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Evaluation of Polynomial Acceleration Techniques
for Restarted Arnoldi Method

AKIRA NISHIDA* AND YOSHIO OYANAGI*

We present an approach for the acceleration of the restarted Arnoldi iteration for the computation of a
number of eigenvalues of the standard eigenproblem Az = Az. This study has applied the Chebyshev
polynomial to the restarted Arnoldi iteration and has proved that it computes necessary eigenvalues with
far less complexity than the QR method. We discuss here the dependence of the convergence rate of
the restarted Arnoldi iteration on the distribution of spectirum. We also show that this method is more
stable than other approaches, especially when the eigenvalues are not clustered, and is-competitive with
the methods based on the implicitly restarting strategy.

1. RU®HIC

MEEAEMEOBERE LEEMROERL
FED—DOTHIM, ERITFEHMENRENT
WAHLEREA LMo QR EIZHEY 4 X o 123
LT On®) nitERZEL, SIRFKE .
FHCH L Tik Arnoldi #, two-sided Lanczos i,
KU Davidson HE42 EMFREINTWIH, £0%
Riz+Fc@gAshTwizdho .

BESEMIZOFFTRRAKELRBRMEALN,
FRBCLELEREIHIH KT S Amoldi i1,
Saad KL 2V R¥— FREBEORBICEIIR
LEBPLBEEL > TwA,. ) A ¥ — M Arnoldi
BEHEIATHENREETH 5, LELEHFHEY
FELTWAHEICEHFEMORTHFRESC LD
R, AFETRPREMET L EIZLNID
BB 2 L 28 [7), [8], = CHEAES A E
WML OMEERA<BLE LI, BEERORS

*H KB W EA %%, Department of Information
Science, Faculty of Science, the University of Tokyo, 7-3-1
Hongo, Bunkyo-ku, Tokyo, 113 JAPAN

ReMOT7 7o0—F L 0L EL TEOHREZIR
5.

2. HR

Arnoldi Tt QTAQ = H »* Hessenberg
ERELD L) LERT Q 2EETS. Q =
[g1,q] ELT Ag = TE hug ORBORE
SEET R

:
g = Ag - Y haqr =,

i=1
ha = qF Aqi=1,..,1
kb, q RN ML ETIUE, Krylov 52
span{gy, ...,a1} = span{qs, A1, ... A' 1}

PRETL Ik, FOHEIR H = (h;) TK
aha.

1. kg = (Aq,¢1);



2. forj=1,..,1 -1, put

j
= Ag; — 3 hiidi,  hys1 =l s,

i=1
Gir1 = hih7i hijs = (Agiaa, @),
(<j+1).
| A7 7HICIX
AQ[ =QiH + Tzef, er = (0,...,0, l)T

EhnHd, EIEEMtE r; = 0 THY, Thid ¢
CHTARANSEAN 1R ETCRINITERL L
WV, ORGP ENE LS H ZBEH Hes-
senberg T TH 5. REETIRAYPNRZ ML g1 12
FLTHY 2 KEREY m %ﬂ&«b H, OEHXZ b
VERDD.

M8 %2 K Arnoldi D7 V1) X4 % Table

1IERT. BEEHORT m BBEEREORS &M

BLOPLV—-FF7i2LoTikE 3.

Table 1. A block version of explicitly restarted Arnoldi

reduction with polynomial acceleration
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Table 2. An implicitly restarted Arnoldi iteration as
implemented by ARPACK

1. Start: Build a length m Arnoldi reduction
AXm = XmHm + rmel, with the starting
vector zy.

2. [teration: Until convergence

(1) Compute the eigensystem
H Sy = Sy Dy, ordered with the k wanted
eigenvalues located in the leading portion of
the quasi-diagonil matrix D,

(2) Perform m — k = p steps of the QR
iteration with the unwanted eigenvalues of
Dy, as shifts to obtain HmQm = QmH.

(3) Restart: Postmultiply the length m
Arnoldi reduction with Qi to obtain the
length k Arnoldi reduction
AXmQr = XkaH;" + r:ef. Q. represents
the matrix consisting of the leading k
columns of @, and H;" is the leading
principal submatrix of order k of H;f.

(4) Extend the length k& Arnoldi reduction
to a length m one.
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Figure 1. Computed Spectra of WEST0655 and WEST0989

from CHEMWEST.

