LEStSteR | 0.73189621314-10 | 0. 1184042389409 | 0. 10782845976-12 | 0. 1312007674¢-12 | 0. 9644006785413 | 0. 676293168612
Maximm | 0.43932862734-04 | 0. 2232005701d-03 | 0. 4474364690307 | 0. 2001672567d-06 | 0. 2266287018406 | 0. 10349898824-05
o | First-Step |0.17101026504-07 | 0.91363564924-07 | . 1380318082409 | 0. 1141899075609 | 0.43245679104-10 | 0. 6865559232409
(1opy | LStSter | 059900981740-11 | 0. 32081678354-10 | 0. 1045361714412 | 0.5179873457¢-13 | 0. 6784503515414 | 0. 2804171875-12
Maximum | 0.28300829164-07 | 0. 15111215504-06 | 0. 30675317844-09 | 0. 20459942074-09 | 0. 63599930884-10 | 0. 1186101217408

(BREA) ofHerssE : v’ = ce)/x y() = 1
HER  © y = x(logex+l)
PN ] B om A ® R2DERT AR
STEPEK # = HUTA(1) HUTAQ2) VERNER ARA AXB AKC
First-Step | 0.6692937962d-07 | 0. 9266961581407 | 0. 8561149123d-07 | 0. 3173423774408 | 0. 1197696417d-07 | 0. 44746428784-09
0.3 Last-Step | 0. 2075992281405 | 0. 2853198271405 | 0. 2631530208405 | 0. 9721291860407 | 0. 3580236907d-06 | 0. 4981842494d-08
(100) Maximum 0. 2075992281405 | 0. 2853198271405 | 0. 2631530208405 | 0. 9721291860407 § 0. 3580236907d-06 | 0. 4981542494408
First-Step |0.5806499725d-10 | 0. 7474651453d~10 | 0. 6783440476d-10 | 0. 2430639023d-11 | 0. 6839279143d-11 | 0. 2073452521411
((1]'0;) Last-Step | 0. 1352868928408 | 0. 1734821176408 | 0. 1572558972d-08 { 0. 5625455657d-10 ] 0. 1552598050d-09 | 0. 51365134374d-10
Maximum 0. 1352868928408 | 0. 1734821176408 | 0. 1572558972408 ] 0. 5625455657410 0. 1552598050d-09 | 0. 5136513437d-10
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(FlE1)  SoHERE - }’1:=y2 () =1 W:y‘:f:
ye'=y1 y2(0) =-1 yz =€
i B @ A = ReNDRKT 5 4 R
STEPK HUTA(1) HUTA(2) VERNER ARA ARB1 ARC
First-Step | 0.8774508897d-11 | 0. 2704780844d-11 | 0. 416400247611 [ 0. 1175393116d-11 | 0. 1556435536-11 | 0. 536115594d-11
v | Last-step | o0.3267011011¢-11 | 0. 10070719224-11 [ 0. 1550324105011 | 0. 4376286659¢-12 | 0. 57950085704-12 | 0. 1996076915¢-11
01 Maximam | 0.3567449808d-10 | 0. 10996807634-10 | 0. 1692901375410 | 0. 47787884764-11 | 0. 63279798074-11 | 0. 2179650004d-10
0) First-Step | 0.8774508897d-11 | 0. 2704780844d-11 | 0. 4164002476311 | 0. 1175393116d-11 | 0. 15564355364-11 | 0. 5361155964d-11
ve | Last-Step | 0.3267011011d-11 | 0. 10070719224-11 | 0. 1550324105411 | 0. 4376286659¢-12 | 0. 5795008570412 | 0. 1996076915¢-11
Maximum | 0. 35674498084-10 | 0. 1099680763410 | 0. 1692901375-10 | 0. 4778788476411 | 0. 6327979807411 | 0. 2179650904107
First-Step | 0.6855627177d-13 | 0. 20261570194-13 | 0. 3352873534d-13 | 0. 9450773497d-14 | 0. 12628786914-13 | 0. 4263256415613 |
vi | Last-Step | 0.4855566903d-13 | 0. 14348331550-13 | 0. 2365295459d-13 | 0. 67012367884-14 | 0. 89497636734-14 | 0. 3012780997¢-13
0.05 Maxisum | 0.53022863884-12 | 0. 1566802244412 | 0. 25918156514-12 | 0. 731636973213 | 0. 9771350395¢-13 | 0. 3207917495¢-12
(100) First-Step | 0.6855627177d-13 | 0. 20261570194-13 | 0. 3352873534013 | 0. 9450773497d-14 | 0. 1262878691d-13 | 0. 4263256415¢-13
¥e | Last-Step | 0.4855566903d-13 | 0. 1434833155d-13 | 0. 2365295459-13 | 0. 6701236788d-14 | 0. 8949763673d-14 | 0. 3012780997¢-13
Maximum | 0.53022863884-12 | 0. 1566802244d-12 | 0. 2591815651012 | 0. 73163697324-13 | 0. 97713503953-13 | 0. 3297917495412
First-Step | 0.0000000000¢+00 | 0. 00000000004+00 | 0. 0000000000¢+00 | 0. 0000000000:+00 | 0. 00000000004+00 | 0. 0000000000d+00
vi | Last-Step | 0.9714451465-16 | 0. 8326672685¢-16 | 0. 277555756215 | 0. 6938893904016 | 0. 4163336342d-16 | 0. 27755575624-15
0.01 Maximm | 0.9714451465d-16 | 0. 8326672685¢-16 | 0. 27755575624-15 | 0. 6938893904d-16 | 0. 8326672685¢-16 | 0. 27755575624-15
(100) First-Step | 0.0000000000+00 | 0. 0000000000¢+09 | 0. 00000000004+00 | 0. 0000000000:+00 | 0. 000000000A+00 | 0. 6000000000¢+00
ve | Last-Step |0.9714451465d-16 | 0.8326672685¢-16 | 0. 2775557562415 | 0. 6938893904d-16 | 0. 416333634216 | 0. 27755575624-15
Maximm | 0.97144514650-16 | 0.83266726854-16 | 0. 27755575624-15 | 0. 6938893904d-16 | 0. 8326672685416 | 0. 27755575624-15
(FRE2) VHHAREE : vi'=w2y %) =1 TR : ovio= 1/ex
v'=-vm  y@ =1 : y2 = e*
FI4E BE & 4 =% R 2R ET 2 4R
| *F HUTACD) HUTA(2) VERNER ARA ARB1 ARC
First-Step | 0. 4847701546d-08 | 0. 26321678450-07 | 0. 1471534006d-10 | 0. 1825906093d-10 | 0. 53246462794-10 | 0. 6528111385d-10
v | Last-Step | 0.2094145478d-01 | 0.84392904944-01 | 0. 1283303520003 | 0. 2359802401003 | 0. 87801664644-03 | 0. 8038848235403
01 Maximm | 0.2094145478d-01 | 0.84392904944-01 | 0. 1283303520d-03 | 0. 2359802401d-03 | 0. 878016646403 | 0. 8038848235¢-03
0) First-Step | 0.1405222827d-08 | 0. 1122868457d-07 | 0. 3677391724d-11 | 0. 1397452987d-10 | 0. 64035374234-10 | 0. 450813830710
ve | Last-Step | 0.9486051348d-06 | 0.38170410914-05 | 0.5823067297d-08 | 0. 10713140454-07 | 0. 3986974062-07 | 0. 3649339738407
Maximm | 0. 94860513484-06 | 0. 3817041091d-05 | 0. 58230672974-08 | 0. 1071314045007 | 0. 39869740624-07 | 0. 3649339738407
Rirst-Step | 0.3891773015d-10 | 0. 2099978524d-09 | 0. 1705302566¢-12 | 0. 1316724507¢-12 | 0. 3665678872412 | 0. 4938272014812
¥i | Last-Step | 0.356449689d-03 | 0. 1412231750d-02 | 0. 38320235944-05 | 0. 37620676424-05 | 0. 1382426971d-04 | 0. 1346161483d-04
0.05 Maximm | 0.3564496896d-03 | 0. 14122317504-02 | 0. 3832023594d-05 | 0. 37620676424-05 | 0. 1382426971404 | 0. 1346161483d-04
(100) First-Step | 0. 1341965428410 | 0. 1037140651d-09 | 0.80158102384-13 | 0. 1111333248412 | 0. 5145744941d-12 | 0. 3771427615¢-12
ve | Last-Step | 0.16148302554-07 | 0. 6390654994d-07 | 0. 1739209549409 | 0. 17079193024-09 | 0. 6277504648409 | 0. 611107165709
Maximam | 0.16148302554-07 | 0. 63906549944-07 | 0. 17392095494-09 | 0. 1707919302409 | 0. 6277504648409 | 0. 6111071657d-09
First-Step | 0.4996003611d-15 | 0. 274780198614 | 0.0000000000d+00 | 0. 0000000000¢+00 | 0. 0000000000d+00 | 0. 0000000000+00
v | Last-Step | 0.2262634524¢-12 | 0. 1083966250d-11 | 0. 00000000002+00 | 0. 38857805864-15 | 0. 421884749414 | 0. 57731507284-14
0.01 Maxinum 0. 2262634524412 | 0. 1083966250d-11 | 0. 66613381484-15 | 0. 3885780586d-15 | 0. 4218847494d-14 | 0. 5773159728d-14
(100) First-Step | 0.19428902934d-15 | 0. 1512678871d-14 | 0. 0000000000d+00 | 0. 0006000000d+00 | 0. 00000000004+00 | 0. 11102230254-15
yz | Last-Step 0. 4468647674d~14 | 0. 9360567876d-14 | 0. 4996003611d-15 | 0. 2289834988d-15 | 0. 8118505868d-15 | 0. 7216449660415
Maximum | 0. 4468647674d-14 | 0. 3379241331-13 | 0. 49960036114-15 | 0. 22898349884-15 | 0. 8118505868415 | 0. 7216449660d-15
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Huta (1) IS5 = Huta(1) |
Huta (@) S = Huta(2) 3