4. 5L

MIMD 7 —% 7 7 F v |2 & 5 #HRTFIOER
BEICOWVTIE, QR EOHENK IV Ry 2 LR
A7z, EVEFIE L 2@ 5o 72, Arnoldi #
HroHEFIE B L Tix, SIMD H@it5|ataii b
T® Petiton[9] = & 2HFFEAT, 4 MIMD #ico
Tk Maschhoff[6] 1= & 3 PBLAS % B\ 7-Hf%
P abhTWVEA, Wihd TOMBEICowTit
BpIhTwhiwn, ERy 7137 M QR &Ik
O(n) DIEFWEL 2%, O(n?) THATRERRE
BRI O(n) O/t y FETRAETE 2 [2].
COEDBETIWAZMORTEI m #WKEL L
BITENRITHEL 2505 flop Budadilo k& 25,
MRDOHHEEOFMEH»S b F2»5 X512, QR &
FINVAY ZIZRBIE2BITLDICER, m BT
BT ML RITRITR S 2w,

¥ 7 M QR BRI EOMESNH 2

FSs

L]

Figure 2. Computed Spectra of WEST2021 and PORES2
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Table 3. Random matrices of order 50, for the cases of Amax = 2,1.5, and 1.1, while the distribution of the other
eigenvalues is Re X € [0,1], and Sm X € [-1,1]. m, n., and n;t.r denote the order of the Arnoldi method, the
maximum order of the Chebyshev polynomials, and the number of the iterations, respectively. CPU times (in
seconds) by HP9000/720.

maximum orthogonality-based Arnoldi QR
eigenvalues | nir | M ] ne I error time | Nijter | ™M error [ time error | time
2 2 5 15 | 3.6E-15 | 0.38 2 15 | 8.9E-16 | 0.57 5.1E-15 | 1.87
1.5 3 5 | 20 | 3.0E-15 | 0.70 3 15 | 3.7E-15 | 0.82 || 3.6E-15 | 1.85
1.1 5 10 | 20 | 2.9E-14 1.6 1 50 | 7.5E-13 | 3.93 5.2E-15 | 18.8

Table 4. Test problems from CHEMWEST, a library in the Harwell-Boeing Sparse Matrix Collection, which was
extracted from modeling of chemical engineering plants. The results by Ho’s algorithm (right) versus those by
the orthogonality-based method (left), with size of the basis 20, degree of the polynomial 20, and block size 1,
respectively, are listed. * denotes the algorithm fails to converge. CPU time by Alpha Station 600 5/333.

| problem [ WEsTo497 | WEST0655 | WEST0989 | WEST2021 |
order of matrix 497 655 989 2021
number of entries 1727 2854 3537 7353
number of multiplications 924 | 440 | 275 120 | 13751 * | 767 | 320
number of restarts 14 10 3 2 162 * 12 7
CPU time (sec.) 0.37 | 0.22 | 0.17 | 0.12 8.71 * | 1.28 | 0.67

Table 5. Test problems from TOLOSA extracted from fluid-structure coupling (flutter problem). Size of the
basis, degree of the polynomial, and block size are 20, 20, 1, respectively.

order of matrix 2000 4000 6000 8000 10000
number of entries 5184 8784 12384 15984 19584
number of multiplications 589 240 393 180 236 140 393 380 236 80
number of restarts 7 4 5 3 3 2 5 7 3 1
CPU time (sec.) 083 | 043 | 1.24 | 0.70 | 1.23 | 0.85 | 2.57 | 2.81 | 2.14 | 0.97

Table 6. CPU times by IBM RS/6000 3BT and matrix-vector products for computing the right-most eigenval-
ues of WEST2021 (left) and PORES2 of order 1224 (right). * denotes convergence not reached within 2000m
matrix-vector products. We denote by r the block size and by m the subspace dimension.

[ Algorithm ” r=1,m=8 [ r=5,m=20 l ‘ Algorithm ” r=1,m=12 | r=4,m==20 I
ARNCHEB 8.6/3233 | 71/15921 ARNCHEB 3.4/1401 | 4.7/1712
ARPACK 3.7/401 2.1/167 ARPACK 0.5/90 1.3/151
EB13 17/4860 | 18/4149 EB13 0.4/119 1.3/305




Table 7. Test problems from CDDE, extracted from constant-coefficient convection diffusion equation with p = 10

of order 2500.With m=36, SRRIT found 11 eigenvalues with the requested accuracy. 1' denotes that one or more

of the requested eigenvalues was missed.

Algorithm " m=18 m=36 ]
SRRIT 127/46098 332/88356
ARNCHEB 1 t
EB13 41/12178 46/3383
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