( Verner SN S Verner y —

Ay ) (y2)

ARA DI N | AKRA S|
B DRSNS | 2XB 3
ake =3 ARC =

3 z DR (BARZOES) Bl HA&E: 0.1
EY A HRACK T 5 REXRBRONE B s

(~logie) : —logie (Maximum Error)

[ ZsetEMaEn )
PIEEIE: y'= 100(sin(x)-y) y(0) =0
HBM : y = (sin(x)-0.01cos(x)+0.01e"'2%x)/1.0001

LEBERTDOLHOMBEIC L 2 BREER
s %] B 2 | nh=00]|h=004]|n=005]h=006]h=007]n=008]h=009
n 1531402 | 0. 9534d-02
HUTA(1) First-Step | 0. 1531 ThULERE B HAE
-4 oz | EEstStep | 0.54464-05 | 0.26384-07 CURBLTLE S
@ =% Maximum | 0.1531d-02 | 0. 9534d-02
. 1619402
RUTA(z) | EirstSter | 0. 16 CRBEAEZHAE
=3.815 Last-Step | 0.1047d-04 CERMLTLE S
a= Maximum | 0.1619d-02 ;
First-Step | 0.24794-03 | 0. 3912d~
Ve | First-step [ 0.24794-03 0. 39124-02 - RLE A&
o g5y | L25tSter | 0.30154-05 | 0. 24464-04 i RBLT LS
o Maximum | 0.2479d-03 | 0.3912d-02
- -1996d-03 | 0. 2285d-02
ARA |irst-Step | 0.19 CRUEKE B HIAE
o psg | LAstoStep | 0.25154-06 | 0 4461d-05 L RRLTLE 5
a=t Maximus | 0.1996d-03 | 0. 2285d-02
First-Step | 0.3165d-04 | 0.2600d-03 | 0. 1492d-03 | 0. 9788d-02 '
VN ohb e A
a“f‘ﬁ)e Last-Step | 0.8207d-06 | 0. 15354-04 | 0. 1507d-03 | 0. 2057d-02 ;:;;:‘f_c‘ﬂ f
: Maximum | 0.3165d-04 | 0,2600d-03 | 0.1507d-03 | 0. 9788d-02. ,
st | First-step | 0.38564-03 [ 0. 17944-02 | 0.4857a-02 | 0. 82824-02 [ 0. 7886-02 ] 0.78324-03 [ 0. 9661d-02
s 73 | ast-Step |0.22134-06 | 0.22254-05 | 0. 17630-04 | 0. 40214-03 | 0.45034-03 | 0. 1625403 | 0. 45364-02
: Maximum | 0.3856d-03 | 0.1794d-02 | 0.4837d-02 | 0. 8282d-02 | 0.78864-02 | 0.7832d-03 | 0.9661d-02
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